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We have completely solved the problem of description of quasi-linear hyperbolic differential
equations in two independent variables, that are invariant under three-parameter Lie groups.

The problem of group classification of differential equations is one of the central problems
of modern symmetry analysis of differential equations [1]. One of the important classes are
hyperbolic equations. The problem of group classification of such equations was discussed by
many authors (see for instance [2–6]). In this paper we consider the problem of the group
classification of equations of the form:

utt = uxx + F (t, x, u, ux), (1)

where u = u(t, x) and F is an arbitrary nonlinear differentiable function, with Fux,ux �= 0 is an
arbitrary nonlinear smooth function, which dependent variables u or ux. We use the following
notation ux = ∂u

∂x , uxx = ∂2u
∂x2 , Fux = ∂F

∂ux
, ut = ∂u

∂t , utt = ∂2u
∂t2

. For the group classification of
equation (1) we use the approach proposed in [7]. Here we give three main results (for details,
the reader is referred to [8]).

Theorem 1. The infinitesimal operator of the symmetry group of the equation (1) has the
following form:

X = (λt + λ1)∂t + (λx + λ2)∂x + (h(x)u + r(t, x))∂u, (2)

where λ, λ1, λ2 are arbitrary real constants and h(x), r(t, x) are arbitrary functions which satisfy
the condition

rtt − d2h

dx2
u − rxx + (h − 2λ)F − (λt + λ1)Ft − (λx + λ2)Fx

− (hu + r)Fu − 2ux
dh

dx
− ux(h − λ)Fux − dh

dx
uFux − rxFux = 0. (3)

Theorem 2. The equivalence group of the equation (1) is given by transformations of the fol-
lowing form:

t̄ = γt + γ1, x̄ = εγx + γ2, v = ρ(x)u + θ(t, x), (4)

γ �= 0, ρ �= 0, ε = ±1.

Theorem 3. In the class of operators (2), there are no realizations of the algebras so(3) and
sl(2, R).

From this theorem we obtain the following:

Note 1. In the class of operators (2) there are no realizations of any real semi-simple Lie
algebras.
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Note 2. There are no equations (1) which have algebras of invariance, isomorphic by real
semi-simple algebras, or contain those algebras as subalgebras.

The set of three-dimensional solvable Lie algebras consists of the following two decomposable
Lie algebras:

A3.1 = A1 ⊕ A1 ⊕ A1 = 3A1; A3.2 = A2.2 ⊕ A1, [e1, e2] = e2,

and the following seven of non-decomposable Lie algebras:

A3.3 : [e2, e3] = e1;
A3.4 : [e1, e3] = e1, [e2, e3] = e1 + e2;
A3.5 : [e1, e3] = e1, [e2, e3] = e2;
A3.6 : [e1, e3] = e1, [e2, e3] = −e2;
A3.7 : [e1, e3] = e1, [e2, e3] = qe2, (0 < |q| < 1);
A3.8 : [e1, e3] = −e2, [e2, e3] = e1;
A3.9 : [e1, e3] = qe1 − e2, [e2, e3] = e1 + qe2, (q > 0).

We give the realizations of the algebras A3.3, A3.4, A3.5, A3.9 and the corresponding values of
the functions F in the equation (1). Here we find only equations, which are non-equivalent to
equations of the form

utt = uxx − u−1u2
x + A(x)ux + B(x)u ln |u| + uD(t, x),

and which was classified in [8].

A1
3.3 = 〈u∂u, ∂x, m∂t + xu∂u〉 , m �= 0 : F = −u−1u2

x + uG̃(ω), ω = t − muxu−1;

A2
3.3 = 〈∂u, ∂x, m∂t + x∂u〉 , m �= 0 : F = G̃(ω), ω = mux − t;

A3
3.3 = 〈∂u, ∂t, ∂x + t∂u〉 : F = G̃(ux);

A4
3.3 =

〈
u∂u, ∂t + k∂x, m∂t +

1
k
xu∂u

〉
, k > 0, m ∈ R :

F = −u−1u2
x + uG̃(ω), ω = x − kt + mku−1ux;

A5
3.3 =

〈
emt∂u, ∂x, ∂t + (mu + xemt)∂u

〉
, (m > 0) :

F = m2u + emtG̃(ω), ω = e−mtux − t;

A6
3.3 = 〈∂u, ∂t, t∂u〉 : F = G̃(x, ux);

A7
3.3 =

〈
u∂u, ∂t − β−1xu∂u, ∂t + β∂x

〉
, β > 0 :

F = −u−1u2
x + uG̃(ω), ω = x − βt − β2uxu−1;

A8
3.3 = 〈u∂u, ∂t − xu∂u, ∂x〉 : F = t2u + 2tux + uG̃(ω), ω = t + uxu−1;

A9
3.3 =

〈
ekt∂u, ∂t + ku∂u, β∂x + tekt∂u

〉
, β > 0, k > 0 :

