Proceedings of Institute of Mathematics of NAS of Ukraine 2002, Vol. 43, Part 1, 80-85

Symmetry and Exact Solutions for Systems
of Nonlinear Reaction-Diffusion Equations

Tetyana BARANNYK

Institute of Mathematics of NAS of Ukraine, 8 Tereshchenkivska Str., 01601 Kyiv-4, Ukraine
E-mail: vasilinka@pi.net.ua

Lie symmetry reduction of systems of nonlinear reaction-diffusion equation with respect to
one-dimensional algebras is carried out. Some classes of exact solutions of the investigated
equations are found.

1 Introduction

Nonlinear reaction-diffusion equations are widely used in mathematical physics, chemistry and
biology. In the present paper we consider the system of nonlinear diffusion equations of the
following general form
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where u; and wuo are functions dependent on ¢ and x; a11, a2, a1, ase are constant parameters
and ai1a22 — az1ai2 # 0.

In [1] a constructive algorithm was proposed for investigation of conditional and classical Lie
symmetries of partial differential equations and classical symmetries of systems of two nonlinear
diffusion equations with 1 + m independent variables ¢, x1,...,x,;, were described. Namely, all
possible non-linearities f!, f? and the corresponding group generators were found. We notice
that symmetry properties of nonlinear multidimensional systems of reaction-diffusion equations
were also investigated in papers [2, 3]. In the present paper using the results obtained in [1]
we carry out symmetry reduction of equation (1) with respect to one-dimensional symmetry
algebras. We restrict ourselves to such non-linearities f! and f? found in [1] which are defined
up to arbitrary functions.

2 Symmetry reduction of equation (1)

We will not give the detailed calculations but present the operators, ansatzes and corresponding
reduced systems for some nonlinearities f!, 2 found in [1, 3]. We use the following notation:
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where o and (3 are arbitrary real coefficients, B® are elements of the 2 x 2 matrix B which will
be specified in the following.
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1. Consider the following system of type (1)
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where 1 and 9 are arbitrary (but fixed) functions of u1, a11 = ase = a, ajg =0, ag; = b.

This system admits the symmetry operator

X =Xo+vDq, where B:<(1) 8)

The corresponding ansatz be obtained using the Lie algorithms is

_ 2(vx + (3)?

2
up = wi(z), m:—Eln(yx+ﬁ)w1(z)+w2(Z), 2ut + «

Substituting the ansatz (3) into (2) we come to the following reduced equations
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In other words the ansatz (3) reduces (2) to the system of ordinary differential equations.
The following results (related to equations found in [1]) are presented more briefly.
2. Equations:

8U1 82U1 62U2 811,2 (‘92u1 8211,2
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where 1 and @9 are arbitrary functions of \/u% + u%, a1l = a2 = a, as] = —aie = b.
Symmetry:

X:Xo—i—uf?, where B:(O _1).

1 0
Ansatz:
uy = cos (gt) w1(z) — sin (gt) wa(2), ug = sin (gt) w1(z) + cos <§t> wa(z),
z = [t — azx.

Reduced equations:

—gwg + ﬁ(awl — bd)g) — a2(ad)1 — bd')g) = p1w2 + Yawi,

§w1 + B(ban + adn) — (b1 + aie) = —p1w1 + Paws,

where ¢ and 9 are functions of w? + w3.
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3. Equations:

Ou 0wy _ Ouy _, 0%uy
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where 1 and 9 are arbitrary functions of Z—%, a1l = a, a1a = ao1 = 0, agg = b.

= U292,

Symmetry:

X:XO—I—,uB, where Bz(é 2)

Ansatz:

Ul = exp <%x> w1(2), Uy = exp (%x) wa(2), z = Bt — ax.

Reduced equations:

2
Buwr —a <H> w1 + 204(1&@1 — oPain = w11,

B B
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where 1 and @9 are functions of Zj_i'
1
4. Equation:
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where 1 and @9 are arbitrary functions of uy, a11 = ase = a, ajs =0, as; = b.
Symmetry:

X = Xo + pexp(nt)B, where B = ( (1) 8 ) .

Ansatz:
up = wi(2), Uz = ;—nwl(z) exp(nt) + wa(2), z = pt —ox.
Reduced equations:
Bin — a’aidr = g1,
. 2, . . w2
Py — a”bin — awy = 1w+,
1

where 1 and @9 are functions of wi.

5. Equation:
8u1 82u1 k41 0’&2 62u1 82UQ k41
o a 02 Pruy o, o Yoz T GW = (p1Inuy + p2)uy ™,

where 1 and ¢y are arbitrary functions of u; exp (—Z—f), aj] = agge =a, a2 =0, ag; =b.

Symmetry:

X = Xo+vDy, where BZ(i (1)>
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Ansatz:

1

up = (2ut 4+ a)*%wl(z), ug = (Ut + )"k (wg(z) — %ln(Qvt + a)wl(z)> ,
_2(va+ B
 wt+ta

Reduced equations:

2v
?wl + 2vzwi + 81/2azd)1 = k“npl,

2 2
%wz + 2uzwo + %wl + 82bzin + 812aziy = —(¢p1 Inwy + p2)w kH,

where 1 and 9 are functions of w; exp (—“’—f)

3 Conditional symmetry and exact solutions

Thus we presented reductions of equations (1) using their classical symmetry found in [1]. In this
section we present exact solutions of equations (1) found by conditional symmetry reduction.
We use the same scheme of presentation as in Section 2.

