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The complete set of commuting invariants for integrable systems arising in the framework
of the Krall-Sheffer problem is derived using the classical R-matrix approach, based on the
loop algebra sl(2)g. The separating coordinates are also deduced from this framework.

1 Introduction

Krall and Sheffer studied the problem of finding all polynomial eigenfunctions of second order
linear differential operators in two variables having polynomial coeflicients of degree equal to
the order of derivative under certain further restrictions relating to its symmetrizability and the
orthogonality of its eigenfunctions (for details see [2]). They classified all possible normal forms
of the operators satisfying the required properties. It was shown in [3] that all the operators in
the Krall-Sheffer list are reducible by gauge transformations to the form of a Laplace—Beltrami
operator on a space of constant curvature plus some potential, the magnetic field being absent.
Moreover, they all are related to two-dimensional superintegrable systems on spaces of constant
curvature [2].

In this paper we show how to construct a complete set of commuting invariants to the
integrable systems arising in the Krall-Sheffer framework using the classical R-matrix approach,
based on the loop algebra sl(2)g. We give both the quantum and classical formulations in
terms of Lax matrices depending on a loop parameter. The main construction is based on the
well-known procedure of symmetry reduction from a free system in a higher dimension space
(in particular, quadrics in R® or C%). Classically this corresponds to reduction of geodesic flow,
while quantum mechanically it involves reduction of the Laplacian. The reduction process leaves
a residue of the original system, providing a complete set of commuting integrals.

2 General construction scheme

We begin with a phase space M of dimM = 12, with canonical variables (z;,v;)i=1,.. 6 which
form the components of a pair (X,Y’) of (either real or complex) column vector.
From these we form a Lax matrix N()), depending on a spectral parameter A € C as follows:

n m;

N(\) = % (YT, -XxT7) (A= A)~HX,JY) ZZ N
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where A, J are fixed 6 x 6 matrices with A having either n = 1,2 or 3 distinct eigenvalues
{ei}i=1,. » and minimal polynomial

[ =ai™

i=1
and J is a symmetric real matrix with antidiagonal blocks of the form

0 0 ... 1
0O ... 1 0
1

for each Jordan block of A.

The dynamics is generated by Hamiltonians chosen from the algebra of spectral invariants
of N(A). Classically, these Poisson commute and hence generate isospectral flows satisfying
a Lax equation:

dN
dt

It is easily verified that N()) satisfies the standard rational R-matrix Poisson bracket rela-
tions:
{(NA) @ N(w)} = [r(A), N(A) @ [+ 1@ N(p),
where both sides are viewed, for fixed A # p as elements of End ((C6 ® (C6) and
P
r(A) = =~ Pio(u®@v) =v®u.
N=52% (u @)

In the cases considered below, we only study Hamiltonians that are O(6,.J) invariant and
restrict to the quadric defined by

XTrx =1.

= [B,N].

Quotienting by the stabilizer G4 C O(6,J) of A we reduce to a 2-dimensional configuration
space, however the reduced system is no longer free.
In this case the algebra of spectral invariants is generated by the coefficients of:
n 2m;
—= Tr N(A
with 2m; < n;. The numerators H; of this partial fraction expansion all Poisson commute and
generate the algebra of spectral invariants. They are not all independent, however, since:

n
Z Hiyy=0
=1

and H;q with m; < d < 2m,; are Casimir invariants.

The connection between configuration space coordinates in 6-dimensional space and the sepa-
rating coordinates A1, Ao in the reduced 2-dimensional space is given by
A=A = Ag)

- a(A) ’
where a(\) is the minimal polynomial of the matrix A.

The quantum version of this approach is simply obtained through canonical quantization
with conjugate (momentum) variables y; replaced by the partial derivatives i 0/0x;. The relation
between the quantum integrals and the ones in the corresponding Krall-Sheffer cases is obtained
applying a suitable gauge transformation.

XTga—a!
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3 Case 1. Sphere. Neuman—Rosochatius system
In the case of a sphere in R, the matrices 4 and J are just:

0

(>R en e B e B an R ©)
OO o OoOR
S OO WO O
SO WO oo
O OO OO
O O O O O

v

with a # (8 # «. The symmetry algebra g4 corresponding to the stabilizer G4 C O(6,R) is
a maximal torus with generators

{$1y2 — X2Y1, T3Y4s — T4Y3, Ts5Ye — 966y5}

and the Lax matrix has the form:

M Ny Ny (h(N)  f(N)
N“)‘u—a)*u—ﬂ)*u—w‘( )

where the NV; are elements of si(2)

Ny = 1 ( T1Y1 + T2y2 i+ 3 )
2\ —af—a3 —my -z )]

Ny—1 ( Tays +vays Y3+ U3 >
2\ —a2f-af —ways—wape )’

N3 = 1 ( T5Y5 + T6Ye v+ y3 )
2 —xg - :L“% —T5Y5 — TeYe

The invariants are the coefficients of:

