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On Symmetry Reduction and Some Exact Solutions

of the Multidimensional Born–Infeld Equation
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Using the subgroup structure of the extended generalized Poincaré group P̃ (1, 4), symme-
try reduction of the multidimensional Born–Infeld equation to differential equations with
fewer independent variables is made. Some classes of exact solutions of the equation under
investigation are constructed.

The Born–Infeld equation in spaces of various dimensions has many applications (see, for
example, [1–8]).
The symmetry properties of the multidimensional Born–Infeld equation were studied in [9–

11]. In these works, multiparameter families of exact solutions were constructed using special
ansatzes.
Let us consider the equation

✷u (1− uνu
ν) + uµuνuµν = 0, (1)

where u = u(x), x = (x0, x1, x2, x3) ∈ M(1, 3), uµ ≡ ∂u
∂xµ , uµν ≡ ∂2u

∂xµ∂xν , uµ = gµνuν , gµν =
(1,−1,−1,−1)δµν , µ, ν = 0, 1, 2, 3, ✷ is the d’Alembert operator.
The symmetry group of equation (1) is the group P̃ (1, 4) [9–11].
On the basis of the subgroup structure of the group P̃ (1, 4) and the invariants of its sub-

groups [12], the symmetry reduction of the investigated equation to differential equations with
fewer independent variables was done. In many cases the reduced equations are linear ODEs.
Taking into account solutions of the reduced equations, we found multiparameter families of ex-
act solutions of the equation under consideration. Below we only present ansatzes which reduce
equation (1) to ordinary differential equations, and we list the ODEs obtained as well as some
exact solutions of the Born–Infeld equation

1. u2 = −x2
2ϕ

2(ω) + x2
0, ω =

x3

x2
,(

ϕ2 − ω2 − 1)ϕϕ′′ − (
ϕ2 − ω2 − 1)ϕ′2 − 2ϕ′2 − 2ωϕϕ′ = 1;

2. u2 = − (
x2

1 + x2
2

)
ϕ2(ω) + x2

0, ω =
x3(

x2
1 + x2

2

)1/2
;

(
ϕ2−ω2−1) ϕϕ′′ +

((
3ϕ2+1

) (
ω2+1

) − ϕ
)
ϕ′2 − 3ω (

ϕ2+1
)
ϕϕ′ + ϕ4 = 1;

3. u = −x
α+1

α
2 (ϕ(ω))

α+1
α + x0, ω =

x3

x2
, α �= 0;

ϕ′′ = 0; u = x0 − (c1x2 + c2x3)
α+1

α ;

4. u = −ϕ(ω)− 2 lnx2 + x0, ω =
x3

x2
;

2ϕ′′ + ϕ′2 = 0; u = 2c1e
− x3

2x2 − 2 lnx2 + x0 − c2;
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5. u = −ϕ(ω) + x0 − ln
(
x2

1 + x2
2

)
+ 2α arctg

x2

x1
, ω =

x3(
x2

1 + x2
2

)1/2
, α ≥ 0;

4
(
α2ω2 + α2 + 1

)
ϕ′′ − ω

(
ω2 + 1

)
ϕ′3 + 2ϕ′2 = 0;

6. u = −ϕ(ω) + x0 + 2arctg
x2

x1
, ω =

x3(
x2

1 + x2
2

)1/2
;

4
(
ω2 + 1

)
ϕ′′ − ω

(
ω2 + 1

)
ϕ′3 + 4ωϕ′ = 0;

7. u2 = x2
0ϕ

2(ω)− x2
3, ω =

(
x2

1 + x2
2

)1/2

x0
;

ω
(
ϕ2 + ω2 − 1)ϕϕ′′ +

(
ω2 − 1) ϕϕ′3 − ω

(
2ϕ2 + ω2 − 1) ϕ2+

+
(
ϕ2 + ω (2ω − 1))ϕϕ′ − ω

(
ϕ2 − 1) = 0;

