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Generalizations of Schouten—Nijenhuis Bracket
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The Schouten—Nijenhuis bracket is generalized for the superspace case and for the Poisson
brackets of opposite Grassmann parities.

1 Introduction

Recently a recipe for the construction of new Poisson brackets from the bracket with a definite
Grassmann parity was proposed [1]. This recipe is based on the use of exterior differentials
of diverse Grassmann parities. It was indicated in [1] that this recipe leads to the generaliza-
tions of the Schouten—Nijenhuis bracket [2-8] on both the superspace case and the case of the
brackets with diverse Grassmann parities. In the present report we give the details of these

generalizations!.

2 Poisson brackets related with the exterior differentials

Let us recall the recipe for the construction from a given Poisson bracket of a Grassmann parity
€ =0,1 (mod 2) of another one.

A Poisson bracket, having a Grassmann parity e, written in arbitrary non-canonical phase
variables z¢

{A,B}¢=A 9 w?b(z) 0 B, (1)
where 5 and 5 are right and left derivatives respectively, has the following main properties:

9({A,B}e) =ga+gp+e (mod2),
{A,B}. = —(—1)W9at9lgstIB A},
Z (—1)latloctarg (B C} e =0,

(ABC)

which lead to the corresponding relations for the matrix w3
9 (wfb) =0ga+gp+e (mod?2), @
w?b = —(_1)(ga+5)(gb+€)wi)a? 5
D (-t Iy i = o, (4)
(abc)

where 0o = 9/02% and g, = g(2%), ga = g(A) are the corresponding Grassmann parities of phase
coordinates z® and a quantity A and a sum with a symbol (abc) under it designates a summation

!Concerning the generalizations of the Schouten—Nijenhuis bracket see also [9, 10].



Generalizations of Schouten—Nijenhuis Bracket 1481

over cyclic permutations of a, b and c. We shall consider the non-degenerate matrix w?b which
has an inverse matrix w$, (—1)%¢ (a grading factor is chosen for the convenience)

wlwho(—1)9 = &

(there is no summation over € in the previous relation) with the properties

g(wep) =ga+gp+ € (mod 2),
WS = (—1)(9"+1)(gb+1)w,§a,

(—1)9atD9ed,awf, = 0.
(abe)

The Hamilton equations for the phase variables z%, which correspond to a Hamiltonian H,
(9(He) =e),

d a
% = (2% H.}. = w3, H, (5)

can be represented in the form

8(d H) def
aba — .ab ¢tle) del a4
¢ U2 € 8(d<zb) (Z ¢ ) ¢ (6)

="
dt

where d¢ (¢ = 0,1) is one of the exterior differentials dy or di, which have opposite Grassmann
parities 0 and 1 respectively and following symmetry properties with respect to the ordinary
multiplication

dgz“dozb = (—1)g“gbdozbdoza,

d12%d12° = (—1)atD@F g, 2bg, 20 (7)
and exterior products

doz® A dyzb = (—1)g“gb+1dgzb A doz?,

d12°Ady 20 = (1)t Do) g, bRy 22 (8)

We use different notations A and A for the exterior products of dgz® and d;2® respectively.
By taking the exterior differential d¢ from the Hamilton equations (5), we obtain
d(dcz“) a(dCHe)

ab _ 1\¢(ga+te), ,ab déf a
gt We )8(d<zb) —l—( 1) We 8Zb(d<HE) (ch ,dCHE)e—i-C‘ (9)

= (d¢

As a result of equations (6) and (9) we have by definition the following binary composition for
functions I and H of the variables z* and their differentials d¢z® = y¢

(FyH)erg = F| 920 w2 9, +(=1)5049) 90wl 5.0 + g v (0:e®) 00| H. (10)

ab
€

By using relations (2)—(4) for the matrix w
binary composition (10)

, we can establish the following properties for the

9[(F,H)exe) =g +9gu + €+ ¢ (mod 2),
(F, H)epg = —(=1) @ttt SO (1 By,

Z (_1)(9E+€+<)(9H+€+<)(E’ (FyH)ei¢)ere =0,
(EFH)
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which mean that the composition (10) satisfies all the main properties for the Poisson bracket
with the Grassmann parity equal to € + . Thus, the application of the exterior differentials of
opposite Grassmann parities to the given Poisson bracket results in the brackets of the different
Grassmann parities.

By transition to the co-differential variables y§+<, related with differentials yg by means of

the matrix w?
yg = gy w, (11)

the Poisson bracket (10) takes a canonical form?
(F,H)epe = F |:8za D v —(—1)lmt0 5 5 H, (12)

that can be proved with the use of the Jacobi identity (4).
The bracket (10) is given on the functions of the variables 2, y¢

1
F=>Y" Hyg” Y faray(2)s 9(faray) = 95 Gar + + Gays
p

whereas this bracket, rewritten in the form (12), is given on the functions of variables z* and

y2+<

1 € €
F=3 H?/af coyar S fre e (z),  g(f M) = g+ e+ gay o Gay
p

We do not exclude a possibility of the own Grassmann parity g; = g(f) for a quantity f. By
taking into account relation (11), we have the following rule for the rising of indices:

p—1
> [gby ++gp, +h(e+O)] (g0, | Taj 41 T€)
— +1 k+1 bya b
k=1 wep P, .. w€1a1fa1map.

fb1.,.bp _ (_1>

Note that the quantities fy,. 4, and f®“ have in general the different symmetry and parity
properties.

