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Nonlinear Diffusion-Convection Systems:
Lie and QQ-Conditional Symmetries
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A class of nonlinear diffusion-convection systems containing two Burgers-type equations is
considered. New results of finding Lie and @Q-conditional symmetries are presented. More-
over, examples of Lie and non-Lie ansétze and exact solutions of a diffusion-convection
system are constructed.

1 Introduction

Nonlinear diffusion-convection (DC) equations of the form
Ur = (A(U)Uz)z + B(U)Uy, (1)

where U = U(t, z) is the unknown function, A(U) and B(U) are arbitrary smooth functions and
the indices ¢ and x denote differentiation with respect to these variables, generalizes a number
of the well known nonlinear second-order evolution equations, describing various processes in
physics [1], chemistry [2], biology [3]. The most popular among them is the Burgers equation
(BEq)

Uy =Up + \UU;, AER (2)

arising in several application [4]. Lie symmetry of BEq was found in [5], while the Q-conditional
symmetry (i.e., non-classical symmetry [6]) was described in [7] and [8].

In the general case a wide list of Lie symmetries for DC equations of the form (1) is presented
in [9]. A complete description of Lie symmetries, i.e., group classification of (1) has been done
n [10]. The @Q-conditional symmetry was also investigated in that paper.

A natural generalization of (1) on several components is the following system of DC equations:

U = (A(U)Uy)z + B(U)Us, (3)

where U = (Uy,...,U,) is the unknown vector function, A(U) and B(U) are matrixes n x n

with the elements aij(U) and b;;(U), 4,5 = 1,2,...,n being arbitrary smooth functions. Here
we deal with a particular case of (3) at n = 2, namely:

U= MUz +UU, + FL(U, V)V,
Vi = XNV + VVy + Fo(U, V) Uy, (4)

where U = U(t,z) and V = V/(t,z) are unknown functions, while A\; and Ay are arbitrary
constants, F; and F5 are arbitrary smooth functions assumed to be known. It is easily seen that
DC system (1) is a coupled system of two Burgers-type equations.

Having in mind a complete description of the Lie and Q-conditional symmetries of system (1),
which is a very difficult problem in the general case, we now summarize the main results obtained
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for some subclasses of (1). In Section 2, the complete description of the Lie symmetry of
system (1) at Ay # Ay are presented. In the case A\ = Ag all possible pairs (F7, F») are found
when DC system (1) is invariant under the Galilei algebra and its standard extentions. Note
that the relevant results for reaction-diffusion systems were obtained in [11, 12, 13].

In Section 3, the determining equations to find the @-conditional symmetry of system (1) are
derived. Furthermore those equations are solved under some assumptions. We have established
that system (1) at Fy = U + my, Fo = V + mg, where mj, mg are some constants, admits
conditional symmetry operators.

Finally (Section 4), the found symmetries are applied to construct both Lie and non-Lie
ansétze of a particular DC system of the form (1). Examples of exact solutions are also presented.

2 Lie symmetry of DC system (1)

It is easily checked that the system (1) is invariant under the operators of time and space
translations P, = 9, and P, = 9, for arbitrary functions F; and F5. Following [10], this algebra
is called the trivial Lie algebra of the system (1). Thus, we aim to find all pairs of functions
(F1, F3) that lead to extensions of the trivial Lie algebra of this system. Note that we consider
only nonlinear systems, particularly because linear equations are amenable to numerous classical
methods (the Fourier method, method of Laplace transformation and so on).

Now let us formulate a theorem which gives complete information on the classical, i.e., Lie
symmetry of the system (1).

Theorem 1. All possible mazimal algebras of invariance (MAI) of the system (1) for any fized
pair (F1, Fy) and A\ # A2, M A2 # 0 are presented in Table 1. Any other system of the form (1)
with non-trivial Lie symmetry is reduced by the local substitution

¥ =x —mt, t* =t, U*=U+m, V=V +m, AeR (5)

to one of those given in Table 1.

