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The symmetries for a quasilinear system of first order partial differential equations are de-
termined. The transformation to a system of exterior differential equations is used. Is shown
that the use of this method allows to simplify a problem of defining equations determination.

1 Introduction

Most calculations of symmetries of differential equations are done with the classical L.V. Ovsyan-
nikov method [1]. In 1965 K.P. Surovikhin published a paper [2], in which the differential forms
were applied for searching symmetries. In the K.P. Surovikhin paper the system of hyperbolic
type equations was considered, and the canonization method for finding symmetries of a exterior
differential equations system was applied. In 1971 F.B. Estabrook and B.K. Harrison published
a paper [3] in which the Lie derivatives were used for finding symmetries of the exterior differen-
tial equations system. This method is easier and universal compared to a canonization method.
This method has also certain advantages compared to the L.V. Ovsyannikov method.

However, as it was noted by B.K. Harrison [4], this method was not used widely in the
literature. The author also developed a method for finding the symmetries of exterior differential
equations with use of the Lie derivatives [5] (the author did not know about the F.B. Estabrook
and B.K. Harrison method). In the present paper this method is applied to finding symmetries
of quasilinear partial differential equations of the first order. The advantages of this method on
a comparison with the L.V. Ovsyannikov method are considered.

2 System of exterior differential equations

A quasilinear system of the first order partial differential equations is considered as a submainfold
(surface) ¥ in 1-jets space J!(7) of a bundle 7 : E — M local cuts [6]. This submainfold is
determined by the system of equations

FFk (xi,uj,pg):O, (1)

where 2 € M C R",w/ € U C R™, pj € J'(n), E= M x U. Thus in the space J'(7) there is a
Cartan distribution C', defined by Cartan 1-forms

Y = du’ — prd:vZ (2)
i=1
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The surface ¥ is integral variety Cartan’s distribution. Therefore together with (1) should be
fulfilled

Q7 = 0. (3)

Thus, a cut u : M — FE' is a solution of the system (1) if the relations (1), (3) are fulfilled.
We shall designate system of relations (1), (3) as CX.
For the quasilinear system of equations (1), we have

Fk = cfi(a:,u)pg + cg(az, u), (4)

k

where ¢, (2, u), ck(,u) are continuous functions.

We can obtained now a system of exterior differential equations. For this purpose we shall
multiply each equation of the system (1) and the base volume M

who = FRdz! A A dx™. (5)
From Cartan 1-forms we can obtain the n-forms
Qf = A (det AL A da); = dud A (dat AL A da); 4 pl(<1)0dat AL A da®, (6)

where (dz! A ... Ada™); =dal A AdTE AdTTEA LA dam
The system of exterior differential equations A(X) is obtained by the following method

WP = wh — (=1)ichQl =0, (7)

it
After substitution (5), (6) we have
Wk = —(—1)ic?i(a;, w)du! A (dz' A ..o Ada™); + ek (v u)dat AL A da™, (8)

Let us note, that the system A(X) on the space E is determined.
Thus initial system of equations C%, defined as the surface ¥ with Cartan distribution C,
appropriated by the system of the exterior differential equations A(CYX)

Q=0 =0 (9)

From €/ = 0 and w* = 0 it follows that F¥ = 0. Hence the systems CY and A(CX) are
equivalent and any integrated variety CX. is an integrated variety for A(C'Y) and vice versa.

3 About symmetries for CY¥ and A(CX)

Let us consider now a problem of symmetries for C3 and A(CX).
According to [1] and [6], the classical infinitesimal symmetry of the equations C'Y is Lie vector
field X, such that

X(QF) = N, (10)
X(F*) = ol FI. (11)
Here M, o/ are some functions, and X (Q¥) is determined by the Lie derivative

X(0F) = d(X]Q") + X ]d(QF),
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where | is an interior product. The Lie vector field X belongs to a space, tangent to J!(7), and
X is a lift of a vector field X, tangent to a space of a bundle E

X=X+xW, (12)
where
. o . o , 0
=¢ J — ) — .

£ ¢, Cij are some functions. We shall designate the Lie algebra of vector fields X as sym(X).
Theorem. For point infinitesimal symmetries of systems CY and A(CX) the relation is fulfilled

sym(3) = cosym(>).

Proof. The vector field X of a point symmetry is uniquely determined by the Lie vector field

X. Therefore it is enough to show that any symmetry of a system CY is a symmetry of a system
A(CY) and vice versa.
Let at first X is infinitesimal symmetry CX, i.e.,

X(F*) es= (X + XW)(F¥) |ex=0. (14)
Let us show, that

X (W) [aem)= X (") |ax)= 0. (15)

Taking into account (6) and (10), we have

X () [aemy= NV A (da Ao Ada™); + 9 Q8 A (dzt AL A daz™ )] [aex)= 0, (16)
where ~ is some function. Taking into account (5) and (11), we have

X(wh) = X(FF)(dz' A ... Ada™) + FFX (da' AL A da™)

= ol Fi(dz' A ... Nda™) 4+ BFF(dzt AL A da™) = (ajw% + Bwh),

and, thus

X(wh) = pwh,
where 1/, 3 are some functions. Hence, taking into account (7) and (17)

X (W) [aesy= [X(wh) — (1) X (5] [aesy= 1w [aes)= 0.

k

As the forms w* are defined in coordinates of space F, then X (1) (w*) = 0. Therefore

X(wF) |a@es)=0.
We can write the latter equality as
X (W) = p?wj + aé-“Qj,

where pf, aj? are some functions. As the forms w’ and vector field X are defined on a space of

a bundle E, then, 0;? = 0 and, therefore, (16) is fulfilled.