1. Equation:
Ouy 8u1 Oua 3U2
T mr TN g e ®

where ¢1 and ¢ are arbitrary functions of ;2
Conditional symmetry:

WD 3 98 (o 9\
Ot x+kOx (x + k1)2 8 U1 3u2

The ansatz

1
u=(z+ ki)w(z), z= §x2+k1x—|—3t

reduces equation (4) to the system:
1+ 1w =0, O+ pows =0,

where ¢1 and ¢ are functions of =2
Depending on the form of the functions @1, @9, we receive different solutions of the system.
1) p1 =a >0, p3 = b < 0, where a and b are constants:
V2
uy(x,t) = 2a(:v+k1)sd< 2% + ki + 3t; —\/_>,
a
V—2b
b

ug(x,t) = —

(x+k1)ds<2x + kyx + 3t f).
2) p1=a>0, py =0:
2a
uy(z,t) = \éa_(.%'—i-kl)sd( 2 + ki + 3t; f),

1
UQ(CC, t) = (LE + ]{,‘1) |:(2$2 + kix + 3t> Ci + 02:| .
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2. Equation:
ou;  0%uy 3 9 Ouy  9%ug 3 2
W - a$2 = U1 — 2,“’ uy, E - 61)2 = Ug¥p2 — 2:“ uz, (5)
where 1 and 9 are arbitrary functions of Z—f
Conditional symmetry:
0 0 0 0
X =— +3ut k1) — 3u®sec? k — — .
5 + 3ptan(px + 1)833 w® sec”(px + kq) (u18u1 +U28u2>
The ansatz

u = cos(pux + k1) exp (—3u2t) w(z), z = sin(px + k) exp(—3p%t)
reduces equation (5) to the system:
por+wlpr =0, P +wips =0,

where 1 and @9 are functions of 5—?

Setting more particular form for the functions 1, @2, we get the following solutions of the
reduced system.

1)er1=a>0,pa=>b>0:

V2 1

uy(z,t) = N2a a cos(px + k1) exp (—3p%t) sd [Sin(,u,x + k1) exp (—3u%t) ; 5\/5} ,
2b 2 . 2 1

ug(x,t) = 5 cos(px + k1) exp (—3p*t) sd [sin(pa + ki) exp (—3p’t) ; 5\/5 :

2) p1=a<0,p2=>b>0:
uv/—2a
a

1
ui(x,t) = — cos(ux + k1) exp (—3p*t) ds [sin(/u: + k1) exp (—3u?t) ; 5\/5] ,

ug(x,t) =

2b
5 cos(px + k1) exp (—3u2t) sd [Sin(ux + k1) exp (—3,u,2t) 5

1
3. Equation:

Ouy 0%y . Ouy  0%us :
T T o Cue T Atu,  SE - e = i + 2, (6)

where 1 and @9 are arbitrary functions of Z—f
Conditional symmetry:

0 0 d 0
X = — — h — 32 2 — — ).
T 3 coth(px + kl)@m 3u” csc h*(ux + k1) <u1 Dur + uz 8uQ>

The ansatz
u = sinh(pz + ki) exp (31°t) w(z), z = cosh(uz + k1) exp (31°t)
reduces equation (6) to the system:
pin +wior =0, e + wips =0,

' wa
where o1 and @2 are functions of £2.
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We present the obtained results for some functions ¢; and gs.
1)pr1=a<0,9p2=0<0:

V=2 1
up(x,t) = K " a sinh(ux + k1) exp (3u2t) ds [cosh(,u:n + k1) exp (3,u2t) ; 5\/5] ,

vV —=2b 1
ug(x,t) = K 2 sinh(pux + k1) exp (3u2t) ds [cosh(,ux + k1) exp (3p2t) ; 5\/5} .

2) p1 =0, p2=0>0:

ui(z,t) = sinh(ux + k1) exp (3,u2t) [C4 cosh(px + k1) exp (3,u2t) + Co],

/b
2

1
ug(x,t) = sinh(ux + k1) exp (3,u2t) sd [cosh(;w + k1) exp (S,th) ; 5\/5] .

Besides for equation

2
Ut — Ugy = —U,

we got the following solutions

(48 — 12v/6)2% + (48 — 12/6) k12 + 40(36 — 15v/6)t + (24 — 12v/6)ky + 6k?
[22 + kyx + 2(15 — 51/6)t + ko]?

9

and

(48 + 12v/6) 2% + (48 4 12v/6) k1 + 40(36 + 15v/6)t + (24 + 12v/6)ko + 6k?
[22 + kv + 2(15 4 5v/6)t + kol '

Thus we presented reduced equations and exact solutions for some of nonlinear reaction-
diffusion equations whose symmetry was studied in [1, 3]. We plan to extend our results to all
systems described in [3].
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