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We present, in the context of nearly integrable Hamiltonian systems, a functional analysis
approach to study the “splitting of the whiskers” and the “shadowing problem” developed
in collaboration with P. Bolle in the recent papers [1] and [2] . This method is applied to the
problem of Arnold diffusion for nearly integrable partially isochronous systems improving
known results.

1 Introduction

Topological instability of action variables in multidimensional nearly integrable Hamiltonian
systems is known as Arnold diffusion. This phenomenon was pointed out in 1964 by Arnold
himself in his famous paper [3]. For autonomous Hamiltonian systems with two degrees of
freedom KAM theory generically implies topological stability of the action variables (i.e. the
time-evolution of the action variables for the perturbed system stay close to their initial values
for all times). On the contrary, for systems with more than two degrees of freedom, outside
a wide range of initial conditions (the so-called “Kolmogorov set” provided by KAM theory),
the action variables may undergo a drift of order one in a very long, but finite time called the
“diffusion time”. After thirty years from Arnold’s seminal work [3], attention to Arnold diffusion
has been renewed by [4], followed by several papers (see e.g. [5, 6] and references therein).

The Hamiltonian models which are usually studied (as suggested by normal form theory near
simple resonances) have the form

1 1
H(I»SO»P,Q)_ 112+w'-[2+§p2+5(cosq_1)+5Hf(17907p7Q)7 (1)

T2
where ¢ and p are small parameters (the “natural” order for p being ¢ for some positive d);
(I1,1I2,p) and (yp,q) are standard symplectic action-angle variables (I; € R™ nj; + ny = n,
v = (¢1,02) € T", (p,q) € R x T, T being the standard torus R/27Z). In Arnold’s model
L,I, e R,w =1, f(I,o,p,q) = (cosq — 1)(sinp; + cos¢z) and in [3] diffusion is proved
for p exponentially small w.r.t. \/e. Physically (1) describes a system of n; “rotators” and no
harmonic oscillators weakly coupled with a pendulum through a perturbation term.

The existence of Arnold diffusion is usually proved following the mechanism proposed in [3].
For 4 = 0, Hamiltonian H admits a continuous family of n-dimensional partially hyperbolic
invariant tori 77 possessing stable and unstable manifolds W§(77) = W' (77), called “whiskers”
by Arnold. Arnold’s mechanism is then based on the following three main steps.

(1) For pu # 0 small enough, the perturbed stable and unstable whiskers W3 (7/) and W(7}/")
split and intersect transversally (“splitting of the whiskers”);

(i) Prove the existence of a chain of “transition” tori connected by heteroclinic orbits (“tran-
sition chain”);

(7i7) Prove the existence of an orbit, “shadowing” the transition chain, for which the action
variables I undergo a variation of O(1) in a certain time Ty called the diffusion time.
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The shadowing problem (iii) has been extensively studied in the last years by geometrical
(see e.g. [4,7,8,9, 10, 11]) and by variational methods (see e.g. [5, 12]). A rich literature is
also available for the splitting problem see e.g. [4, 13, 14, 15, 16, 17, 18] and references therein.

The aim of this note is to summarize the functional analysis approach developed in the recent
papers [1, 2] (see also [19]), apt to deal with Arnold diffusion, especially with “splitting” (i)
and “shadowing” (iii) problems. The method is illustrated on a relatively simple class of
models, namely harmonic oscillators weakly coupled with a pendulum through purely spatial
perturbations. Precisely we consider nearly integrable partially isochronous Hamiltonian systems
given by

2
HH:w-1+%+(cosq—1)+uf(%(ﬁ, (2)

where (p,q) € T" x T! and (I,p) € R" x R, When p = 0 the energy w;I; of each oscillator is
a constant of the motion. The unperturbed Hamiltonian possesses n-dimensional invariant tori
T, = {(¢,1,q,p) €T x R* x T! x R' | [ = I, ¢ = p = 0} with stable and unstable manifolds
We(T1,) = W(T1,) = {(p, I,q,p) € T" x R* x T x R | I = Iy, p?/2 + (cosq — 1) = 0}. The
problem of Arnold diffusion in this context is whether, for p # 0, there exist motions whose net
effect is to transfer O(1)-energy from one oscillator to the others. In order to exclude trivial drifts
of the actions due to resonance phenomena, it is standard to assume a Diophantine condition
for the frequency vector w. Precisely we will always suppose that w is (v, 7)-Diophantine, i.e.

e (H1) 3~ >0,7>n—1such that |w-k| >~/|k|",VEeZ", k#0.