8. u2 = − (
x2

1 + x2
2

)
ϕ2(ω) + x2

0 − x2
3, ω = ln

(x0 − u)2

x2
1 + x2

2

− 2c arctg x2

x1
, c > 0;

4
(
c2ϕ4 − (

c2−1)ϕ2 − 1) ϕϕ′′ − 8 (
c2+1

)
ϕ3ϕ′3 +

(
ϕ4 + 8c2ϕ2 − 4) ϕ′4−

− (
6ϕ4 + 4ϕ2 − 10)ϕϕ′ + ϕ2

(
ϕ4 + ϕ2 − 2) = 0;

9. u2 = − (
x2

1 + x2
2

)
ϕ2(ω) + x2

0 − x2
3,

ω = (1 + α) ln
(
x2

0 − x2
3 − u2

) − 2α ln (x0 − u)− 2β arctg x2

x1
, α �= 0, β ≥ 0;

4
(
α2 +

(
β2−α2+1

)
ϕ2 − β2ϕ4

)
ϕ2ϕ′′ + 8

(
α2+1

) (
β2ϕ2+α2+α−2) ϕ′3−

−4 ((
2β2 − α2 + 1

)
ϕ2 + 3α2 − 2α − 6) ϕϕ′2+

+2
(
ϕ2 − α − 6)ϕ2ϕ′ − ϕ3

(
ϕ4 + ϕ2 − 2) = 0;

10. u2 = − (
x2

1 + x2
2

)
ϕ2(ω) + x2

0 − x2
3, ω = ln

(
x2

0 − x2
3 − u2

) − 2α arctg x2

x1
, α > 0;

4
(
α2 + 1− α2ϕ2

)
ϕ4ϕ′′ + 8

(
α2ϕ2 − 2)ϕ′3 − 4 ((

2α2 + 1
)
ϕ2 − 6)ϕϕ′2+

+2
(
ϕ2 − 6) ϕ2ϕ′ − ϕ3

(
ϕ4 + ϕ2 − 2) = 0;

11. u2 = − (
x2

1 + x2
2

)
ϕ2(ω) + x2

0 − x2
3, ω = 2arctg

x2

x1
− ln (

x2
1 + x2

2

)
;

4ϕ
(
α2

(
ϕ2 − 1) − 1)ϕ′′ − 8 (

α2 + 1
)
ϕϕ′3 + 4

(
3ϕ2 + 2

(
α2 + 1

))
ϕ′2−

−2 (
3ϕ2 + 2

)
ϕϕ′ + ϕ2

(
ϕ2 + 1

)
= 2.

The ansatzes (1)–(11) can be written in the following form: h(u) = f(x)ϕ(ω)+g(x), where h(u),
f(x), g(x) are given functions, ϕ(ω) is an unknown function. ω = ω(x, u) are one-dimensional
invariants of subgroups of the group P̃ (1, 4).

12. x2ω = x3ϕ(ω), ω =
x3

(x0 − u)
,

ϕ′′ = 0, u = x0 + c1x2 + c2x3;

13. x3ω =
(
x2

1 + x2
2

)1/2
ϕ(ω), ω =

(
x2

1 + x2
2

)1/2

u
;

ω
(
ϕ2 + ω2 + 1

)
ϕ′′ +

(
ω2 + 1

)
ϕ′3 − 2ωϕϕ′2 +

(
ϕ2 + 1

)
ϕ′ = 0;
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14. x3ω =
(
x2

1 + x2
2

)1/2
ϕ(ω), ω =

(
x2

1 + x2
2

)1/2

x0 − u
;

ωϕ′′ + ϕ′3 + ϕ′ = 0,

x3

x0 − u
= ln

(
2
√

x2
1 + x2

2

x0 − u
+ 2

√
x2

1 + x2
2

(x0 − u)2
− 1

)
+ c;

15.
x3(

x3 (2x0ω − x3)− x2
1ω

2
)1/2

= ϕ(ω), ω =
x3

x0 − u
,

(
ϕ2ϕ2 − 1) ϕϕ′′ +

(
4− 3ω2ϕ2

)
ϕ′2 + 2ωϕϕ3ϕ′ + ϕ4 = 0;