In the case ¢ = 1, due to relations (7), (8), the terms in the decomposition of a function
F(z% y{) into degrees p of the variables yf

1
F=Y" Hyf" oy faray (2)
p

can be treated as p-forms and the bracket (10) can be considered as a Poisson bracket on p-forms
so that being taken between a p-form and a ¢-form it results in a (p + ¢ — 1)-form?3. Thus, the
bracket (10) is a generalization of the bracket introduced in [12] on the superspace case and on
the case of the brackets (1) with arbitrary Grassmann parities € (e = 0,1).

3 Generalizations of the Schouten—Nijenhuis bracket

If we take the bracket in the canonical form (12), then we obtain the generalizations of the
Schouten—Nijenhuis bracket [2,3] (see also [4-8,12]) onto the cases of superspace and the brackets

“There is no summation over e in relation (11).
3Concerning a Poisson bracket between 1-forms and its relation with the Lie bracket of vector fields see in the
book [11].
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of diverse Grassmann parities. Indeed, let us consider the bracket (12) between monomials F'
and H having respectively degrees p and q

1 € €

F= p,ya;,fC Yar S (2), gt ) = gp +pet Gay o Gay
1

H= 'y(i;r( y€+<hal a (Z) g(hal...aq) = gn +qe+ Jay +eee aq-

Then as a result we obtain

(-1) 96, +++9b, H(a=1)(e+)] (g5 +91+pC)

(Fv H)E-i-c =

pl(g —1)!
yZ+C . .ye-l-(fy;:-C y(el-li-C (fal...ap gzl> hb1~-~bq—ll

(-1 )(gz+e+C)(gf+pe+ga2+--~+gap)+[9b1+-~~+gbq+q(e+C)][9f+e+(p—1)C]

(p—1)!g!

XYy Wy S Db, (13)

3.1 Particular cases

Let us consider the formula (13) for the particular values of € and (.

1. We start from the case which leads to the usual Schouten—Nijenhuis bracket for the skew-
symmetric contravariant tensors. In this case, when € = 0, ( = 1 and the matrix wgb( ) =
—wh?(z) corresponds to the usual Poisson bracket for the commuting coordinates 2% = z%, we
have

1)(a—1)(gs+p) _
(F,H)1 = (];(q——l) 01,0, O (fal.‘.ap 8:p1) pb1-bg1l
_1)97(a+1)+a(p—1)
- >(p - 1lg! Op, O Oq, -+ O f12 P D W1, (14)

where ©, = y! are Grassmann co-differential variables related owing to (11) with the Grassmann
differential variables ©% = dz®

b
@CL - @waa

When Grassmann parities of the quantities f and h are equal to zero gy = g5 = 0, we obtain
from (14)

(F,H), def (_1)(p+1)q4r1@ap+q oo Oy, [F, H]2%+a,

where [F, H]?2%+a are components of the usual Schouten—Nijenhuis bracket (see, for exam-
ple, [7]) for the contravariant antisymmetric tensors*. This bracket has the following symmetry

property
[F, H] = (=1)"[H, F]

and satisfies the Jacobi identity

Z (_1)ps[[Fv H]aE] =0,

(FHE)

where s is a degree of a monomial F.

“Here and below we use the same notation [F, H] for the different brackets. We hope that this will not lead to
the confusion.
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2. In the case ¢ = ¢ = 0 and wi®(z) = —wh?(x) we obtain the bracket for symmetric
contravariant tensors (see, for example, [6])
1
(F,H), = Y Yy Y Yy (O fO ) Rt

pl(g—1)
1

def
T 1),q,yz9q ey Y [Pt = )yl [, H] 2

where commuting co-differentials y9 connected with commuting differentials y& = doz® in accor-
dance with (11)

a 0, ba
Yo = YpWo

and the bracket [F, H]2%+4 has the following symmetry property
[F,H] = —(-1)%9"[H, F]

and satisfies the Jacobi identity

Y (~1)%9E, [F, H]] = 0.