Under assuption (H1) all the invariant tori are preserved by the perturbation, being just
slightly deformed (in [1] an elementary proof, not based on any KAM technique, is given). As
a consequence, the existence of a transition chain (i7) follows immediately once the “splitting of
the whiskers” (i) is proved.

As applications of our shadowing theorems and our splitting estimates, we will consider the
following two particular cases

(a) the frequencies of the harmonic oscillators form a Diophantine vector w of order 1 (“a priori-
unstable case”);

(b) the frequencies of the harmonic oscillators form a Diophantine vector w. = (1/4/e, f%)
with a > 0, pe=%/2? small and the perturbation f(p,q) = (1 — cosq)f(p) (“three-time-
scales problem” with perturbations preserving all the unperturbed invariant tori). This
corresponds, after a time rescaling, to w = (1, 5e%/¢) in (1). Hamiltonian systems with
three time scales have been introduced in [4] as a description of the d’Alembert problem
in celestial mechanics.

2 The functional analysis approach

We now describe the functional analysis approach developed to prove both the results on
the shadowing theorem and on the “splitting of the whiskers”. It is based on a finite dimensional
reduction of Lyapunov—Schmidt type, variational in nature, introduced in [20] and in [21], and
later extended in [22, 23] in order to construct shadowing orbits of “multibump” type. For
simplicity we describe our approach when the perturbation term f(¢,q) = (1 — cosq)f(¢) so
that the tori 77, are still invariant for 4 # 0 (we underline however that in [1] the shadowing
analysis is carried out also for a general perturbation term f(¢p,q)).
The equations of motion derived by Hamiltonian H,, are

= w, I=—p(1—cosq) V() Gg=p,  p=sing—psing f(p). (3)
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The dynamics on the angles ¢ is given by ¢(t) = wt + A so that (3) are reduced to the quasi-
periodically forced pendulum equation

—{+sing =p sing f(wt + A), (4)
corresponding to the Lagrangian

)
Ly.a(g:d:1) = T+ (1= cosq) + u(cos g — 1) f(wt + A). (5)
For each solution ¢(t) of (4) one recovers the dynamics of the actions I(¢) by quadratures in (3).
For = 0 equation (4) is autonomous and possesses the one parameter family of homo-
clinic solutions (mod 27) gp(t) = 4 arctan(exp (t — 6)), # € R. Consider the Lagrangian action

functional ®,, 4 : qo + H L(R) — R associated to the quasi-periodically forced pendulum (4)

)= /R Coaa(t). 4(2).1) dt. (6)

®,, 4 is smooth on gg + H!(R) and critical points g of ®,, 4 are homoclinic solutions to 0, mod 2,
of (4). These critical points ¢ are in fact smooth functions of the time ¢ and are exponentially
decaying to 0, mod 27, as |t| — +o0.

The unperturbed functional ®; := ®( 4 does not depend on A and possesses the 1-dimensional
manifold of critical points Z := {gg | & € R} with tangent space at gy spanned by ¢g. All the
unperturbed critical points gy are degenerate since d?®q(qg)[¢s] = 0. However gy are non-
degenerate critical points of the restriction ®¢ g, for any subspace Ejy supplementary to (Gg)-
It is then possible to apply a Lyapunov—Schmidt type reduction, based on the Implicit Func-
tion Theorem, to find near gy, for p small, critical points qffw of ®, 4 restricted to Ey; more
precisely ¢y, = qo + wly o with wly g € Ep, [[wly || = O(u) and d®,, (¢ y)jz, = 0. We call
the functions qffw “1-bump pseudo-homoclinic solutions” of the quasi-periodically forced
pendulum (4).