F = k2u +
2kx

β
ekt + ektG̃(ω), ω = e−ktux;

A10
3.3 =

〈
|t| 12 ∂u,−|t| 12 ln |t|∂u, t∂t + x∂x +

1
2
u∂u

〉
:

F = −u

4
t−2 + u3

xG̃(ω, v), ω = tx−1, v = xu2
x;

A11
3.3 = 〈∂u,−t∂u, ∂t + k∂x〉, k > 0 : F = G̃(ω, ux), ω = x − kt;
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A1
3.4 =

〈
ηm−1∂u, ∂t + k∂x, t∂t + x∂x +

(
mu + tηm−1

)
∂u

〉
,

η = x − kt, k ≥ 0, m ∈ R, m �= 2 :

F = (k2 − 1)(m − 1)(m − 2)η−2u − 2k(1 − m)
2m − 4

ηm−2 + η2−mG̃(ω),

ω = ((1 − m)u + ηux)η3m−4;

A2
3.4 =

〈
ektx−1

∂u, ∂t + kx−1u∂u, t∂t + x∂x +
(
u + tektx−1

)
∂u

〉
, k �= 0 :

F = u
(
k2t2x−4 − 2ktx−3 + k2x−2

)
+ 2ktuxx−2 + ektx−1

(
2k ln |x|x−1 + x−1G̃(ω)

)
,

ω = e−ktx−1 (
ux + ktux−2

)
;

A3
3.4 =

〈
kx−1u∂u, ∂t − k ln |x|x−1u∂u, t∂t + x∂x

〉
, k > 0 :

F = k2t2ux−4 − 3ktux−3 + 2ktuxx−2 + 2ktux−3 ln |u|
− 2ux−2 ln |u| + 2uxx−1 ln |u| + x−2u ln2 |u| + ux−2G̃(ω),

ω = xuxu−1 + ln |u| + ktx−1;

A4
3.4 =

〈
|t| 12 ∂u,−|t| 12 ln |t|∂u, t∂t + x∂x +

3
2
u∂u

〉
:

F = −u

4
t−2 + u−1

x G̃(ω, v), ω = tx−1, v = x−1u2
x;

A5
3.4 = 〈∂u,−t∂u, ∂t + k∂x + u∂u〉, k > 0 :

F = uxG̃(ω, v), ω = x − kt, v = ln |ux| − t;

A1
3.5 =

〈
ηm−1∂u, ∂t + k∂x, t∂t + x∂x + mu∂u

〉
, η = x − kt, k > 0, m ∈ R :

F =
(
k2 − 1

)
(m − 1)(m − 2)uη−2 + ηm−2G̃(ω), ω = ((1 − m)u + uxη)η−m;

A2
3.5 =

〈
∂x, |t|m−1∂u, t∂t + x∂x + mu∂u

〉
, m ∈ R :

F =
(
2u − 3mu − m2u

)
t−2 + tm−2G̃(ω), ω = uxtm−1;

A3
3.5 = 〈∂t, ∂x, t∂t + x∂x〉 : F = u2

xG̃(u);

A4
3.5 = 〈∂t, ∂x, t∂t + x∂x + mu∂u〉 , m �= 0, 1, 2 : F = |u|m−2

m G̃(ω), ω = u−1
x |u|m−1

m ;

A5
3.5 = 〈∂t, ∂x, t∂t + x∂x + ∂u〉 , m �= 0 : F = e−2uG̃(ω), ω = euux;

A6
3.5 =

〈
∂t, x−1u∂u, t∂t + x∂x

〉
, k �= 0 :

F = 2uxx−1 ln |u| + u ln2 |u|x−2 − 2u ln |u|x−2 + x−2uG̃(ω), ω = uxu−1x + ln |u|;
A7

3.5 =
〈
∂t + kx−1u∂u, ektx−1

∂u, t∂t + x∂x + u∂u

〉
, k ∈ R :

F = uk
(
kt2 − 2xt + kx2

)
x−4 + 2ktuxx−2 + ektx−1

x−1G̃(ω),

ω = e−ktx−1 (
ux + ktux−2

)
;

A1
3.9 = 〈sin(t)∂u, cos(t)∂u, ∂t + k∂x + qu∂u〉, k ≥ 0, q > 0 :

F = −u + uxG̃(η, v), η = x − kt, v = e−qtux;

A2
3.9 =

〈
|t| 12 sin

(
ln |t|

2(k − q)

)
∂u, |t| 12 cos

(
ln |t|

2(k − q)

)
∂u, 2(k − q)(t∂t + x∂x) + ku∂u

〉
,

k ∈ R, q > 0, k �= q : F = −(k − q)2 + 1
4(k − q)2

t−2u + |t|
4q−3k
2(k−q) G̃(ω, v),

ω = tx−1, v = |t|k−2q|ux|2(k−q).
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