Table 1. MAT of the system (1) at A1 # A2, A\j s # 0.

/ | Nonlinearities | Restrictions Basic operators of MAI
1. F=Uf(w) w=U/V b, P,

Fy = Vg(w) D =2tP,+xP, — U0y — Voy
2. F = f(w) w=U-V P, P,

F, =g(w) Gy =1tP, — (0u + dv)
3. | Fi=aa(U—-V) a1 #0 B, Py, Gz, D

F=ay(V-U)| or ag#0
4, F1 =0 P, Py, Gy, D
=0 I =tD—t*P, — x(0y + dv)

The proof of Theorem 1 is based on the classical Lie scheme (see, e.g., [15, 14]) and is non-
trivial because the system (1) contains two arbitrary functions of two variables. The proof of
this and following theorems will be published in [16]).

Remark 1. Cases 3 and 4 in Table 1 are natural prolongations of case 2, because the extended
Galilei algebra AGY(1,1) = (P, P;,GY, D) and the generalized Galilei algebra AGY(1,1) =
(P, Py, G% D,II) are known to be standard extensions of the Galilei algebra AGY(1,1) =
(P;, P, G%) with zero mass (for details see [11, 12, 15]).
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It turns out that the case Ay = A2 # 0 (without losing generality we can put A\; = 1) is more
complicated than the case considered above and its complete description will be done in [16].
Here the most interesting cases are only presented.

Theorem 2. In the case \j = Ao = 1, DC system (1) for FL # 0 or F3 # 0 is invariant under
the Galilei algebra if and only if

LU -V

P = g(w) - (~)F

k=12, w=U-V)'exp(U+V), 0#~v€R,

where ¢ is an arbitrary function. The corresponding basic operators of the Galilei algebra are

P, P, G°=td,+

(Ou — 0v) — (Ou + v ).

Theorem 3. In the case m1 # mg € R, MAI of nonlinear DC system

Up = Upg + UUy + (my + U)Vj,
Vi = Vig + VVi + (mg + V)U, (6)

is the generalized Galilei algebra AGS(1,1) with zero mass generated by the basic operators
P, P, GY=1tP,+@QY, Do=2t0+ 29, — Udy — vd, + QY,

2
My = tDy — t20; + 2QY + ————(dy — dy). (7)
mi1 — mgy

In the case m1 = mg = 0, MAI of (6) is infinite-dimensional algebra generated by the operators
P Po Q= (U-V)@u-3v), Go=tde+ 3G~ Qs
D = 2t0; + 20, + %Ql — (Udy +Vdy), H=tD; —t20; + %le — 2Q9, ()
which form the AGy(1,1) with non-zero mass, and the operator
X*=(MU+ MV —2M,)(0y — 0yv), 9)

where M = M (t,x) is an arbitrary solution of the linear diffusion equation My = My,.
In formulas (7) and (8) the operators

U+V+2m1 +U+V+2m2

Qf = Ou v,
mo — M mp —ma
molU +m1V 4+ 2mim 1
QY ="2 ! 20y — 0v) + Uy + Vv, Qo= =(d + dy).
mo — My 2

Remark 2. In the case m; = mg # 0, system (6) is reduced to the same with m; = mg = 0 by
the local substitution (5).

3 Q-conditional symmetry of DC system (1)

In this section we study @-conditional symmetry of nonlinear DC system (1). Nevertheless the
main idea of the notion of Q-conditional symmetry (non-classical symmetry) is very simple and
was introduced by Bluman and Cole more than 30 years ago [6], it is a very non-trivial problem
to find new operators of (Q-conditional symmetry for nonlinear equations arising in applications.
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Moreover, to our knowledge there are even no examples of operators of )-conditional symmetry
in the case of DC systems of the form (3).