It turns out that the 1-dimensional manifold Z, = {¢};, | & € R} is a “natural constraint”
for the action functional @, 4, namely any critical point of ®, 47, is a critical point of ®, 4,
and hence a true solution of equation (4) homoclinic to 0 (mod 27).

In [1] the above finite dimensional reduction is performed using two different supplementary
spaces to (ggp): one is better suited for the shadowing arguments, the other is better suited for
studying the splitting problem in presence of “high frequencies”.

Shadowing. For dealing with the shadowing problem, we choose as supplementary space

:{w:RHRMU(G):O}. (7)

Ey and (gg) are supplementary since ¢o(0) # 0. The choice of the supplementary space Fy is
very well suited to perform the shadowing theorem because the corresponding “1-bump pseudo
solutions” qf,j,g(t) are true solutions of (4) except at the instant ¢ = 6 where qﬁ70(t) may have
a jump, even though ¢/ ,(¢) is continuous at ¢ = @ and assumes the value ¢4 ,(0) = go(6) +
wffw(é?) =qo(0) = . The corresponding “reduced action functional” turns out to be

0 “+00
Fu(A,0) =, 4(q},) = / Lo (e (1), & 4(0),1) dt + /9 Loaldlso(t), & o(8),1) dt.

By the autonomy of the system F),(A,0) = G,(A + wf) where G, (A) := F,(A,0). The func-
tion G, : T" — R, called the homoclinic function, has a neat geometric meaning: it is the
difference between the generating functions of the exact Lagrangian stable and unstable mani-
folds W**(7z,) at section {¢ = 7}. Hence, from a geometrical point of view, the choice of the
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supplementary space Ey means to study W*(7;,) and W"(7,) at the fixed Poincaré section
{¢=m}.

If 09 F,(A,0) = 0 then qffw is a true homoclinic orbit of the quasi periodically forced pendulum
equation (4). Moreover it results that d4F,(A,0) = f_t;o I,(t) dt = “heteroclinic jump” and
hence critical points of F,(A,0) := F,(A,0) — (Ij — Io) - A give rise to true heteroclinic orbits
between the tori 77, and 7;,. By a Taylor expansion in p it results that F,(A,0) = ®o(qo) +
pl (A + wb) + O(pu?) — (I) — Ip) - A where I'(B) = [p(cos qo(t) — 1) f(wt + B) is nothing but the
Poincaré-Melnikov primitive. Hence, roughly speaking, critical points of I' give rise, for u small,
Iy — Ip = O(u) and (Ij — Iy) -w = 0, to heteroclinic orbits between 77, and 7.

Following [22, 23] the above finite dimensional reduction is generalized in [1] in order to
find a natural constraint for “k-bump pseudo homoclinic solutions” turning k times near the
unperturbed separatrices of the pendulum. The search for “diffusion orbits” is then reduced
to find critical points of a finite dimensional functional, which is the natural generalitation of
the previous one: the Lagrangian action functional evaluated on the k-bump pseudo homoclinic
solutions. In this way under a suitable “splitting condition”, satisfied for instance if G, (A)
possesses a proper minimum we can prove a general shadowing theorem with explicit estimates
on the diffusion time Ty. Denoting by B, (Ap) the open ball centered at Ay € R™ and of radius «,
let assume

“Splitting condition”. There exist Ag € T", a > 0, a bounded open set U C R™ (the covering
space of T™) such that B,(Ap) C U and a positive constant § > 0 such that

(1) infapy G, > infy Gy, + 6;
(i) Supp, (49) Gu < % +infy G;
(tii) d{A €U | GuA) <6/2+infy G}, {AcU | Gu(A) >35/4+infy G,}) > 2¢.

The following shadowing type theorem holds, where py := diam(II,(U)) and 11, : R* — R"

denotes the orthogonal projection onto w.

