
Proceedings of Institute of Mathematics of NAS of Ukraine 2004, Vol. 50, Part 3, 1466–1473

New Frobenius Structures on Hurwitz Spaces

in Terms of Schiffer and Bergmann Kernels

Vasilisa SHRAMCHENKO

Department of Mathematics and Statistics, Concordia University,
7141 Sherbrooke West, Montreal H4B 1R6, Quebec, Canada
E-mail: vasilisa@mathstat.concordia.ca

New family of flat potential (Darboux–Egoroff) metrics on the Hurwitz spaces and corre-
sponding Frobenius structures are found. We consider a Hurwitz space as a real manifold.
Therefore the number of coordinates is twice as big as the number of coordinates used in
the construction of Frobenius structure on Hurwitz spaces found by B. Dubrovin more than
10 years ago. The branch points of a ramified covering and their complex conjugates play
the role of canonical coordinates on the constructed Frobenius manifolds. We introduce
a new family of Darboux–Egoroff metrics in terms of the Schiffer and Bergmann kernels,
find corresponding flat coordinates and a prepotential of associated Frobenius manifolds.

1 Introduction

The aim of the present work is to construct a new class of Frobenius manifolds associated to
the Hurwitz spaces. First, we describe Dubrovin’s structure of Frobenius manifolds on Hurwitz
spaces. Those manifolds have complex dimension L, where L is complex dimension of the
Hurwitz space. In our approach we consider the Hurwitz space as a real manifold, therefore the
constructed here Frobenius manifolds have 2L coordinates.

We start with construction of a new family of flat diagonal metrics on the Hurwitz space
written in terms of the Schiffer and Bergmann reproducing kernels on a ramified covering of
Riemann sphere with simple branch points. Each of these metrics gives a Frobenius algebra
on the tangent space. Then we find flat coordinates of the metrics and prepotentials F of the
Frobenius structures. The prepotential F satisfies the WDVV system with respect to the flat
coordinates for the corresponding metric according to the one-to-one correspondence between
Frobenius structures and solutions to the WDVV equations [1].

2 Frobenius manifolds and WDVV equations

The theory of Frobenius manifolds is related to various branches of mathematics such as singular-
ity theory, reflection groups, algebraic geometry, isomonodromic deformation theory, boundary-
value problems, and Painlevé equations. It was developed by B. Dubrovin as a geometric
interpretation of the Witten–Dijkgraaf–Verlinde–Verlinde (WDVV) equations of the following
type:

FiF
−1
1 Fj = FjF

−1
1 Fi, i, j = 1, . . . , n,

where Fi is the matrix

(Fi)mn =
∂3F

∂ti∂tm∂tn

for the function F of n variables t1, . . . , tn with the normalization: F1 is a constant nondegenerate
matrix.



New Frobenius Structures on Hurwitz Spaces 1467

Any solution F (t), t = (t1, . . . , tn) ∈ M of these WDVV equations which satisfies an addi-
tional assumption of quasihomogenuity,

F (cd1t1, . . . , cdntn) = cdFF (t1, . . . , tn) for some c �= 0 and d1, . . . , dn, dF ∈ R,

determines in the domain M the structure of Frobenius manifold and vice versa (see [1]).

Definition 1. An algebra A over C is called (commutative) Frobenius algebra if:

• it is a commutative associative C-algebra with a unity e.

• it is supplied with a C-bilinear symmetric nondegenerate inner product having the property
〈a · b, c〉 = 〈a, b · c〉

Definition 2. M is Frobenius manifold if a structure of Frobenius algebra is specified on any
tangent plane TtM at any point t ∈M smoothly depending on the point such that

1) the inner product 〈, 〉 is a flat metric on M ,
2) the unity vector field e is covariantly constant w.r.t. the Levi-Civita connection ∇ for the

metric 〈, 〉: ∇e = 0,
3) the tensor (∇zc)(u, v, w) is symmetric in four vector fields u, v, w, z, where c is the following

symmetric 3-tensor: c(u, v, w) = 〈u · v, w〉,
4) a vector field E is determined on M such that ∇(∇E) = 0,

[E, x · y] − [E, x] · y − x · [E, y] = x · y,
E〈x, y〉 − 〈[E, x], y〉 − 〈x, [E, y]〉 = (2 − ν)〈x, y〉. (1)

for some constant ν, the charge of Frobenius manifold.