H Hy Hy i n3 13
+ + + + + .
A=a) (A=0) (A=) (A=ap (A=p72 (KA=7)?
Here p1, po and ps are constants defining the restriction to level sets of invariants of motion

under the reduction procedure (the components of the moment map generating the torus action),
namely:

1
-5 TrN(\)? =

H1 = T1Y2 — T2Y1, H2 = T3Y4 — T4Y3, U3 = Ts5Ye — TeYs-

Integrals H;, Ho and Hs are not all independent, since their sum is equal to zero. The
Hamiltonian of the problem is given by the linear combination:

H = aHy + BHs + vH3.
The constraint to a sphere S° C RS is given by X7 JX = 1:
x%+$%+x§+xi+x§+x§:1.

The reduced ambient coordinates are given by the radial distance in three planes (X1, X2),
(Xg, X4) and (X5, XG)Z

2 _ 2, 2 2 _ 2, 2 2o _ 2, 2
51 =11 + 73, §3 = T3 + ¥y, 83 = T5 + Zg-
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The reduction of the constraint gives
s% + s% + sg =1
The reduced Hamiltonian is:

13

3

2 2 2 /L% M%
(p1 +p2+P3) t o+t 5t
51 53

| =

which is the kinetic energy on the sphere in R? plus Rosochatius potential. Here (p1,p2,p3) are
canonical conjugate to (s, s2, S3).

The reduced separating coordinates (A1, A2) in this case are sphero-conical coordinates related
to (s1, s2,s3) by:

2 (a=A)(a— ) 2 B=M)(B =) (v = M)y = A2)
o(a=Bla-y) T B-a)B-9) (V-—a)(y-6)

In terms of the reduced ambient space coordinates the integrals Hi, Ho and Hjs are:

55 =

VLR + p3si/ss + pisy/s 1 LT, + pish/si + p3si/s3

Hy =
! 2 o=y 2 a—p
1 L35 + i3s3 /53 + p3s3/s3 | 1 Liy + pis/si + p3st/s3
HQ = —— + — R
2 B— 2 a—@
Hy — VL3 + p3sy/s3 + mas/sy | LLiy + pisi/s3 + piss/st
2 =~ 2 a— ’

where L;; = s1p2 — sap1. The quantum versions of these integrals are denoted by (ﬁl, ﬁg, ﬁg)
and are obtained by replacing the matrix elements of N(\) by the corresponding differential
operators. This leads to replacing L;; by their quantum version:

lA—/Z'j =V —1(81'8/8%' - sﬁ/@si).

Note that whereas the Hamiltonian H is independent of the parameters («, 3,7), which only
serve to determine the separating coordinate system, the invariants Hy, Ho individually do
depend on those. Therefore, different choices for these parameters give distinct integrals that
commute with H, but do not commute with each other. This provides an explanation for the
superintegrability of this system.

To relate the invariants to the ones obtained in [2] for the corresponding Krall-Sheffer case
we apply the gauge transformation consisting of conjugation by the function:

B =ty (1= )",
where
1 1 1
dlzi(doo—i-l/Q), d2:§<600+1/2), d3:§(1/2—d00—€00—B)

and doo, ego, B are the parameters appearing in Krall-Sheffer setting (see [2]).
The following are the relations between the integrals constructed in these two approaches:

m—05;

7, =42 I, +4l, — 4L — ¢y,

Hy =4 I, +4I, — 4L —cy, Hy=4

1—N Y1 — o

where H; = ®H® ! and L is the Krall-Sheffer operator corresponding to case I, ¢y and ¢;
depend on «, 3, 7, doo, €00, B.
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4 Case 2. Hyperboloid

For the case of a hyperboloid embedded in R, matrices (4,.J) may be taken as

a1 0 0 0 O 000100
0O a1 00 O 001000
A - 0 0O a1l 0O J— 01 000O0
0 00w OO0 [’ 100 00O
00 00 B 0 000O0T10O0
0 0 00 0 p 000 O0O01

Note that J has an antidiagonal block corresponding to each Jordan block of A and a diagonal
block corresponding to the diagonal part of A.
The symmetry algebra g4 again has three generators

{T1y1 + T2y2 — T3Y3 — Tays, Toy1 — T4Y3, T5Ye — TeYs)

but the Lax matrix now has a second order pole at A = a:

A =@ (A=p)
where
Ny = 1 ( T1y1 + Z2y2 + T3Y3 + TaYa 2y1y4 + 2y2y3 )
2 =214 — 22273 —z1y1 — Toy2lasys — Tays
Ny = L ( —Tayz + T2 =243y )
2 22014 —ZaY1 + T4y3
Ny = 1 ( T5Y5 + T6Ye v + Y2 >
2 _5U§ - 33% —x5Y5 — TeYe

Here (N1, N3) should be viewed as an element of the jet extension sl(2)1)* while N3 € sl(2).
The invariants again give us only two independent H; and Hy

1 ,  H Hoy M2 13 Hs H3
T N = B—a)  (—al (—ap 20— (A =p) 200-B)2

where
Hy + H3 =0.