We remind the reader that every operator of Lie symmetry is also a ()-conditional symmetry
operator therefore hereinafter we will find only purely conditional symmetry operators. It is
worth also reminding on the following property of such operators: if the operator

Q = at + §(t, x, U, V)ar + 771 (ta z, Ua V)aU + 172(ta z, Ua V)8V7 (10)

where the &, n' and n? being the known functions, is one of the Q-conditional symmetry for
DC system (1) then the operator N(¢,x,U, V) Q being N an arbitrary nonvanishing function is
also the @-conditional symmetry operator. Thus we will seek only operators of the canonical
form (10). Of course, one can also find @Q-conditional symmetry operators of the canonical form

Q =0, +n'(t,z,UV)oy +n*(t,z,U,V)dy,

however we aim to discuss such possibility elsewhere.

Using the known procedure (see, for example, [15], chapter 5) to construction of the opera-
tors Q of the form (10), where the coefficients &, n' and n? must be found, we have established
the following theorem.

Theorem 4. DC system (1) is Q-conditional invariant under the operator (10), if and only if
the functions £,n',n? satisfy the following determining equations:

§ov = &vv = &uv =0, (11)

My + Fléy =0, andy + F2y =0, (12)
A

Mty — 2\ + 26+ Uy + )\—;FQ&/ =0,
A

Aoty — 2haay + 2(E 4+ V)Ey + fFlfU =0, (13)

1
2Nty — 2 &y + A—Q(AQU + MV 4+ (A + X)EEy +2F ¢y =0,
2 1 2, _
20ty — 2080 + N (AU + MV + (M + A&y + 2F“¢y =0, (14)

A1
Mg — 0 — 26’ + <A—2 - 1> n’ny + Uny + Flns =0,
A2
Aoz, — nf — 26m* + (A_l —~ 1) n'ng + Vi + F°np =0, (15)
1 1 A1) o Ao g
M2y — o) + 264+ U)E —2nép + |1 — I v — )\—2F My
+F'E +&+nt =0,

Ao (2ndy — &oa) + (26 + V) — 20°Ey + (1 - &) n'ey — QFlmzj

A A1
+ Pl + &+ 02 =0, (16)
20 npy + (& — nf + ) FL = 2n'ey
1
+ A—Q[(Ag — AM)E+ XU — M Vny + 0y + n°Fy, = 0,

2oy + (&o — my + i) F? — 20°&y
1
+ /\—1[0\2 — M)E+ MU — M Vng +n*Fg +0'Fj = 0. (17)
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The overdetermined system of nonlinear equations (11)—(17) is very complicated and we have
not constructed its general solutions. On the other hand, it is possible to construct the general
solution under the additional condition n} = n? = nl = n2 = 0, i.e., assuming n* = n*(U, V),
k = 1,2. Under such assumption the subsystem (15) with Ay = Ay is reduced to the condition
&, = 0 therefore other subsystems can be easily solved.

Theorem 5. DC system (1) is Q-conditional invariant under the operator

Q=0+ (t,x,U,V)0: + 0" (U V)0 +n*(U,V)dy, (18)
if and only if

M=o =1, F'=my + U, FZ=my+7V, mi,mz € R (19)

and then the coefficients of the operator (18) have the form

1
¢ = 5 (U +V)+a,

1
nt = -1 [U(U +V)? + 200U (U + V)] + BoU + 1,
1
n? = 1 (VU +V)? +200V(U + V)] + BV + 72, (20)

ifmi =me =0, and

£ =W +V),
0= —i [(U +m)(U +V)? + (ma — m1)U?] + GoU + 1,
0= —i (U +m2)(U +V)? + (m1 = ma)V?] + BoV + 2, 1)

if mi1 # mo. Here oy, By, 71, Y2 are arbitrary constants.

One can see that the above listed additional conditions on the form of the operator @) are
very strong because they lead only to the fixed nonlinearity Fy = U 4+ my, Fo = V + mq. The
next theorem illustrates that the requirement A\ = Ay is very important.

