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First order differential equations, which satisfy second order equations of motion for N = 2
Super Yang–Mills theory, are obtained with help of breaking of super self-duality.

First order equations of motion, by definition, are differential equations of first order, which
satisfy second order equations of motion of the theory. For example, in the N = 1 supersym-
metric SU(2) Yang–Mills theory

L = Tr
{
−1

4
FmnFmn − iλ̄σmDmλ +

1
2
D2

}
, (1)

where

Fmn = ∂mVn − ∂nVm + ig[Vm, Vn],
Dm = ∂m + ig[Vm, · ], ηmn = diag(−1, 1, 1, 1),

the super self-duality equations in component fields are first order equations of motion. The
Yang–Mills strength in spinor indices has the following form

Fαα̇,ββ̇ ≡ σm
αα̇σn

ββ̇
Fmn =

1
2
εαβfα̇β̇ +

1
2
εα̇β̇fαβ ,

where

fα̇β̇ ≡ εαγFγα̇,αβ̇ , fαβ ≡ εα̇γ̇Fαγ̇,βα̇.

The super self-duality equations of the theory (1) look as follows [1]

fαβ = 0, D = 0, λα = 0, Dαβ̇λ̄β̇ = 0. (2)

The system (2) is invariant under the following N = 1 supersymmetric transformations

δξVαα̇ = −2i(ξαλ̄α̇ + ξ̄α̇λα), δξD = −ξαDαα̇λ̄α̇ + ξ̄α̇Dαα̇λα,

δξλα =
1
2
ξβfαβ + iξαD, δξλ̄α̇ =

1
2
ξ̄β̇fα̇β̇ − iξ̄α̇D, (3)

where ξα, ξ̄α̇ are the parameters of N = 1 supersymmetric transformations. Invariance of (2)
under transformations (3) means that the system of transformed equations

δξfαβ = 0, δξD = 0, δξλα = 0, δξ

(
Dαβ̇λ̄β̇

)
= 0

is satisfied on the system (2).
It easy to verify that the system of super self-duality equations (2) can be derived from the

only equation

λα = 0 (4)
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by applying sypersymmetric transformations to this equation twice. In other words, the sys-
tem (2) can be written in the following form

λα = 0, δξλα = 0, δηδξλα = 0.

Adding to (4) one more equation (which breaks super self-duality)

λα = 0, λ̄1̇ = kλ̄2̇, (5)

where k is complex number, and by applying twice the transformations (3) to (5), we obtain
another system of first order equations of motion

fαβ = 0, f1β̇ = kf2β̇ , D = 0, λα = 0, λ̄1̇ = kλ̄2̇, Dαβ̇λ̄β̇ = 0. (6)

Though this system is overdetermined, it is invariant under supersymmetric transformations.
This example prompts the procedure for obtaining of first order equations of motion in

supersymmetric theories.
In this paper we present some systems of first order equations in the N = 2 supersymmetric

Yang–Mills theory, which are obtained by breaking super self-duality. By definition, the system
of super-self-duality equations has the following properties: i) it includes the self-duality equation
for pure Yang–Mills theory fαβ = 0; ii) it satisfies the equations of motion of the corresponding
supersymmetric theory; iii) it is invariant under supersymmetric transformations.

The SU(2) Yang–Mills theory with extended N = 2 supersymmetry, given by the La-
grangian [2]

L = Tr
(
−1

4
FmnFmn − iλ̄α̇iσ

mα̇βDmλi
β − 2DmCDmC∗ − 1

2
�C2

+ igC{λ̄α̇i, λ̄
α̇i} + igC∗{λi

α, λα
i } + 4g2C[C, C∗]C∗

)
, (7)

is invariant under N = 2 supersymmetric transformations [3]:

