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It is shown that the Maxwell equations are conditionally invariant with respect to two nonli-
near representations of Poincaré algebra. The corresponding groups of finite transformations
are constructed. The nonlinear generalization of Maxwell equations invariant under the
above-mentioned nonlinear representations of Poincaré algebra is found.

1 Conditional invariance

Let us consider the Maxwell equations in vacuum written in the complex form:
VS =0, &E+iVxE=0, (1)

where V = (8%1, 6%2, a%g), Oy = %, Y=E+iHisa complex-valued vector of electromagnetic
field. As it is known [1,2], the system (1) is invariant under the linear representation of the
Poincaré algebra AP(1,3) with basis operators

APhn(la3) = <PM7JHI;17‘](1)1;>’ (2)

a

P, =0, T = 2,0, — 40, + Lo0s, — Sp0s,, Jot = 00a + 2400 + N,

a
]\_ﬂin = ( {in, %in’ éin) = Zi X 62, K= Oa_Ba
T — o) 0 o)
where VZ = (8_21’ Y 8_23>
A nonlinear representation for the algebra AP(1,3) and for the electromagnetic field E, H
that has the following form for complex-valued vectors was found in [3]:

a

By=0u,  JW=J%,  Ji =x00a+ 300+ N}V,

a a

N = (NP NG NS = Vs, — 5(S40s,),  k=1,2,3

APnli(lv 3) = <P,u7 Jnl?? Jélclzi>a (3)

(summation by k is implied). Representations (2) and (3) are not equivalent as there is only
one independent invariant for the operators (3) and two functionally independent invariants for
the operators (2). Let us consider invariance properties of the system (1) with respect to the
operators (3).

Theorem 1. The Mazwell equations (1) are invariant with respect to the representation (3) of
AP(1,3) iff the following conditions are satisfied:

[&ﬁiﬂ vk =0,
[ﬁ+iao—iixﬂzk=o, k=123 (4)

Besides, the system (1), (4) is invariant with respect to the linear representation AP™(1,3) (2).
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Corollary. There exists another representation of the Poincaré algebra that is an invariance
algebra of the system under consideration.

Let us consider the set of operators
J3 = 200 + 2400 + aN® + 3NDI a=1,2,3 (5)

and its completion by means of commutation. As a result a Lie algebra is generated (generally

speaking it is infinitely dimensional). It is not difficult to prove the following
Statement. The completion of the set (5) will be the Poincaré algebra iff either (o, ) = (%, %),
or (a, B) = (%, —%) These representations are equivalent with respect to the substitution Y —

—

-3

The explicit form of the operators for o = 3 = % is as follows:

AP3(173) = <PN7 Jc%bv Jga)? (6)

a (J(l)l; + ‘]61(11) :

J3 = 140y — 140, — §aabc(Ngm + N2, J3, = 1004 + 1400 + N2 =

N =

As Jin and JBI are symmetry operators of the system (1), (4), this system is invariant with
respect to the operators J3,, and whence with respect to the representation (6) of AP3(1,3).
Let us point out that operators of space rotations .J 2 , as distinct from representations (2), (3),
are nonlinear with respect to 3.

It is not difficult to show that the following relation is true on the solutions of the system (4):

52 =35, =1, (7)
or, in the notations of electromagnetic field E, H,
E-H=0, E*-H?=1.

It is interesting to note that if ¥, satisfy the conditions (7), then the representations (2), (3)
and (6) are connected by the following expressions:

WOl =[x WIR], N = [ < N, N8 = [ x N,

The system of equations (4) is much overdetermined: there are 12 equations with respect to
3 unknown functions. However, we can go on to 4 equations for 2 unknown functions. Actually
it is not difficult to check that the system (4) is equivalent to its first equation (for Xj), first
“component” of the second equation

[01 + X100 — i%903 + iX302| 2, = 0,

and the condition (7). Whence making the substitution X5 = +1/1 — %7 — 32, we go on to the
system of 4 equations with respect to ¥, 3o.
The system (1), (4) is compatible, and it has, for example, the following solution

—

¥ =(1,ip(t,x), p(t, x)),
O2p + 103 = 0, Oop + O1p =0, p e C. (8)

Among solutions of (8) there are functions of the following form

Y=1,if(t —z1), f(t —x1)), 9)
where f is an arbitrary differentiable function.
Thus, at the certain subset of solutions of the Maxwell equations that include flat wave
solutions (9), the electromagnetic field £, H can be transformed by transformations in the
4-dimensional space, not only as an electromagnetic tensor, but also in a nonlinear way.
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2 Finite transformations

Having solved the respective system of the Lie equations, we can find the finite group transfor-
mations corresponding to operators of Lorentz boosts Jl‘:’,/ (6) (for the representation AP (1,3)
these transformations were found in [4]):

T30 g — Tq = x4 c08(20) — x5 5in(26),
xp — Ty = xp cos(20) + x4 sin(26),
Te — Te =Te, CFa,b,
= XpcosO+ (0kpXa — OpaXp — 1€qpk) Sin

by Y = ; 10
kT cos 0 — ic pe 2, sin 6 ’ (10)
J3,: 2o — To = xoch (20) + x4 sh (26),
Tgq — Toq = xqch (20) + zsh (20),
TR — I =1k, k#a
~ Yrcho + (5ka - iEaklzl) shé
b)) Y = . 11
L chf + Xqsh0 (11)

The transformations (10), (11) can be used for group generations of solutions for the Maxwell
equations by means of e.g. initial solution (8). The newly obtained solutions can be further
multiplied by the symmetry groups of the Maxwell equations.

3 Generalizations of the Maxwell equations
In the paper [4] the following nonlinear generalizations of the Maxwell equations is considered:

—»

( )Gow
6 x 5

QJ
Mi

= AW)V(w), (12)

where w are invariants of the representation (2) of the algebra AP'™(1,3). Let us consider the
following system of equations

VE = A(Q)8yQ + B(Q

)EVQ,
S +iV x &= AQ)V(Q) +

B(Q)(£0pQ — i% x VQ), (13)

where () = f(Eg). Without losing generality we can assume that Q = In\/¥2 —1. If B =0
then the system (13) has the form (12). The following theorem is true.

Theorem 2. The system of equations (13) is invariant with respect to the linear representation
of the Poincaré algebra (2) with any A(Q2), B(Q), and with respect to the nonlinear represen-
tation (3) if and only if A = B = 1. In this case the right-hand parts of the equations (13)
coincides with left-hand parts of the equations (4), if the substitution ¥ — Q is made.

It follows from the Theorem that the system (13) with A = B = 1 is invariant also with
respect to the representation of the Poincaré algebra AP3(1,3) (6).

Let us write the equations (13) in the covariant form. Let us introduce the following notations
for this purpose. G*¥ is an antisymmetric tensor:

G =%, G™ = —iep.De.
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In terms of the tensor of the electromagnetic field F/v, Frv = %6W,)5F P we can write G =

FM 4 iFM Then (13) can be written in the same notations as:

GG

QG = G Oup =0, p=Iny|-"—

For the Maxwell equation (1) ¢ = 0.
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