Theorem 1. Assume (H1) and the “splitting condition”. Then ¥ Iy, I, with w- Iy = w- I, there
is a heteroclinic orbit connecting the invariant tori Ty, and TI(/). Moreover there exists Cs > 0
such that ¥ n > 0 small enough the “diffusion time” Ty needed to go from a n-neighbourhood
of 11, to a n-neighbourhood of TI(/) s bounded by

Iy — I
T, < CgM - pU - max <|log5\,

5 ! ) + C3|log(n)]- (8)

yar

The meaning of the previous estimate (8) is roughly the following: Ty is estimated by the
product of the number of heteroclinic transitions k& (= number of tori forming the transition
chain = heteroclinic jump/splitting) and of the time T required for a single transition, namely
Ty = kTs. The time for a single transition Ty is bounded by the maximum time between the
time needed to “shadow” homoclinic orbits for the quasi-periodically forced pendulum and the
“ergodization time” T, of the torus T™ run by the linear flow wt, defined as the time needed for
the flow {wt} to make an a-net of the torus. By a well known result this time can be estimated
by T. = O(1/a™).

The a-priori unstable systems (Case (a)) highlight the improvement of our estimates on
diffusion times. In this case it is easy to show that the splitting of the whiskers is O(u)
using the classical Poincaré—Melnikov function, which for a general perturbation turns out
to be M(A) = [plf(wt + A,0) — f(wt + A,qo(t))] dt (note that when the perturbation is
flp,q) = (1 —cosq)f(p) then M(A) reduces to the Poincaré—Melnikov function I" previously
defined). Then our shadowing method yields
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Theorem 2. Assume (H1) and let M(A) possess a proper minimum (or mazimum) Ag. Then,
for p small enough, there exist orbits whose action variables undergo a drift of order one, with

diffusion time Tq = O((1/p) log(1/p)).

Theorem 2 answers a question raised in [24, Section 7] proving that, at least for isochronous
systems, it is possible to reach the maximal speed of diffusion p/|logu|. The estimate on
the diffusion time obtained in [4] is Ty >> O(exp (1/p)) and that in [8] it is improved to be
Ty = O(exp (1/p)); recently in [12], by means of Mather theory, the estimate on the diffusion
time has been improved to be Ty = O(1/p?"*1); in [10] it is obtained via geometric methods
that Ty = O(1/u™*1). Tt is worth pointing out that the estimates given in [12] and [10], while
providing a diffusion time polynomial in the splitting, depend on the diophantine exponent 7
and hence on the number of rotators n. Instead our estimate (as well as that discussed in [11])
does not depend upon the number of degrees of freedom.

The main reason for which Theorem 2 improves the polynomial estimates Ty = O(1/u?™ 1)
and Ty = O(1/u™*1), obtained respectively in [12] and [10], is that our shadowing orbit can be
chosen, at each transition, to approach the homoclinic point only up to a distance O(1) and
not O(p) like in [12] and [10]. This implies that the time spent by our diffusion orbit at each
transition is Ty = O(log(1/u)). Since the number of tori forming the transition chain is equal
to O(1/splitting) = O(1/p) the diffusion time is finally estimated by Ty = O((1/u) log(1/u)).

As mentioned in the introduction variational methods in the context of Arnold diffusion have
been used also in [5] and [12]. One possible advantage of our approach is that it may be used
to consider more general critical points of the reduced functional, not only minima. Another
advantage is that the same shadowing arguments can be used also when the hyperbolic part is
a general Hamiltonian in R?>™, m > 1, possessing one hyperbolic equilibrium and a transversal
homoclinic orbit.

Splitting. Detecting and measuring the splitting of the whiskers is a difficult problem when
the frequency vector w = w. depends on some small parameter ¢ and contains some “fast
frequencies” w; = O(1/¢%), b > 0. Indeed, in this case, the variations of the Melnikov function
along some directions turn out to be exponentially small with respect to € and then the naive
Poincaré-Melnikov expansion provides a valid measure of the splitting only for u exponentially
small with respect to some power of e.