16. ω
(x3

ω

(
2x0 − x3

ω

)
− x2

1 − x2
2

)1/2
= x3ϕ(ω), ω =

x3

x0 − u
;(

ω2 − ϕ2
)
ϕ2ϕ′′ +

(
ω2 − 3ϕ2

)
ϕ′2 + 4ωϕϕ′ − 2ϕ2 = 0;

17.
(
x2

0 − x2
1 − x2

2

)1/2
ω = x3ϕ(ω), ω =

x3

u
,(

ϕ2 − ω2 − 1)ϕ′′ϕ+ 2
(
ω2 + 1

)
ϕ′2 − 4ωϕϕ′ + 2ϕ2 − 2 = 0;

18. ln
x3

ω
+

x1ω

x3
= ϕ(ω), ω =

x3

x0 − u
;

ϕ′′ = 0;
c1x3 − x1

x0 − u
− ln (x0 − u) + c2 = 0;

19. lnx2
3ω − x2

3

ω
= ϕ(ω)− 2x0, ω =

x2
3

x0 − u
;

4ω (ω + 1)ϕ′′ − 2ωϕ′2 + 2 (ω + 1)ϕ′ = −1;

20.
x3

ωx2 − x1
= ϕ(ω), ω = x0 − u;

ϕ = 0; u = x0 − x1 + x3

x2
;

21. ln
x2

3

ω
− x2

1ω

x2
3

− x2
3

ω
= ϕ(ω)− 2x0, ω =

x2
3

x0 − u
;

ω (ω + 4)ϕ′′ − 4ωϕ′2 + 2 (2ω + 1)ϕ′ = −3;

22.
x2

3

(ω + 1)
(
ω (2x0 − ω)− x2

1

) − ωx2
2

= ϕ(ω), ω = x0 − u;

(ω (ω + 1))2
(
ϕϕ′′ − 2ϕ′2)+ 4ω (ω + 1) (2ω + 1)ϕϕ′ + 2ω (ω + 1)ϕ′−

−2 (
7ω2 + 7ω + 2

)
ϕ2 + 6 (2ω + 1)ϕ = 0;

23. ln
x2

3

ω
−

(
x2

1 + x2
2

)
ω

x2
3

− x2
3

ω
= ϕ(ω)− 2x0, ω =

x2
3

x0 − u
;

ω (ω + 4)ϕ′′ − 6ωϕ′2 + 2 (3ω + 1)ϕ′ = −5;
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24. x3ω =
(
x2

1 + x2
2

)1/2
ϕ(ω)− (

x2
1 + x2

2

)1/2 arctg
x2

x1
, ω =

(
x2

1 + x2
2

)1/2

x0 − u
;

ω
(
ω2 + 1

)
ϕ′′ + ω2ϕ′3 +

(
ω2 + 2

)
ϕ′ = 0;

x3

x0 − u
+ arctg

x2

x1
= i


ln

√
x2

1 + x2
2√

x2
1 + x2

2 + (x0 − u)2 + x0 − u
+

√
x2

1 + x2
2 + (x0 − u)2

x0 − u
+ c


;

25.
(
2x0ω

(
x2

1 + x2
2

)1/2 − x2
3ω

2 − x2
1 − x2

2

)1/2
=

(
x2

1 + x2
2

)1/2
ϕ(ω), ω =

(
x2

1 + x2
2

)1/2

x0 − u
;

ω
(
ϕ3−2ϕ2+ω2

)
ϕ′′− (

ϕϕ′)3+ω3ϕ′2− (
ϕ2−2ω2

)
ϕϕ′−5ωϕ2 = 0;

26. x3ω +
√

x2
1 + x2

2 ln

√
x2

1 + x2
2

ω
=

(
x2

1 + x2
2

)1/2
ϕ(ω)− α

(
x2

1 + x2
2

)1/2 arctg
x2

x1
,

ω =

(
x2

1 + x2
2

)1/2

x0 − u
, α ≥ 0;