δξC = −ξα
i λi

α,

δξC
∗ = −ξ̄α̇iλ̄

α̇i,

δξVαα̇ = 2i
(
ξi
αλ̄α̇i + ξ̄α̇iλ

i
α

)
,

δξλ
i
α = −1

2
ξβifαβ + 2igξi

α[C, C∗] − ξαj
�C�τ ij + 2iξ̄α̇iDαα̇C,

δξλ̄α̇i = −1
2
ξ̄β̇
i fα̇β̇ − 2igξ̄α̇i[C, C∗] + ξ̄j

α̇
�C�τij + 2iξα

i Dαα̇C∗,

δξ
�C = −iξαi

(
Dαβ̇λ̄β̇j + 2g[λj

α, C∗]
)

�τij + iξ̄i
α̇

(
Dαβ̇λj

α − 2g[λ̄β̇j , C]
)

�τij , (8)

where ξi
α, ξ̄α̇i are the parameters of N = 2 supersymmetric transformations, and �τ j

i are Pauli
matrices.

The N = 2 super self-dual system

fαβ = 0, C = 0, Dαβ̇Dαβ̇C∗ − ig{λ̄α̇i, λ̄
α̇i} = 0,

�C = 0, λi
α = 0, Dαβ̇λ̄β̇i = 0 (9)

includes one second order equation. The system (9) can be written as

λi
α = 0, δξλ

i
α = 0, δηδξλ

i
α = 0.
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In order to obtain the systems of first order equations, we can break super self-duality in
two ways: i) adding to the equation λi

α = 0 other conditions for spinor fields; ii) imposing some
conditions on supersymmetric parameters. In the case of proper choice of the above-mentioned
conditions, after applying twice the supersymmetric transformations (8) to the equations for
spinor fields we will obtain the system of first order equations.

The first example is (we have two systems, which correspond to i = 1 and i = 2)

λi
α = 0, δξλ

i
α = 0, δηδξλ

i
α = 0,

λ̄1̇i − kλ̄2̇i = 0, δξ

(
λ̄1̇i − kλ̄2̇i

)
= 0, δηδξ

(
λ̄1̇i − kλ̄2̇i

)
= 0. (10)

After transformations, we obtain from (10)

fαβ = 0, f1̇β̇ = kf2̇β̇ , C = 0, Dα1̇C
∗ = kDα2̇C

∗,

�C = 0, λi
α = 0, Dαβ̇λ̄β̇i = 0, λ̄1̇i = λ̄2̇i. (11)

The system (11) is invariant under N = 2 supersymmetric transformations and satisfies the
equations of motion of the theory (7). It is not overdtermined.

The following system of first order equations of motion looks as follows

ξ̄α̇i = 0,

λαi = 0, δξλαi = 0, δηδξλαi = 0,

λ̄α̇i = 0, δξλ̄α̇i = 0, δηδξλ̄α̇i = 0,

λi
1 − kλi

2 = 0, δξ(λi
1 − kλi

2) = 0, δηδξ(λi
1 − kλi

2) = 0, (12)

or, in the equivalent form,

fαβ = 0, D1α̇C = kD2α̇C, C∗ = �C = 0,

Dαβ̇λi
α − 2g[λ̄β̇i, C] = 0, Dαβ̇λ̄β̇i = 0,

λαi = 0, λ̄α̇i = 0, λi
1 = kλi

2, ξ̄α̇i = 0. (13)

In this case we have put a constraint on supersymmetric parameters and included it into the
system of first order equations of motion. This underlines that the system (13) is invariant under
N = 2 supersymmetric transformations on the condition that ξ̄α̇1 = 0 or ξ̄α̇2 = 0 correspondingly.

Another system of first order equations of motion

ξαi = 0, ξ̄α̇i = 0,

λαi = 0, δξλαi = 0, δηδξλαi = 0,

λ̄α̇i = 0, δξλ̄α̇i = 0, δηδξλ̄α̇i = 0, (14)

or, in the explicit form,

fαβ = 0, C = 0, D1α̇C∗ = kD2α̇C∗, �C = 0,

Dαβ̇λi
α = 0, Dαβ̇λ̄β̇i + 2g[λi

α, C∗] = 0,

λαi = 0, λ̄α̇i = 0, ξαi = 0, ξ̄α̇i = 0. (15)

In such way one can find some more systems of first order equations of motion.
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