The typical argument to estimate exponentially small splittings, used virtually in all papers
dealing with this problem is based on Fourier analysis on complex domains.

For this reason we would like to extend analytically the “reduced action functional” F,(A,0)=
P, A(q’j‘ﬁ) in a complex strip sufficiently wide in the 6 variable. However F},(A,#) can not be
easily analytically extended. Indeed, for 6 complex, the supplementary space Fy = {w : R —
C | w(Re ) = 0}, appearing naturally when we try to extend the definition of qffw to 0 € C,
does not depend analytically on 6. This breakdown of analyticity, arising when measuring the
“splitting of the whiskers” at the fixed Poincaré section {q = 7}, is a well known difficulty and
has been compensated in [4, 14, 15] via the introduction of tree techniques which enable to prove
cancellations in the power series expansions.

Our method to overcome this “loss of analyticity” is different and relies on the introduction
of another supplementary space E’g, which depends analytically on 6. This “trick” was yet used
in [20] to study the exponentially small splitting in rapidly periodically forced systems. Our
supplementary space E,g is defined by

Ee—{w:n\ew\ /R%(t)w(t)dt—o},

where 1o (t) = cosh?(t)/(1+cosht)3. Ey and (gg) are supplementary spaces since Jg o(t)do(t)dt
# 0 (the above choice of ¢ is motivated by the fact that 1) (t) decays at zero as ¢o(t) for |t| —
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+oo and its singularities are located at +im while those of ¢o stay at iw/2). The corresponding
reduced functional fM(A, ) := P, a( Zﬂ), where Qi,a are the corresponding “l1-bump pseudo-
homoclinics solutions”, can be analytically extended in a sufficiently large complex strip. More
precisely let f(p,q) = (1 — cosq)f(p) with f(p) analytic in D := [[7_; (R + i[~aj,a;]) for
some a; > 0 and define ||f|| := supscp |f(A)|. Since go(t) has a analytic extension up to the
streep |Im ¢| < 7/2 we manage to extend, using the contraction mapping theorem, fH(A, f) in
D x {|Im 6| < ((7/2) — o)}, for po=3||f|| small enough.

By an estimate of fﬂ (A,0) — puI'(A + wh) over its complex domain and a standard lemma on
Fourier coefficients of analytical functions we easily obtain an exponentially small bounds for the
Fourier coefficients of the splitting function éﬂ = ﬁH(A, 0). Setting éu(A) = > G expth4,

kezn
['(A) = 3 Tpexp® and f(A) = 3. frexp(ik - A), the following theorem holds
keznr kezn

Theorem 3. For p||f|lc=3 small enough, Vk #0, k€ Z",V o € (O, g),

Gy — 4| = O (%em (—fjai\kio exp (It o] (% - a))> | )
=1

Iy are explicitely given by 'y, = fr27(k - w)/sinh (k . w%)

The crucial point is now to observe that “reduced action functionals” corresponding to
different choices of the supplementary space are equivalent: it turns out that the reduced func-
tionals F), and F), are simply the same up to a change of variables close to the identity,

Fu(A,0) = Fu(A. 0+ hy(A,0)),  hy = O(p). (10)

This fact enables to transpose the informations on ﬁu to F), and viceversa. The introduction
of F,, (which recover the analiticity) may then be interpreted simply as measuring the splitting
with a non fixed Poincaré section. Setting # = 0 in equation (10) we get

Gu(A) =Gu(A+ gu(A)w), where g,(A) := h,(A,0), (11)

namely the splitting function G, and éu are the same up to the change of variables of the torus
Y, = Id + g, close to identity, i.e. G}, = G, 0.

