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in the (n + 2m)-Dimensional Space
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In this paper an algorithm of construction of infinitesimal operator and invariants for
(n 4+ 2m)-dimensional space is represented.

Let us consider the system of differential equations of the following form:

d

d—:; = —Ay—l—X({I),y,Zl,---azn)a

dy

% = )\x+Y(:L’,y,Z1,...,Zn), (1)
dz; Zn ]

d_t]:i:lrjizi+Zj(‘r7yazlw-'7zn)7 ]:1,...,71,

where z,y € R™. Hence, the system of differential equations (1) is in (n + 2m)-dimensional
space.
V.1I. Zubov [1] suggested the following theorem:

Theorem. A necessary and sufficient condition for the family (1) to have a family of limited
solutions in a neighborhood of point (0,...,0,2y,...,22), is the existence of m holomorphic
integrals of (1) the form:

=22+ + Uz, y, 21,0, 20).
By substitution ys = ps cos ps, s = pssings, s =1,...,m we transform (1) to the form:
dps
= R;,
dt ’
d
:ZS:)\S—I—@S, s=1,...,m, (2)
dzj

n
o :erizi—i—Pj(pl...,pm,gol,...,me,zl,...,zn), i=1...,n,
i=1

where

Y, —si X
Ry = cos ps X + sin Y, O, = CO8Ps"s — SPs s’
Ps

Pi(p1. o pms @1y Pms 215 -+ Zn)

= Zj(pl COS (1, - -y P, COS Py, P1SIN 1, . . ., Py, SIN POy, 21, - - .,zn).
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We will seek a solution in the following form of rows:

0
Ps = Cg +Z?”§k)(901,---790m7017--'aCm)a
k=2

oo
zj = Zzgk)(gph ey Omy Cly e ey Cm)e
k=2

By making an appropriate substitution into (2) and stating the coefficients at equal degrees
as equal, we receive functions rgk), 2B 1f all such functions are periodical with respect to

©1,---,pm and at sufficiently small ||cs||, we obtain the following family of solutions:

Ps =Cs+ Fs(Z1, oy 20y @1y e ooy Py Cly -+ 5 Cm) s=1,...,m.

However, in order to find ps, an infinite number of differential equation needs to be solved.

To solve this problem, we will use invariants with respect to transformations of SO(2). If
we obtain the whole system of invariants, their number will define the number of equations,
which have to be solved in order to find a solution to the original problem. In a particular case,
when (1) is in the form:

d;ts = —Asys + Xo(@s, Y5521, -+ 2n),
CZJ::)\sms‘f'}/s(l's,ys,zl,...’zn)’ s=1.....m,
%:Zn:r“z.—i—Z(m...x YLy ey Yms 215+ -5 2n) i=1,....n
dt izlﬂl (T, T, YLy ey Yy 21y - - -5 Zn), o

the quantity of invariants for each pair of imaginary numbers is obtained in [2, 3].
Let us build an infinitesimal operator for finding invariants of (1).
To do this, we will consider one pair of imaginary numbers and corresponding equations:

dx
dts = _)\sys + Xs(xla oy Tms Yl -5 Ymy 21, - - - ZTL))
a (3)
dts = )\S:Es +}/S(‘/L‘1)' - Tmsy Y1, - 7ymvzla"',zn)7 s = 17"'7m'
If X, and Y, are viewed as polynomials of the variables z1, ..., z,, let us consider X and Y;
at random monomial 21, ..., z,. Suppose that
Xs = Z cil,__im:zill . x%yil Cyim
i14ig+...Fiom={l}
Y, = Z bil...igmﬂflf . .xf{{‘y? oyl

l'1+7;2+-~~+i2m:{l}

For building an infinitesimal operator, we use the same method, with is used in case m =1 [3].
The right part of the system of equations is written in a matrix form Gg. Then, after a
transformation at the SO(2) (a rotation by § = (d1,...,0y)), the variables will change

() =2(5)
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where

A, = <cosc58 —smés).

sinds  cosdg
Accordingly, the matrix G4 will also change. The new matrix will be in the form:
Ga(0) = A GaDy(9).
Respectively, each element of G is a linear transformation of the elements of G
95" = B(6)ga.
In § = 0, we seek the differential g

_ij)  0B(0)
d (i7) —
91 a6
Therefore, the infitesimal operator of the SO(2) group for the right part of (3) with homo-
geneous polynomials of degree [, may be written in the following way:

(7)
l

S

Gt ls—0 d6 = K ds.