We take the local coordinates λ1, . . . , λL on the Hurwitz space to be canonical coordinates

for multiplication, i.e. ∂i ·∂j = δij∂i, where ∂i = ∂λi . Then, the unit vector field is e =
L∑
i=1

∂i, and

the Euler vector field is given by E =
L∑
i=1

λi∂i. Then in these coordinates the metric is diagonal:

ds2 =
L∑
i=1

ηiidλ
2
i , where ηii are functions of {λi}. The rotation coefficients of the metric are

defined as

βij =
∂j
√
ηii√
ηjj

, i �= j.

The flatness of a potential metric is provided by the system

∂kβij = βikβkj for different i, j, k, (2)∑
k

∂kβij = 0. (3)

(The metric is potential if and only if all rotation coefficients are symmetric with respect to
indices: βij = βji.) The existence of the Euler vector field on the manifold (see the definition of
Frobenius manifolds) implies another relation on rotation coefficients:∑

k

λk∂kβij = −βij . (4)

The definition of Frobenius manifold implies the existence of the function F such that the
3-tensor c is given by its third derivatives

c(∂tA , ∂tB , ∂tC ) =
∂3F

∂tA∂tB∂tC
,

where {tA} is the set of flat coordinates for the metric. This function F is called the prepotential
of the Frobenius manifold.
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3 Hurwitz spaces

Hurwitz space is the moduli space of the pairs (L, λ), where L is a compact Riemann surface of
genus g and λ is a meromorphic function on L of degree N. This function λ realizes the surface L
as an N -fold ramified covering of CP 1. We consider the space M = Mg;n0,...,nm , which is the
moduli space of the genus g coverings of CP 1 with fixed type of ramification over the point at

infinity: n0, . . . , nm ∈ N,
m∑
k=0

(nk + 1) = N.

Denote by λ1, . . . , λL the finite critical values of the function λ (the branch points of the
covering): λj = λ(Pj), dλ|Pj = 0, j = 1, . . . , L, and consider them as local coordinates on M.
We assume that all the branch points λj are simple.

4 Kernels on Riemann surfaces

1. The kernel W (P,Q) defined by W (P,Q) = dPdQ logE(P,Q) is the unique symmetric differ-
ential on L × L with the second order pole at P = Q and properties:∮

aj

W (P,Q) = 0,
∮
bj

W (P,Q) = 2πiωj(P ), j = 1, . . . , g,

where {aj , bj}gj=1 is the canonical basis of cycles on L; {ωj(P )}gj=1 is the corresponding set
of holomorphic differentials normalized by

∮
ai
ωj = δij ; and E(P,Q) is the prime form on the

surface L.
Variational formulas for W (P,Q) [2, 3]:

dW (P,Q)
dλk

=
1
2
W (P, Pk)
dxk

W (Q,Pk)
dxk

,

xk =
√
λ− λk is the local parameter near ramification point Pk and the notation W (P, Pk)/dxk

should be understood as W (P, Pk)/dxk = (W (P,Q)/dx(Q)) |Q=Pk
.

2. The Schiffer kernel Ω(P,Q) is the symmetric differential on L × L [4] defined as

Ω(P,Q) = W (P,Q) − π

g∑
i,j=1

(Im B)−1
ij ωi(P )ωj(Q).

3. The Bergmann kernel B(P, Q̄) is the following differential on L × L [4]:

B(P, Q̄) = π

g∑
i,j=1

(Im B)−1
ij ωi(P )ωj(Q),

where B is the symmetric matrix of b-periods of ωj : Bij =
∮
bi
ωj (Im B is positive definite). The

Bergmann and Schiffer kernels have the following properties:∮
ai

Ω(P,Q) = −
∮
ai

B(P̄ , Q),
∮
bi

Ω(P,Q) = −
∮
bi

B(P̄ , Q),

where integration is taken with respect to the first argument.
Variational formulas for the Schiffer and Bergmann kernels:

dΩ(P,Q)
dλk

=
1
2

Ω(P, Pk)
dxk

Ω(Q,Pk)
dxk

,
dΩ(P,Q)
dλ̄k

=
1
2
B(P, P̄k)
dxk

B(Q, P̄k)
dxk

,

dB(P, Q̄)
dλk

=
1
2

Ω(P, Pk)
dxk

B(Q̄, Pk)
dxk

,
dB(P, Q̄)
dλ̄k

=
1
2
B(P, P̄k)
dxk

Ω(Q,Pk)
dxk

.