Let now X be an infinitesimal symmetry of A(X), i.e., (16) is fulfilled. Let us define the
vector field X = X + X(I 5o, that it is a Lie field (saves the Cartan distribution). Let us show
that (15) also is fulfilled.
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Taking into account (17) we have
X (W) [am)= X (W) |a@es)= X (WF) o=
= X(w*) [on= X (wh) — (-1)X (5] [en= [X(wh)] |ox=0
and we can write
X (wp) = W
From here follows, that
X(F*) = ol F7

and consequently (15) is fulfilled. The theorem is proved.

So the problem of searching infinitesimal symmetries for the given class of equations system
C¥ is equivalent to a problem of searching infinitesimal symmetries for the system A(CY), to
be exact systems A(X). Thus infinitesimal symmetries are vector fields, tangents to base of
bundle E, and not to a space of a bundle J!(7). As it is shown below, such lowering of a vector
field space dimensionality reduces to some decreasing of difficulty in construction of the defining
equations system.

4 Example
As example, let us consider a system of two equations
du* 1,2 1 O’ P S A
F+C (x,x,u u)82—|— (a:,:c,u,u):O, (17)

where i, 5,k =1, 2.
The system of the exterior differential equations A(X) will look like

WP = du® A da? — c?duj Adat + cfdat A dx? = 0. (18)

Infinitesimal symmetry of a system A(X) will be a vector field

0 0
X = {1 (iL‘ 2, ut uz) Eys —1—{2 (xl,wz,ul,lﬂ) 922
0
+ ¢t (ZL‘l 22 ut ) + ¢? (:L‘l,:cz,ul,UQ) ok

The defining equations for cosym(X) are obtained from a condition (16). We have

X(wF) = dg¥ A da® + du® A de? — cF (d¢? A da' + du? A dEY)
(19)
— X |d(cF)du? A da' + cf (d€" A da® + dat A dE?) + X ]d(ch)dat A da?.

The system of defining equations for functions %, ¢/ is obtained by a substitution (20) to (16).
The decomposition is carried on under the forms: du! A du?, du' A dzt, du?® A dzt, dzt A da?.
We have after decomposition from the first equation of the system (19)

0¢ 108 408

au gz T gt =0
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18(;52 L0t 0&? %<8§1 852) gZE)cl ¢]8cl

2oul T Vou  al dxl a2 Aui

0 L 0€! oct  9¢?
[l 4] G+ (el -5 - ) =0

2 1 1 2 1
c<8i—ai>—(c% c)a(b+2<6f 85)—1—6(14—02) 0¢

ou?  oul Ou? oxl  Ox2 012
802 j 802 o¢t 2 ogt og? .
ot ++0< 250 T 252 ouz) =
o 1&25] 7,860 860 ¢t oe? 18§1 2851
orT a2 TS O\ gat + gaz Dt D,z ) =0

From the second equation we have

ag” 298 boLod!
Aq a9 TCa 7

oul  tou? oul

2 1 2 1 2 1
C%<8i_8i> (C%—C)a(b—i- (ai—ai)—i—c%(c}—i—c%)ai

=0,

0w oul oul oxl  0x2 Ox?
S@cl Wacl ( gsi+ %g_fl_g_fj) o,
%+l fiﬁ (o~ 5n) * 5+
+[(C%)2+C201 ( ai %g—i:_g—iz>:0’
g¢i+ ?gi};+§ig—6§+¢ gc§+c (g—fi+g—g— (1)251 C%%) =0.

Thus we have obtained a system of defining equations for determination of symmetries of the
system (19). The system of defining equations is over-determined. The number Ny of the
defining system equations is determined by expression Ny = mN,. — N;. Here m = 2 is the
number of the initial system equations, N, is number of decomposition conditions, V; is number
of linearly dependent equations for the defining equations system. For the considered system
N, =4 and N; = 0 (all equations of a defining system are linearly independent). Therefore we
have Ny = 8.

If the system of defining equations obtained by L.V. Ovsjannikov’s technique [2], then the
number of decomposition conditions N, = 6 (decomposition under pi, p?, (p%)Q, (p%)2, pip? and
under absolute terms). Therefore 2N, = 12. Thus the general number of the equations will be
also eight, as N; = 4 (four equations will linearly depend on other equations).

5 About number of decomposition conditions

In more common case the number of decomposition conditions N, for the exterior differential
equations system corresponding quasilinear first order system is determined by expression

N.=C)"

m+4n — M
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where m and n are numbers of dependent and independent variables, C}},,, is the number of
combinations from n + m elements under n,

" _(n—i—m)!.

mEn T m)

Thus, the transformation to a system of the exterior differential equations (for a considered
class of the equations) allows to lower the number of decomposition conditions for searching
of symmetries and to eliminate from consideration linearly dependent equations of a defining
system. In some cases it reduces complexity at deriving of the defining equations system.
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