ω
(
ω2 + α2

)
ϕ′′ + ω2ϕ′3 +

(
ω2 + 2α2

)
ϕ′ = 0;

x3

x0 − u
+ ln (x0 − u) + αarctg

x2

x1
=

= i


α2 ln

√
x2

1 + x2
2√

x2
1 + x2

2 + α2 (x0 − u)2 + α2 (x0 − u)
+

√
x2

1 + x2
2 + α2 (x0 − u)2

x0 − u
+ c


 ;

27. 3 ln
(
ω

(
x2

1 + x2
2

)1/2
)
− 2 ln

(
12x0 −

(
ω

(
x2

1 + x2
2

)1/2 + 4x3

)1/2 ×

×
(
6 + 2x3 − ω

(
x2

1 + x2
2

)1/2
))

= ϕ(ω), ω =
(x0 − u)2 − 4x3(

x2
1 + x2

2

)1/2
;

144
((

ω2 + 16
)
eϕ − ω2

)
ωϕ′′ + ω4

(
ω2 + 16

)
ϕ′3−

−24ω (
3

(
ω2 + 16

)
eϕ + 2ω2

)
ϕ′2 + 144

((
40 + ω2

)
eϕ − ω2

)
ϕ′ = 0;

28. ln
(
ω

(
x2

1 + x2
2

)) − ω
(
x2

1 + x2
2

) − x2
3

ω
(
x2

1 + x2
2

) = ϕ(ω)− 2α arctg x2

x1
− 2x0,

ω =
x0 − u

x2
1 + x2

2

, α ≥ 0;

ω2
(
4ω

(
1− α2ω

)
+ 1

)
ϕ′′ + 2ω5ϕ′3 − 2ω3ϕ′2 − 2 (

α2ω2 − 2ω + 1) ϕ′ω − 2α2ω + 3 = 0;

29. ω
(
x2

1 + x2
2

)
+

x2
3

ω
(
x2

1 + x2
2

) = ϕ(ω) + 2 arctg
x2

x1
+ 2x0, ω =

x0 − u

x2
1 + x2

2

,

ω2
(
1− 4ω2

)
ϕ′′ + 2ω5ϕ′3 − 2ω3ϕ′2 − 2ω (

ω2 + 1
)
ϕ′ − 2ω + 1 = 0;

30. ln
(
(ω + α)

(
ω (2x0 − ω)− x2

1

) − x2
2ω

) − 2 ln(
βx2

ω + α
+

x1

ω
− x3

)
= ϕ(ω),

ω = x0 − u, α > 0, β ≥ 0;
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ω4(ω + α)4ϕ′′ + ω4(ω + α)4ϕ′2 − 4ω3(ω + α)3(2ω + α)ϕ′ + 2ω(ω + α)β2ω2 + (ω + α)2+

+
(
ω(ω + α)2

)
eϕϕ′ − 2eϕ

(
β2ω2(7ω + 3α) + 3(2ω + α)

(
ω + α2

)2+

+(4ω + α)(ω + α)2ω2
)
= 0;

31. ln
(
ω (2x0 − ω)− x2

1 − x2
2

) − 2 ln (x3ω − x1) = ϕ(ω), ω = x0 − u;

ω2ϕ′′ + ω2ϕ′2 + 2ω
(
eϕ

(
ω2 + 1

) − 1) ϕ′ − 2 (
ω2 + 2

)
eϕ = 4;

32. ln
(

ω (2x0 − ω)− x2
1 −

ω

ω + 1
x2

2

)
− 2 ln

(
αx2

ω + 1
+

x1

ω
− x3

)
= ϕ(ω),

ω = x0 − u, α > 0;

ω4 (ω + 1)3
(
ϕ′′ + ϕ′2)+ 2 (ω + 1)ω (

eϕ
(
ω2 +

(
ω2 + 1

)3
)
− 2ω2 (ω + 1)2 − ω3

)
ϕ′+

+2eϕ
(
(ω + 1)2

(
ω4 − 3ω3 − 2ω2 − 4ω − 4) − 2α2 (2ω + 1)ω2

)
+

+2 (3ω + 2) (ω + 1)2 ω2 = 0.