Here as before Ω(P, Pk)/dxk stands for (Ω(P,Q)/dxk(Q)) |Q=Pk
.
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To prove these formulas one uses the Rauch variational formulas for the holomorphic nor-
malized differentials and for the matrix of b-periods [2]:

dωj(P )
dλk

=
1
2
ωj(Pk)W (P, Pk),

dBij
dλk

= πi ωi(Pk)ωj(Pk),

and the variational formula for the kernel W (P,Q) given above.

5 Dubrovin’s Frobenius structure on Hurwitz spaces

We start with a reformulation of Dubrovin’s structure of the Frobenius manifold on moduli
space M = Mg;n0,...,nm of coverings (L, λ) of genus g ≥ 1 using the kernel W (P,Q). The branch
points λ1, . . . , λL are used as local coordinates on the space M .

The flat metric on M . For any two tangent vectors ∂′, ∂′′ consider the inner product
〈∂′, ∂′′〉φ = Ωφ2(∂′ · ∂′′), where

• φ is one of the primary differentials listed below;

• Ωφ2 is a one form on M : Ωφ2 =
L∑
i=1

(
resPi

φ2

dλ

)
dλi;

• multiplication of the tangent vector fields is defined as follows: ∂i ·∂j = δij∂i for ∂i = ∂/∂λi.

Primary differentials. (zi is a local parameter near ∞i ; z−ni−1
i = λ.)

Type1. φti;α(P ) =
1
α

resQ=∞iz−αi (Q)W (P,Q) ∼ z−α−1
i dzi, P ∼ ∞i,

i = 0, . . . ,m; α = 1, . . . , ni.

Type2. φvi(P ) = resQ=∞iλ(Q)W (P,Q) ∼ −dλ, P ∼ ∞i; i = 1, . . . ,m.

Type3. φwi(P ) = v.p.
∫ ∞i

∞0

W (P,Q), res∞iφwi = 1; res∞0φwi = −1; i = 1, . . . ,m.

Type4. φri(P ) = −
∮
ai

λ(Q)W (P,Q), φri(P + bi) = φri(P ) + 2πidλ; i = 1, . . . , g.

Type5. φsi(P ) =
1

2πi

∮
bi

W (P,Q),
∮
ai

φsi = 1; i = 1, . . . , g.

Note that all above differentials have zero a-periods except for
∮
aj
φsi = δij .

Theorem 1. With φ = φti;α; φ =
m∑
i=1

δiφvi; φ =
m∑
i=1

δiφwi; φ =
g∑
i=1

δiφri; φ =
g∑
i=1

δiφsi the metric

〈, 〉φ is flat and its rotation coefficients are given by the kernel W (P,Q) at the branch points [3]:

βij =
1
2
W (Pi, Pj)
dxi dxj

.

The rotation coefficients satisfy equations (2)–(4). Requirement (1) holds for the metric.

Flat coordinates for the metric 〈, 〉φ. (I.e. the coordinates with respect to which the
metric is constant.)

ti;α = resP=∞izαi (v.p.
∫ P

∞0

φ)dλ, i = 0, . . . ,m; α = 1, . . . , ni,

vi = −v.p.
∫ ∞i

∞0

φ, wi = −res∞iλφ, i = 1, . . . ,m,
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rk =
1

2πi

∮
bk

φ, sk = −
∮
ak

λφ, k = 1, . . . , g.

Denote the flat coordinates by tA, i.e., let tA ∈ {ti;α; vi, wi; rk, sk | i = 0, . . . ,m, α = 1, . . . , ni;
k = 1, . . . , g}.

Prepotential of the Frobenius structure is a function F (tA) the third derivatives of
which are given by the 3-tensor c from the definition of Frobenius manifold:

∂3F (t)
∂tA∂tB∂tC

= c(∂tA , ∂tB , ∂tC ) = 〈∂tA · ∂tB , ∂tC 〉φ.