Theorem 6. DC system (1) at
A1 # Ao, F' = Z2(U +m), F? = 2(V —m), meR (22)

1s invariant under the trivial Lie algebra generated by the basic operators Pr and P, while one
admits the operator of the Q-conditional symmetry
A1+ A2 U+V

Q = 815 - mm(% + m()\laU — )\28\/). (23)

4 Ansatze and exact solutions of a DC system

In this section we shall deal with the nonlinear DC system (6). It follows from Theorem 3 that
MALI of (6) for m; # msy is the generalized Galilei algebra AG9(1, 1) with the basic operators (7).
It seems reasonable to construct Lie ansétze and to seek exact solutions of system (6) using
operators (7). A full set of non-equivalent (non-conjugate) one-dimensional subalgebras of the
AGy(1,1) algebra is well-known [14]. Taking into account the similarity of structures of the
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AGo(1,1) algebra and AGY(1, 1) algebra, a full set of non-equivalent one-dimensional subalgebras
of the AGY(1,1) algebra was also constructed, namely:

klat + kZaxu 815 + k3Ga Dv 8t + H7 (24)

where k1, ko, k3 are arbitrary constants. Let us apply each of them for reduction of system (6)
to systems of ordinary differential equations (ODEs).

a) The operator k10; + k20, generates the ansatz
U=pw), V=pw), w=kt-hz, (25)
where @, ¢ are unknown functions. Substituting (25) into system (6), we arrive at the ODEs
System
ko = ki — k1o — k(g +ma)o,
kot = K3 — ki (9 +ma)d — ki), (26)

(hereinafter ¢ = dwa $ = 327‘5)-

b) The operator 0; + k3G generates the ansatz

(kst —mi1)o(w) + P(w) + (kst —m1)?

U: — mi,
mip —mg
_ kst — mo)? k
y = (st = ma)o(w) + () + (hst —ma)* o ks (27)
mo — My 2

which reduces system (6) the ODEs system
b=+t~ 2k3 =0,
Y —1pp —k3p=0. (28)
c¢) The operator D generates the ansatz

_mat™ Po(w) + (W) +mamg

)

my — ma
~1/2 -1
= Mt Pow) H T w) A me s (29)
mo — M
which reduces system (6) the ODEs system
; A ;
Pt gwpte) =y =0,
. 1 .
YA+ g+ =0. (30)

d) Finally, the operator 9y + IT generates the ansatz

U= #{ (t* + 1)_1/2 mi(p(w) — 2tw)
mi mo
(t2 +1) 7 (W(w) + twp(w) — 2t) + w? + mlmg},
V= { (t2 +1) ~1/2 ma(p(w) — 2tw)
mo —my
— (2 + 1) (W) + twp(w )—2t)+w2+m1m2}, w=(+1)""2, (31
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which reduces system (6) the ODEs system

bep+v=0,
Y+ =wwp + ). (32)
Having solutions of the ODEs systems (26), (28), (30), (32) and using the relevant ansitze

one easily constructs solutions of the original nonlinear DC system (6). For example, a particular
solution of system (28) leads to the following exact solution of system (6):

U 1 x2 —2mytz — 4t 12 N 6my N
= — +—— +mim
mi — mo 241 x? x s
1 22— 2motz — 4t 12 6me
V= — 4+ —= ) 33
mg—m1< t2+1 a:2+ x +mme (33)

By means of the known technique (see for details [11, 15]) for the continuous transformations
generated by the basic operators (7), solution (33) can be multiplied to a five-parameter family
of solutions. Such multiplication is possible for any given solution of system (6). In particular
case, using transformations generated by the Galilei operator GO, any time-independent (sta-
tionary) solution (Uy(x),Vo(x)) is converted to the following one-parameter family of solutions
of system (6)

U = Up(z + et) _er(a:+et)+‘/()(a:+et) —|—2m17

mo — MM
t 2
V:%($+€t)+6U0(1:+6t)+Vo(:r+e)—I— mz7 (34)
mg —miy

where € is an arbitrary real parameter.