The ansatzes (12)–(32) can be written in the following form: h(x, ω) = f(x)ϕ(ω) + g(x),
where h(x, ω), f(x), g(x) are given functions, ϕ(ω) is an unknown function. ω = ω(x, u) are
one-dimensional invariants of subgroups of the group P̃ (1, 4).

33. 2 ln (x0 − u) = ϕ(ω) + ln
(
x2

1 + x2
2

)
+ 2c arctg

x2

x1
, ω =

x3(
x2

1 + x2
2

)1/2
;

4
(
c2

(
ω2 + 1

)
+ 1

)
ϕ′′ − ω

(
ω2 + 1

)
ϕ′3 + 2

(
3ω2 + 2

)
ϕ′2 − 12ωϕ′ + 8

(
c2 + 1

)
= 0;

34.
x0(

x2
1 + x2

2 + u2
)1/2

= ϕ(ω), ω =
x3

x0
;

(
ϕ2 − ω2 − 1)ϕ2ϕ′′ + 2ωϕ′3 − 4ϕϕ′2 − 2ωϕ4ϕ′ + 2ϕ7 = 0;

35.
(u − x0)

α−1

(u+ x0)
α+1 = ϕ(ω), ω =

x3(
x2

0 − u2
)1/2

, α > 0;

(
α2 − 1− ω2

)
ϕ2ϕ′′ + ω

(
1− ω2

)
ϕ′3 +

(
4α2 − 8 + (

4α2 + 6
)
ω2

)
ϕϕ′2−

−2 (
α2 − 2α+ 7)ωϕ′ϕ2 − 8 (

α2 − 1)ϕ3 = 0;

36. 2α ln (x0−u) = ϕ(ω) + (1+α) ln
(
x2

1+x2
2

) − 2β arctg x2

x1
,

ω =
x3√

x2
1 + x2

2

, β ≥ 0, α2 + β2 �= 0;

4α
(
(α+ 1)2 + β2

(
ω2 + 1

))
ϕ′′ − αω

(
ω2 + 1

)
ϕ′3+

+2
(
3α(α+1)ω2 + α2 − β2 − 1)ϕ′2 + 4

(
2β

(
α+1−β2

) − 3α(α+1)2)ωϕ′+

+4α(α+ 1)
(
2(α+ 1)2 + 2β2 + 1

)
+ 2

(
β2 − α2 + 1

)
= 0;

37.
x3√

x2
0 − x2

1 − u2
= ϕ(ω), ω = 2γ ln (x0 − u)− (1 + γ) ln

(
x2

0 − x2
1 − u2

)
, γ �= 0;

2
(
γ2ϕ2 + (γ + 1)(3γ + 1)

)
ϕ′′ − 4(γ + 1) (γ2 + γ − 2)ϕ′3+

+2
(
γ2 + γ − 2)ϕϕ′2 +

(
(γ + 6)ϕ2 − 3γ − 1) ϕ′ − ϕ3 + ϕ = 0;
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38.
x3√

x2
0 − x2

1 − x2
2 − u2

= ϕ(ω),

ω = 2α ln (x0 − u)− (1 + α) ln
(
x2

0 − x2
1 − x2

2 − u2
)
, α �= 0;

4
(
α2ϕ2 + (α+ 1)(3α+ 1)

)
ϕ′′ − 8(α+ 1) (α2 + α − 3)ϕ′3+

+4
(
2α2 − 6α − 9)ϕϕ′2 + 2

(
(2α+ 9)ϕ2 − 2α − 4) ϕ′ − 3 (

ϕ3 − ϕ
)
= 0;