Let ω(1) and ω(2) be two differentials on L holomorphic outside of infinity with the following
behaviour at infinities:

ω(i) =
∞∑

k=−k1
c
(i)
k,az

k
adza +

1
na + 1

d

(∑
k>0

r
(i)
k,aλ

k log λ

)
, P ∼ ∞a,

where k1 ∈ Z and c(i)k,a, r
(i)
k,a are some coefficients. Denote also for k = 1, . . . , g:∮

ak

ω(i) = A
(i)
k ,

ω(i)(P ak) − ω(i)(P ) = dp
(i)
k (λ), p

(i)
k (λ) =

∑
s>0

p
(i)
skλ

s,

ω(i)(P bk) − ω(i)(P ) = dq
(i)
k (λ), q

(i)
k (λ) =

∑
s>0

q
(i)
sk λ

s.

Here ω(P ak)−ω(P ) denotes an additive transformation of differential under analytic continuation
along the cycle ak on the Riemann surface.

Definition 3. For two such differentials define a pairing:

〈ω(i) ω(j)〉 =
m∑
a=0


∑
n≥0

c
(i)
−n−2,a

n+ 1
c(j)n,a + c

(i)
−1,av.p.

∫ ∞a

P0

ω(j) − v.p.
∫ ∞a

P0

r(i)n,aλ
nω(j)




+
1

2πi

g∑
k=1

[
−
∮
ak

q
(i)
k (λ)ω(j) +

∮
bk

p
(i)
k (λ)ω(j) +A

(i)
k

∮
bk

ω(j)

]
.

P0 is the point on the curve L such that λ(P0) = 0; all basic cycles {ak} and {bk} start at P0.

Consider the multivalued function on L: p(P ) = v.p.
∫ P
∞0 φ. The differential pdλ is of the

above type.

Theorem 2. The prepotential of the Frobenius structure is F = 1
2〈pdλ pdλ〉.

Theorem 3. For the second derivatives of the prepotential we have ∂tA∂tBF = 〈φtA φtB 〉.

6 New Frobenius structure on Hurwitz spaces

We consider the space M = Mg;n0,...,nm as a real manifold with the coordinates {λ1, . . . , λL;
λ̄1, . . . , λ̄L}. On this space we introduce a Frobenius structure analogous to the one described
in Section 5. The new Darboux–Egoroff metric, corresponding flat coordinates and primary
differentials are written in terms of the Schiffer and Bergmann kernels which depend on both {λk}
and {λ̄k}.

The flat metric on M . For two tangent vectors ∂′, ∂′′ consider the inner product
〈∂′, ∂′′〉φ+ψ = Ωφ2+ψ2(∂′ · ∂′′), where
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• φ is “holomorphic” and ψ is “antiholomorphic” parts of one of the primary differentials
listed below;

• Ωφ2+ψ2 is a one form on M : Ωφ2+ψ2 =
L∑
i=1

(
resPi

φ2

dλ(dλi) + ˜resPi

ψ2

dλ̄
(dλ̄i)

)
, where we denote

˜resf = resf̄ ;
• multiplication of the tangent vector fields is defined as follows: ∂i · ∂j = δij∂i, where i and j

run through the index sets {k}Lk=1 and {k̄}Lk=1, and ∂i = ∂/∂λi, ∂ī = ∂/∂λ̄i.

Primary differentials. (zi is a local parameter near ∞i; z−ni−1
i = λ.)

Type 1. i = 0, . . . ,m; α = 1, . . . , ni.

a) Φti;α(P ) = φti;α(P )+ ψti;α(P ) =
1
α

resQ=∞iz−αi (Q)Ω(P,Q)+
1
α

resQ=∞iz−αi (Q)B(P̄ , Q)

∼ (z−α−1
i +O(1))dzi +O(1)dz̄i, P ∼ ∞i.

b) Φti;α(P ) = φti;α(P ) + ψti;α(P ) = ψti;α(P ) + φti;α(P ) = Φti;α(P ).
Type 2. i = 1, . . . ,m.
a) Φvi(P ) = φvi(P ) + ψvi(P ) = resQ=∞iλ(Q)Ω(P,Q) + resQ=∞iλ(Q)B(P̄ , Q)