3 Systems with three time scales

We consider now Hamiltonians with three time scales
I 2
H = ﬁ +6aﬁ . I2 + % + (Cosq - 1) +,LL(COSQ - 1)f(9017¢2)7 Il S R?ﬁalé S Rn_17 n Z 27
namely H,, with w, = (%, 8“ﬁ>. In this case, as an application of the previous estimate (9), it

follows easily lower estimates for the splitting and hence for the diffusion time. Assume that f is

analytical w.r.t ps. Set CNJM(A) = > Ok (A) exp™ 41 and T'(g, A) = 3 [k, (e, A2) expikrAr,
ki1€Z ki1€Z
In [1] it is proved

Theorem 4. For pl||f||e=3/? small there holds
Gu(A1, Ag) = Go(Az) + 2Re [G1(A2)e™™ ] + Y G, (Az) exp(ik1 Ay)
|k1]>2
= b+ (ulo(e, A2) + Ro(e, i, A2)) + 2Re [(ul'1 (g, A2) + Ri(e, p1, A2)) €41

e (ue‘mllfll exp <—\7})> ,
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where b := ®y(qo)

Ro(e, 11, As) = O (4%||f]12)  and Ru(e,p, As) = O P exp [ ———
O ) u? 2 l’l/ ]. ) /’I” 2 62 2ﬁ .

This result improves the main Theorem I in [18] which holds for p = eP, p > 2+ a; w.r.t. [14]
(which deals with more general systems) we remark that our results hold in any dimension,
while the results of [14], based on tree techniques and cancellations, are proved for n = 2.

Using Theorem 4, in [1] simple conditions on the perturbation f which imply the “splitting

condition”, are given. For example, setting f(A1, A2) = > fr, (A2)exp(ikiAr), the “splitting
k1€Z

condition” is satisfied if (i) a > 0, fo(A2) admits a strict local minimum at the point As and
fi(A2) # 0. (i) a = 0, fo(A2) admits a strict local minimum at the point Ay and fi(As +
i(m/2)B3) # 0.

In systems with three time scales it appears that the splitting is not uniform in all the
directions. Since for larger splitting one would expect a faster speed of diffusion, one could
guess the existence of diffusion orbits that drift along the “fast” directions Iy € R® !, where
the splitting is just polynomially small w.r.t. 1/e, in a polynomially long diffusion time T, =
O(1/e?). In [2] we prove that, for n > 3, this is indeed the case (note that Arnold diffusion can
take place in the direction I5 only for n > 3 because of the conservation of the energy along the
orbits). For example we can prove

n
Theorem 5. Let f(p) = > cosp;, n > 3, and w, be a (7, T)-diophantine vector. Assume
j=1

e, pue=%?% and pe=21 to be sufficiently small. Then, for all Ip, I}, with we - Iy = we - I}, and
(Ip)1 = (I})1 there exists a heteroclinic orbit connecting the invariant tori Ty, and Ty with a
diffusion time

1o — Io| 1
Td S CW X max W’ | ln(,u)| . (12)

The previous phenomenon can not be seen by the splitting estimates given in [14] and [18]
where the size of the splitting is measured by the “determinant of the splitting matrix” which
turns out to be exponentially small.

In order to prove Theorem 5 we refine the shadowing Theorem 1. The reasons for which we
are able to move in polynomial time w.r.t. 1/e along the fast Is directions are the following three
ones. (i) As in Theorem 1, since the homoclinic orbit decays exponentially fast to 0, the time
needed to “shadow” homoclinic orbits for the quasi-periodically forced pendulum (4) is only
polynomial. (i7) Since the splitting is polynomially small in the directions I, we can choose just
a polynomially large number of tori forming the transition chain k = O(1/eP) to get a O(1)-drift
of I. (ii7) Finally, the most difficult task is to get a polynomial estimate for the “ergodization
time” Tg. The crucial improvement of the shadowing Theorem 5 allows the shadowing orbit to
approach the homoclinic point only up to a polynomially small distance a = O(gP), p > 0, (and
not exponentially small as it would be required applying the shadowing Theorem 1). Since the
ergodization time is estimated by T, = O(1/a"), it results that the minimum time after which
the homoclinic trajectory can “jump” to another torus is only polynomially long w.r.t. 1/e.

These results are the first steps to prove the existence of this phenomenon also for more
general systems (with non isochronous terms and more general perturbations).
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