39.
x3

(x0 − u)2 − 4x1

= ϕ(ω),

ω = 3 ln
(
(x0 − u)2 − 4x1

)
− 2 ln

(
6 (x0 + u)− 6x1 (x0 − u) + (x0 − u)3

)
;

144
((
16ϕ2 + 1

)
eω − 1) ϕ′′ − 2592eωϕ′3 + 432eωϕϕ′2 + 9

((
16ϕ2 + 1

)
eω + 2

)
ϕ′ − 8ϕ = 0;

40. (x0 − u)2 = x2ϕ(ω) + 4x1, ω =
x3

x2
;

(
ϕ2 + 16ω2 + 16

)
ϕ′′ = 0;

u = x0 − (4x1 + c1x2 + c2x3)
1/2 , u = x0 − 2

√
x1 + i

(
x2

2 + x2
3

)1/2;

41.
(

x2
1 + x2

2

x2
3 + u

)1/2

= ϕ(ω), ω = c arctg
x2

x1
− arctg u

x3
, 0 < c ≤ 1;

(
ϕ2 + 1

) (
ϕ2 + c2

)
ϕϕ′′ − (

ϕ2 + c2 (ϕ+ 2)
)
ϕ′2 + ϕ2

(
ϕ4 − 1) = 0;

42.
(

x2
1 + x2

2

x2
3 + u

)1/2

= ϕ(ω), ω = 2α arctg
x2

x1
+ 2β arctg

u

x3
− ln (

x2
1 + x2

2

)
, α > 0, β ≥ 0;

4ϕ
(
ϕ4 +

(
α2 + β2 + 1

)
ϕ2 + α2

)
ϕ′′ − 4 (

ϕ2
(
α2 + β2 + 1

)
+ 2α+ 1

)
ϕ′2−

−4ϕϕ′ + ϕ2
(
ϕ4 − 1) = 0;

43.

(
x2

0 − x2
1 − x2

2 − x2
3 − u2

)1/2

x0 − u
= ϕ(ω), ω =

x1

x0 − u
+ ln (x0 − u) ;

ϕ
(
ϕ2 − 1) ϕ′′ +

(
3ϕ2 − 1) ϕ′2 + 5ϕϕ′ + 3ϕ2 = 0;

44. (x0 − u)2 =
(
x2

1 + x2
2

)1/2
ϕ(ω) + 4x3, ω = 4c arctg

x2

x1
+ ln

(
x2

1 + x2
2

)
, c > 0;

16
(
c2ϕ2 + 4

(
4c2 + 1

))
ϕ′′ + 8

(
4c2 + 1

)
ϕ′3 + 12ϕϕ′2 + 2

(
32 + 3ϕ2

)
ϕ′ + ϕ3 + 16ϕ = 0;

45.
x1 + x2 + x2

3

x0 − u
= ϕ(ω), ω = x0 + u+ ln (x0 − u) ;

ϕ (4 + ϕ)ϕ′′ − ϕ′3 − 2 (4 + ϕ)ϕ′2 − 4ϕϕ′ + 6ϕ = 0.

The ansatzes (33)–(45) can be written in the following form: h(x, u) = f(x)ϕ(ω) + g(x),
where h(x, u), f(x), g(x) are given functions, ϕ(ω) is an unknown function, ω = ω(x, u) are
one-dimensional invariants of subgroups of the group P̃ (1, 4).
Let us note that the equation (1) was also studied with the help of the subgroup structure

of the group P (1, 4) as well as invariants of its nonconjugate subgroups. Some of the results we
obtained were published in [13, 14].



On Symmetry Reduction and Some Exact Solutions of the Born–Infeld Equation 115

References
[1] Born M. and Infeld L., Foundations of the New Field Theory, Proc. Roy. Soc. Ser. A, 1934, V.144, 425–451.

[2] Born M., On the Quantum Theory of the Electromagnetic Field, Proc. Roy. Soc. Ser. A, 1934, V.143,
410–437.

[3] Blokhintsev D.I., Space and Time in the Microcosm, Moscow, Nauka, 1982.
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