(EFH)

3. By taking the Martin bracket [13] wd®(f) = wb*(#) with Grassmann coordinates 2% = ¢
(9o = 1) as an initial bracket (1), we have in the case ¢ = 0 for antisymmetric contravariant
tensors on the Grassmann algebra

(—1)a=D(gs+1)

(F7 H)O - p'(q — 1)' @bq71 v o @bleap e @al(faluﬂfp 891)hb1‘..bq_1l
—1)(@—Dgs+p
61,04, 0y
déf @ap+q e 6&2 [Fa H]az...ap+q7

where the Grassmann co-differentials O, related with the Grassmann differentials ©¢ as
dpf® = 0% = Opwie.
The bracket [F, H] has the following symmetry property
[F, H] = —(=1)"9"[H, F]
and satisfies the Jacobi identity
> (—1)%9[E,[F, H]| = 0.
(EFH)

4. By taking the Martin bracket again, in the case ( =1

d10% = 2% = Bwl®

we obtain for the symmetric tensors on Grassmann algebra

1
1
T - Dlg

def a...a
— l'ap+q...xa2[F,H] P‘Fq‘

(F‘i7 H)l = e Ib1x(lp e xal (fa1...ap gel)hbl...bq_ll

. xblxap . xazflaQ"'apaelhbl"'bq
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The bracket [F, H| has the following symmetry property

[F, H] = —(—1)WstptDlontatl) [ [ F

and satisfies the Jacobi identity
3 (~1)ets Dot g (7 1)) = 0,
(EFH)

5. In general, if we take the even bracket in superspace with coordinates z* = (z, 6), where z
and @ are respectively commuting and anticommuting (Grassmann) variables, then in the case

¢ =1 we have

(71)(9b1+--.+gbq_1+q71)(gf+gl+p) , L X o
ybq71 - ybl/yap e yal (fal...(lp azl)h 1.--0g—1

(F7 H)l =
pq —1)!
1 an+-+9a ~1
B (—1)(gz+ ) g5 +gas+-+gap)+(g6) +++96q+0) (95 +P )y,} byl gl ey by
(p—1lg! a 19ap a2 *
déf 51Lp+q o yéz [Fv H]a}“ap-mv
where

a_— ,a 1, ba
dlZ =Y = Ypwy -

The bracket [F, H] has the following symmetry property

[F, H] = —(—1)lstrtDlontat g p

and satisfies the Jacobi identity

Z (_1)(ge+3+1)(gh+(1+1)[E7 [F, H]] = 0.
(EFH)

6. In the case of the even bracket in superspace as initial one with ( = 0 we obtain

(_1)(%1 +tgo, )95+

= 0 0,0 0 ap o by..bo_1l
(F7H)0— p!(q—l)! ybq71”'yb1yap”'ya1(fa1 ap 8Zl)hl q—1
(—1)9(95 + 90z +9ay ) 497 (901 +0n,) . - . -
- (p_l)!q! ybqn'yblyap“.yazfaz apazlh e
def
= y2p+q T y22 [F’ H]ag...ap_m’
where

doz" = yf = ypug™.

The bracket [F, H] has the following symmetry property
[F,H| = —(-1)%9"[H, F|

and satisfies the Jacobi identity

> (~1)%9[E,[F, H]| = 0.

(EFH)
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7. Taking as an initial bracket the odd Poisson bracket in superspace with coordinates z¢,
for the case ( = 0 we have

(_1)(9171 +tgo,  Fa—1)(g95+a1)

(F,H); = TP Y bl ey (F e B )R
(—1) 9+ D95 P +gay+F9ap)+(95 = 1) (9by +-F04+0)
- (p—1)lg!
X yb ybyd eyl ez bt Syl T pjeeata,
where

a_— ,a 1, ba
dDZ =Yy = Ypwq -

The bracket [F, H] has the following symmetry property
[, H] = —(=1)@r DD, ]
and satisfies the Jacobi identity
Z (,1)(ge+1)(gh+1)[E, [F, H]] = 0.
(EFH)

8. At last for the odd Poisson bracket in superspace, taking as an initial one, we obtain in
the case ( =1
1 -
+- + 0 0,0 0 1by...bg—
(F,H)g = (=1)Wnt o0 )lor7) g — 1)1 Vb “YpYay, Yoy (FUP )R
(—1)9r P 91+90q)

0 0 0 ras...apl by...b
Yoy " YbyYay = Yap [ 12 O h

(p—1)g!
def
= y2p+q T y22 [F7 H]ag...ap+q’
where

The bracket [F, H] has the following symmetry property
[F, H] = —(—1)9stP)onta) [ [ F]
and satisfies the Jacobi identity

- (-l g, (7 H]) = o.
(EFH)

Thus, we see that the formula (13) contains as particular cases quite a number of the
Schouten—Nijenhuis type brackets.

4 Conclusion

We give the recipe for the construction from a given Poisson bracket of the definite Grassmann
parity another bracket. For this construction we use the exterior differentials with different
Grassmann parities. We proved that the resulting Poisson bracket essentially depends on the
parity of the exterior differential in spite of these differentials give the same exterior calculus [1].
The recipe leads to the set of different generalizations for the Schouten—Nijenhuis bracket. Thus,
we see that the Schouten—Nijenhuis bracket and its possible generalizations are particular cases
of the usual Poisson brackets of different Grassmann parities (12). We hope that these generali-
zations will find their own application for the deformation quantization (see, for example, [7,14])
as well as the usual Schouten—Nijenhuis bracket.
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