The Hamiltonian is now defined by:

1
H = (a— B)H; + Hy — 5;@.

The reduced ambient space coordinates (s1, s2, s3) are now defined by:

2 _ (z124 + 273)*

2 2 2, .2
81 , 85 = 2x914, 83 = T + Tg.

21’2%’4
The constraint to the quadric X7 .JX = 1 reduces to define a hyperboloid in R3

25180 + S% =1.



R-Matrix Approach to the Krall-Sheffer Problem 319

In these coordinates the integrals H; and Hs are

(s1p3 — s3p2)(S3p1 — s2p3) — #%8182/83 + M1M28§/3% - #%313?2)/3%

Hy =

a—f3
_ (s3p1 — s2p3)® + (1383/53 — 11353/ 55
2(a — B)? ’
1 257 1251 (s3p1 — sop3)? + pdss/s2 — puds3/s3
Hy = 5(51]31 — Sop2)? — 2'“221 +2“ K + ( )"+ 1385/53 — 1383/ 2
52 52 2(a —p)

The quantized operators H 1, ﬁg, Hs are obtained as before by replacing all conjugate variables
by corresponding differential operators. And again, whereas Hamiltonian H does depend on
the parameters (o, 3) the integrals Hy, Hs do, thereby again providing an explanation for the
superintegrability in this case.

5 Case 3. Pseudoeuclidean plane

Matrix A in this case has only one degenerate eigenvalue:

coooo o
cCoOo0OQ —
cCooQ o
coD oo o
oD o oo
S mo o oo
—ooooo
o o0 OO
= e
oo~ oo
cCo oo~ o
cCoo0 0O

J is antidiagonal.
The symmetry algebra g4 is generated by

{—21ys — T2ys — T3Y6 + Tay1 + T5Y2 + TeyY3, TeY1 — T3Y4, —TaYs — T3Ys + TsY1 + TeY2}

and the Lax matrix is of the form:

N = - Ny N3
A—a) A—a)2 (A—a)¥
where
T1Y1 + T2Y2 + T3Y3 ) )
2 +ys+2 +
N, = 1 + 24y4 + T5Ys + TYs Y1ys + Y YaYe T+ Y5
? 9wy wy — ad — Qmawg —af LT P22 TS
— XT4Y4 — T5Y5 — TeY6
e = ) ( R A T e T —2y2y1 — 24Ys >
2 2x9w3 + 2x5T6 T3y2 + Toy1 + TeYs + T5Ya
Ny = 1 ( x3Y1 + TeYa v3 + y3 >
2 —x% - x% —T3Y1 — TeY4

The trace formula again gives only two independent integrals Hy and Ho

—%TrN()\)Q -

Hy Hy  2mps —p3 paps 145

0—a? O —aP  200—a)l 20 —a)p 20—a)
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The Hamiltonian of the problem is:

H = —2pips — p3 + 27173 + 3,

2
M1 H2S2 H3S3; K353 M2 H3S2 M3
71___ 2 - 2 - 2 '.)/2___ 2 73__~
S1 S1 81 81 S1 S1 S1

In this case the parameter a may be absorbed in the definition of A and therefore no parameter
dependence appears in the integrals H; and Ha:

papz  3p3pies3

Hy = (p2s3 — s2p1)(s1p1 — $3p3) — 25283 (p% + 2p1p3) — 32 3
1 1
2 2
_ pspesi Asguzpn(l — 2s1s0)  pasy  (pp o+ pap)s2
53 st 52 3 ’
2.2

2 281 4148
Hy = (P% + 2p1p3) (s% + 25153) + F;32 + M9,2 3

2 51
Apsposy  p3 —2papn | 15 (1 —2s3)
+ 3 - 2 + o .
1 1 1

Reduced coordinates in R3

9 (z123 + T476)> 2
51

2 2
= s5 = w5 + T3,

(2,2
z3 + 22 =~ (a5 +25).

»
w N

The constraint to the quadric XTJX = 1 reduces to 2s1s3 + s3 = 1.

6 Conclusions

The approach based on Lax matrices satisfying the rational R-matrix structure gives a systematic
way to derive the Hamiltonians and commuting invariants for these three cases corresponding
to Krall-Sheffer operators on quadrics. This also provides a prescription for the separating co-
ordinates, both in the classical and quantum cases. The presence of the additional parameters
(v, B,7) in the Case I, and («a, ) in the case II provides an explanation for their superintegra-
bility.

A similar analysis may be made for the cases of Euclidean space arised in the Krall-Sheffer
problem, they may be obtained as limiting cases of the above, providing an R-matrix approach to
the remaining Krall-Sheffer operators. The details for all these cases will be provided elsewhere.
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