0 (ij) O
Us=2:+ > ky ——,
%5 oy
(i5) o . . . (37) 8
where ZZ]: ksl 892,?.) is a linear transformation of the elements k& ol agizj).

If the right hand part represents a sum of homogeneous spaces Ls = Lgp, + Lgp, +- -+ Ly,
then the infinitesimal operator we seek will be expressed as a sum of infinitesimal operators (as
shown in [3]) from respective spaces Lg;

0 NN 0
US:%JFZZ@Z T s=1,...m. (4)
I=p1 i,j 9s1

Now we assume that all previous conditions, valid for the pair of imaginary solutions, are
preserved. Let us consider a general infinitesimal operator for the whole system. Then, for each
pair of imaginary solutions i\, s = 1,...,m, the infinitesimal operator will be obtained using
the same method and will have the form (4). Thus, the general infinitesimal operator will look:

U= i Us. (5)
s=1

Theorem. Let the right hand side of (1) be fixed with respect to the variables z1, ..., z,. We will
consider a part of the system, which is a system of degree 2m. Then the invariants of the SO(2)
group in the space of coefficients are solutions for the differential equation U f = 0, where U is
expressed in (5).

Example. Consider the system

dl‘l
dt
dy,
dt
d]]g
dt
dyz
dt

= —y1 + a1171 + a12y1 + a13x2 + a14Y2,

=1 + a2171 + a22y1 + a23%2 + a24Y2,

= —yYo + a31T1 + azay1 + az3xr2 + asqly2,

= T2 + 44171 + a42Y1 + G43%2 + G44Y2.
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By substitution

xiZQ(@ieri), inQ(w—w)
we transform the system to the form
dw1 1 _ . . 1 . .
a = 511}1(@11 +a12 + 1021 — a22) + §w1(a11 — 112 +1a21 + a22)
1_ . ) 1 ) .
+ §’w2(a13 +ia14 + tags — agq) + §w2(a13 —iaiq + tags + ag4),
dwy 1 _ ) ) 1 . .
i = §’w1(a31 +a32 + 141 — a42) + §w1(a31 — 132 + 1a4] + a42)
1 . ) 1 ) .
+ iwz(a% +iasq + ia43 — aqa) + §w2(a33 —iag4 + ia43 + aqq).

After substitution
wj :w}expicpj, j=12

we receive the following form:

d 1 - 1 1 - 1 ,

% = 511716_2“”%11 +gwiziz + 511‘126"““*“"”&3 + §wze’(“"2_“)Z14,

d 1 ) 1 - 1 ~ 1

% = 517116_1(‘“'“02)221 + 5’11)162(@1_302)222 + 5@26_2“”%23 + Jw222.
Find differentials

dz11 = —2i6_2i(p1211dg01, dzlg = —2'2136_1'(301—“02)((1(,01 + dg&g),

d2‘14 = iei(soz_wl)214(d302 — d(pl), dZQl = _Z'e—i(<p1+<p2)221(d<pl + ngQ),

dzog = 1€"1792) 209 (dipy — dip), dzo3 = —2ie™ 292 203d(ps.

Build infitesimal operator

0 , 0 . 0 ~ 0
U= _9je 2ir1, = go=ileitez), = 4 oilea—pr), Z
B ie 2116211 e Z13 9213 + e 214 92in
, 0 » 0 , 0
_rL'e_l(%D1+<P2)221_ + Z'e%(wl—soz)Zm_ + dzgg = —2ie 22500
0z91 0z99 0203

The invariants
212, 224, Z14%222, Z11Z11, 223%23, Z13%221

are solutions of equations Uz = 0.
Hence, for the existence of family of limited solutions in a neighborhood of point (0, 0,0, 0),
we have only 6 conditions.
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