∼ −dλ+O(1)(dz̄i + dzi), P ∼ ∞i.

b) Φvi(P ) = φvi(P ) + ψvi(P ) = ψvi(P ) + φvi(P ) = Φvi(P ).
Type 3. i = 1, . . . ,m.

a) Φwi(P ) = φwi(P ) + ψwi(P ) = v.p.
∫ ∞i

∞0

Ω(P,Q) +
∫ ∞i

∞0

B(P̄ , Q),

res∞iΦwi = 1; res∞0Φwi = −1.

b) Φwi(P ) = φwi(P ) + ψwi(P ) = ψwi(P ) + φwi(P ) = Φwi(P ).
Type 4. k = 1, . . . , g.

φrk(P ) + ψrk(P ) = −
∮
ak

λ(Q)Ω(P,Q) −
∮
ak

λ(Q)B(P̄ , Q),

Φrk(P ) = φrk(P ) + ψrk(P ) + ψrk(P ) + φrk(P ).
Type 5. k = 1, . . . , g.

φuk(P ) + ψuk(P ) =
∮
bk

λ(Q)Ω(P,Q) +
∮
bk

λ(Q)B(P̄ , Q),

Φuk(P ) = φuk(P ) + ψuk(P ) + ψuk(P ) + φuk(P ).
Type 6. k = 1, . . . , g.

Φsα(P ) = φsα(P ) + ψsα(P ) =
1

2πi

∮
bα

Ω(P,Q) +
1

2πi

∮
bα

B(P̄ , Q).

Type 7. k = 1, . . . , g.

Φtα(P ) = φtα(P ) + ψtα(P ) = − 1
2πi

∮
aα

Ω(P,Q) − 1
2πi

∮
aα

B(P̄ , Q).

For all these differentials φ-part is a differential with respect to a local parameter z and ψ-part
is a differential with respect to z̄. For brevity we denote by ΦξA an arbitrary differential from
the above list. a- and b-periods of ΦξA are non-zero only for two types of primary differentials:∮
aα

ΦξA = δξA,sα ;
∮
bα

ΦξA = δξA,tα .
Flat coordinates for the metric 〈, 〉φ+ψ.

ti;α = resP=∞izαi

(
v.p.

∫ P

∞0

φ

)
dλ, ti;α = ˜resP=∞i z̄αi

(
v.p.

∫ P

∞0

ψ

)
dλ̄,
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i = 0, . . . ,m, α = 1, . . . , ni,

vi = −v.p.
∫ ∞i

∞0

φ, vī = −v.p.
∫ ∞i

∞0

ψ, i = 1, . . . ,m,

wi = −res∞iλφ, wī = − ˜res∞i λ̄ψ, i = 1, . . . ,m,

rk =
1

2πi

∮
bk

φ, uk =
1

2πi

∮
ak

φ, k = 1, . . . , g,

sk = −
∮
ak

(λφ+ λ̄ψ), tk = −
∮
bk

(λφ+ λ̄ψ), k = 1, . . . , g.

We denote ˜resf = resf̄ and the flat coordinates by ξA, i.e., ξA ∈ {ti;α, ti;α; vi, vī, wi, wī; rk, uk, sk,
tk | i = 0, . . . ,m, α = 1, . . . , ni; k = 1, . . . , g}. The number of flat coordinates equals 2L by
virtue of the Riemann–Hurwitz formula.

Theorem 4. The rotation coefficients of the metric 〈, 〉φ+ψ are given by:

βij =
1
2

Ω(Pi, Pj)
dxi dxj

, βij̄ =
1
2
B(Pi, P̄j)
dxi dx̄j

, βīj̄ = βij .

They satisfy equations (2)–(4). The metrics satisfy (1) with the Euler field
L∑
k=1

(λk∂λk
+ λ̄k∂λ̄k

),

where in (3) and (4) the sum over the index set {1, . . . , L; 1̄, . . . , L̄} is understood.