Let us apply the Q-conditional symmetry operators for the construction of ansétze and exact
solutions of system (6). It follows from Theorem 5 that system (6) for m; # ms is Q-conditional
invariant with respect to the operator

Q=0+ #& - i{(U +V)2(U + m1)oy
4 (U + V)2V +ma)dy — (my —my) (U2 — VoY) } (35)

To construct the relevant solutions of system (6), it is necessary to integrate the Lagrange system

dt dx du

AT 2U+V) T T m) U+ V)2 (mg —mi)U?
. dv .y
T (V+ma) U+ V)2 + (my —mg)V? (36)

In contrast to the analogous systems for Lie operators (24), system (36) is nonlinear with respect
to the unknown functions U and V', therefore there is a problem to construct its general solution.
It turns out that this system can be essentially simplified by the substitution

mp —ma

U+V  mp+me
t=t = =U+YV = - . 37
’ o © v b : 2 (U -V mi — m2> ( )
Indeed, the relevant calculations show that system (36) takes the form
dt d d d
_ dr w _ z (39)

-4 2w wiw—22) w(z2—mimg)
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The first integrals Jp, Jo, J3 of system (38) depend on the sign of the term mjms, i.e., there
are three different cases: mimo = 0, mymeo > 0 and mi;msy < 0. Considering the first of them
(other two cases see in [16]), we obtain

4 2 2 3 1
J=t4+—-——= Jo=x—— J3=— — —. 39
1 +’U)Z 227 2 €T Z’ 3 wz2 Z3 ( )

Thus, we construct the non-Lie ansatz (6)

Ji = ¢(J2), Jz = Y(J2), (40)
being ¢ and ¥ new unknown functions, for finding solutions of the original nonlinear DC sys-
tem (6). Substituting ansatz (40) into (6) in the case mg = 0, m; = 1 (this system for m; # 1
is reduced to the same with m; = 1 by the substitution ¢ — mth, T — mfl:z:, U — mU,
V — m1 V), we arrive at the ODEs system

4p 4+ =0, (41)
Since (41) is the linear system, its general solution can be easily found. Thus, substituting
one into ansatz (39), (40), we obtain the two-parameter family of solutions of system (6) with
mo =0,m =1:

223 4 222 + 40y (4 2) + 4(C2 — t) v 4(t — Co) — 222
w ’ B w ’
where W = %x‘l + 12 + C1(2% — 2t) + 2C2x and C1, Cy are arbitrary parameters.
Some other non-Lie ansétze and exact solutions are presented in [16].

U:

(42)

5 Conclusions

In this paper, Theorem 1 is presented that gives a complete description of Lie symmetries of
the nonlinear diffusion-convection system (1) for A\ # A2, AA2 # 0. In contrast to reaction-
diffusion systems (a complete description of Lie symmetries of those systems was done in [13]),
we have established only four non-equivalent cases when system (1) is invariant with respect to
the non-trivial Lie algebras. Obviously, the nonlinear fixed terms UU, and V'V, (see (1)) play a
role of the strong restrictions of Lie symmetry for system (1).

The nonlinear DC system (6) with unique symmetry properties has been also found. This
system is invariant under the generalized Galilei algebras AGY(1,1) in the case m; # mg and
AG»5(1,1) in the case m; = my (see Theorem 3). On the other hand, system (6) admits the
operators of (-conditional symmetry with the cubic nonlinearities on the dependent variables U
and V (see Theorem 5). To our knowledge, such operators for system of nonlinear evolution
equations are found for the first time. Analogous operators were found before for single reaction-
diffusion equations [17, 15, 18] and single reaction-diffusion-convection equations [10]. Finally,
it should be stressed that the process of reduction of (6) is very non-trivial if one uses the
Q-conditional symmetry operators (18), (20)—(21). However, the relevant reduction leads to very
simple ODEs systems (see, for example, (41) that were easily solved therefore exact solutions of
the nonlinear DC system (6) were obtained.
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