Proceedings of Institute of Mathematics of NAS of Ukraine 2002, Vol. 43, Part 2, 663-665

First Order Equations of Motion
from Breaking of Super Self-Duality

Anatoli PAVLYUK

Bogolyubov Institute for Theoretical Physics, 14-B Metrolohichna Str., Kyiv-143, Ukraine
E-mail: mmtpitp @bitp.kiev.ua

First order differential equations, which satisfy second order equations of motion for N = 2
Super Yang—Mills theory, are obtained with help of breaking of super self-duality.

First order equations of motion, by definition, are differential equations of first order, which
satisfy second order equations of motion of the theory. For example, in the N = 1 supersym-
metric SU(2) Yang-Mills theory

1 - 1
L="Tr {—ZanFm" — iINT D\ + 5DQ} : (1)

where

Frn = 0 Viy — 00V +19[Vin, Vil
Dy = Om +19[Vim, - |, Nmn = diag(—1,1,1,1),

the super self-duality equations in component fields are first order equations of motion. The
Yang—Mills strength in spinor indices has the following form

1
Fad,ﬁ,@ = O’mad(]'nﬁﬂ.an = §Eaﬁfdﬂ + §€d5faﬁ’

where

fdﬁ = €CWF .

Y fap = €7 Fos pa

The super self-duality equations of the theory (1) look as follows [1]
fap=0, D=0, A=0, D\ =0. (2)
The system (2) is invariant under the following N = 1 supersymmetric transformations

0eVaa = —2i(€ada + &aAa)s 6D = —E DAY + €D N,
1 , - 1 .
Oeda = 58 fap +ibaD,  Oeha = €7 fy5 —i€aD, (3)
where &4, &, are the parameters of N = 1 supersymmetric transformations. Invariance of (2)
under transformations (3) means that the system of transformed equations

0efop =0, D=0, dda=0, (DQBXB) —0

is satisfied on the system (2).
It easy to verify that the system of super self-duality equations (2) can be derived from the
only equation

Ao =0 (4)
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by applying sypersymmetric transformations to this equation twice. In other words, the sys-
tem (2) can be written in the following form

Ao =0, 0eda =0, Opdeda = 0.
Adding to (4) one more equation (which breaks super self-duality)
Ao =0, Ai = ks, (5)

where k is complex number, and by applying twice the transformations (3) to (5), we obtain
another system of first order equations of motion

fop =0, fip =kl D=0, Ao = 0, Ai = ks, Daﬁ-)\ﬁ:O. (6)

Though this system is overdetermined, it is invariant under supersymmetric transformations.

This example prompts the procedure for obtaining of first order equations of motion in
supersymmetric theories.

In this paper we present some systems of first order equations in the N = 2 supersymmetric
Yang—Mills theory, which are obtained by breaking super self-duality. By definition, the system
of super-self-duality equations has the following properties: i) it includes the self-duality equation
for pure Yang-Mills theory fog = 0; ii) it satisfies the equations of motion of the corresponding
supersymmetric theory; iii) it is invariant under supersymmetric transformations.

The SU(2) Yang-Mills theory with extended N = 2 supersymmetry, given by the La-
grangian [2]

L= Tr<—ianFm” — iXai@ "Dy Ny — 2D, D" C* — %(?2
+igC{Aai, A%} + igC [N, AT} + 497C[C, CT]CT ), (7)

is invariant under N = 2 supersymmetric transformations [3]:

0eC = €' X,

5:C* = —Eaid™,

0eVaa = 2i (€ Aai + Eairhy) »

AL, = —%gﬁi fap + 2ig€L[C, C*] — £ C7 + 2i€4 Dy, C,

Serai = —%gffdg — 2ig€4;[C, C*] + E,CFyj + 2i€8 Do CF,

6C = i (DA + 29[, C)) 7y + i€ (DN, — 207, C) 7, (8)
where &, £;; are the parameters of N = 2 supersymmetric transformations, and 7";.j are Pauli

matrices.
The N = 2 super self-dual system

fap=0, C=0, D sD¥C* —ig{hes, A7} =0,
d=0, A,=0, D \"=0 (9)

«

includes one second order equation. The system (9) can be written as

Ao=0, Gy =0,  6,0eN, = 0.
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In order to obtain the systems of first order equations, we can break super self-duality in
two ways: i) adding to the equation !, = 0 other conditions for spinor fields; ii) imposing some
conditions on supersymmetric parameters. In the case of proper choice of the above-mentioned
conditions, after applying twice the supersymmetric transformations (8) to the equations for
spinor fields we will obtain the system of first order equations.

The first example is (we have two systems, which correspond to i = 1 and i = 2)

Ao=0, Gy =0,  6,0¢\, =0,

j‘ii - ]‘75‘21' =0, O (j‘ii - M‘Qi) =0, 0yd¢ (j\ii - kj\?i) =0. (10)
After transformations, we obtain from (10)

fag =0, fig =Fkfsp C =0, D iC* = kD_,C",

—

C =0, N = 0, Daﬁ';‘& =0, S‘ii = 5‘21 (11)

«

The system (11) is invariant under N = 2 supersymmetric transformations and satisfies the
equations of motion of the theory (7). It is not overdtermined.
The following system of first order equations of motion looks as follows

ai = 0,
Aai =0, SeXai = 0, SndeAai = 0,
Aii = 0, 8eXai =0, 0p0ehai = 0,
M= kXN, =0, 6\ —EMN) =0,  6,0:(\] — kM) =0, (12)
or, in the equivalent form,

fap =0,  D1aC =kDyC, C*=C =0,
DN, — 2, 0] =0, DA =0,

Mai =0,  Aai=0, AN =kN, &,;=0. (13)

In this case we have put a constraint on supersymmetric parameters and included it into the

system of first order equations of motion. This underlines that the system (13) is invariant under

N = 2 supersymmetric transformations on the condition that ;1 = 0 or {42 = 0 correspondingly.
Another system of first order equations of motion

fai = 07 gdi = 07
Aai = 0, (55)\@ =0, 5776£>\o¢i =0,

Aai = 0, Sedai = 0, 6n0eXai = 0, (14)
or, in the explicit form,

fap=0, C=0, DC*=kDysC*,  C=0,

DN =0, DN 29N, CY =0,

Aai =0,  Aai=0, &i=0, &, =0. (15)
In such way one can find some more systems of first order equations of motion.
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