Prepotential of the Frobenius structure is a function F (ξA) the third derivatives of
which are given by the 3-tensor c from the definition of Frobenius manifold:

∂3F (ξ)
∂ξA∂ξB∂ξC

= c(∂ξA , ∂ξB , ∂ξC ) = 〈∂ξA · ∂ξB , ∂ξC 〉φ+ψ.

To write an expression for prepotential we define a new pairing of multivalued differentials on L
as follows. Let ω(i)(P ) be a differential on L, such that it can be decomposed in holomorphic
(ω(i)

1,0) and antiholomorphic (ω(i)
0,1) parts: ω(i) = ω

(i)
1,0 + ω

(i)
0,1, which are regular outside infinities

and have the following behaviour near P ∼ ∞a:

ω
(i)
1,0(P ) =

∞∑
n=−n1

c(i)n,az
n
adza +

1
na + 1

d

(∑
n>0

r(i)n,aλ
n log λ

)
,

ω
(i)
0,1(P ) =

∞∑
n=−n2

c
(i)
n̄,az̄

n
adz̄a +

1
na + 1

d

(∑
n>0

r
(i)
n̄,aλ̄

n log λ̄

)
,

where n1, n2 ∈ Z; c(i)n,a, r
(i)
n,a, c

(i)
n̄,a, r

(i)
n̄,a are some coefficients. Denote also for k = 1, . . . , g:∮

ak

ω(i) = A
(i)
k ,

∮
bk

ω(i) = B
(i)
k ,

ω
(i)
1,0(P

ak) − ω
(i)
1,0(P ) = dp

(i)
k (λ), p

(i)
k (λ) =

∑
s>0

p
(i)
skλ

s,

ω
(i)
1,0(P

bk) − ω
(i)
1,0(P ) = dq

(i)
k (λ), q

(i)
k (λ) =

∑
s>0

q
(i)
sk λ

s.

ω
(i)
0,1(P

ak) − ω
(i)
0,1(P ) = dp

(i)

k̄
(λ̄), p

(i)

k̄
(λ̄) =

∑
s>0

p
(i)

s̄k̄
λ̄s,

ω
(i)
0,1(P

bk) − ω
(i)
0,1(P ) = dq

(i)

k̄
(λ̄), q

(i)

k̄
(λ̄) =

∑
s>0

q
(i)

s̄k̄
λ̄s.
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Again, ω(P ak) − ω(P ) denotes an additive transformation of differential under analytic conti-
nuation along the cycle ak on the Riemann surface.

Definition 4. For two such differentials define the pairing:

〈ω(i) ω(j)〉 =
m∑
a=0


∑
n≥0

c
(i)
−n−2,a

n+ 1
c(j)n,a + c

(i)
−1,av.p.

∫ ∞a

P0

ω1,0(j) − v.p.
∫ ∞a

P0

r(i)n,aλ
nω

(j)
1,0

+
∑
n≥0

c
(i)

−n−2,a

n+ 1
c
(j)
n̄,a + c

(i)

−1̄,a
v.p.

∫ ∞a

P0

ω
(j)
0,1 − v.p.

∫ ∞a

P0

r
(i)
n̄,aλ̄

nω
(j)
0,1




+
1

2πi

g∑
k=1

[
−
∮
ak

q
(i)
k (λ)ω(j)

1,0 +
∮
ak

q
(i)

k̄
(λ̄)ω(j)

0,1 +
∮
bk

p
(i)
k (λ)ω(j)

1,0

−
∮
bk

p
(i)

k̄
(λ̄)ω(j)

0,1 +A
(i)
k

∮
bk

ω
(j)
1,0 −B

(i)
k

∮
ak

ω
(j)
1,0

]
.

P0 is the point on the curve L such that λ(P0) = 0; all basic cycles {ak} and {bk} start at P0.

Consider the multivalued differential Φ on L: Φ(P ) =
(
v.p.

∫ P
∞0 φ

)
dλ +

(
v.p.

∫ P
∞0 ψ

)
dλ̄,

where φ and ψ are the corresponding parts of some primary differential of one of the listed
types.

The pairing is defined for this differential and the following theorem holds.

Theorem 5. The prepotential of the Frobenius structure is F = 1
2〈Φ Φ〉.

Theorem 6. For the second derivatives of the prepotential we have ∂ξA∂ξBF = 〈ΦξA ΦξB〉.
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