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New family of flat potential (Darboux—Egoroff) metrics on the Hurwitz spaces and corre-
sponding Frobenius structures are found. We consider a Hurwitz space as a real manifold.
Therefore the number of coordinates is twice as big as the number of coordinates used in
the construction of Frobenius structure on Hurwitz spaces found by B. Dubrovin more than
10 years ago. The branch points of a ramified covering and their complex conjugates play
the role of canonical coordinates on the constructed Frobenius manifolds. We introduce
a new family of Darboux—Egoroff metrics in terms of the Schiffer and Bergmann kernels,
find corresponding flat coordinates and a prepotential of associated Frobenius manifolds.

1 Introduction

The aim of the present work is to construct a new class of Frobenius manifolds associated to
the Hurwitz spaces. First, we describe Dubrovin’s structure of Frobenius manifolds on Hurwitz
spaces. Those manifolds have complex dimension L, where L is complex dimension of the
Hurwitz space. In our approach we consider the Hurwitz space as a real manifold, therefore the
constructed here Frobenius manifolds have 2L coordinates.

We start with construction of a new family of flat diagonal metrics on the Hurwitz space
written in terms of the Schiffer and Bergmann reproducing kernels on a ramified covering of
Riemann sphere with simple branch points. Each of these metrics gives a Frobenius algebra
on the tangent space. Then we find flat coordinates of the metrics and prepotentials F' of the
Frobenius structures. The prepotential F' satisfies the WDVV system with respect to the flat
coordinates for the corresponding metric according to the one-to-one correspondence between
Frobenius structures and solutions to the WDVV equations [1].

2 Frobenius manifolds and WDVV equations

The theory of Frobenius manifolds is related to various branches of mathematics such as singular-
ity theory, reflection groups, algebraic geometry, isomonodromic deformation theory, boundary-
value problems, and Painlevé equations. It was developed by B. Dubrovin as a geometric
interpretation of the Witten—Dijkgraaf-Verlinde—Verlinde (WDVV) equations of the following

type:
F,F'F; = FjFF, ij=1,...,n,

where Fj; is the matrix

O3F
(Fi)mn = Siamamm
ot otmotn
for the function F of n variables t!, ..., ¢" with the normalization: F} is a constant nondegenerate

matrix.
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Any solution F(t), t = (t!,...,t") € M of these WDVV equations which satisfies an addi-
tional assumption of quasihomogenuity,

F(cdltl, .. .,cd”t”) = chF(tl, ) for some ¢ # 0 and dy,...,d,,dr € R,
determines in the domain M the structure of Frobenius manifold and vice versa (see [1]).
Definition 1. An algebra A over C is called (commutative) Frobenius algebra if:

e it is a commutative associative C-algebra with a unity e.
e it is supplied with a C-bilinear symmetric nondegenerate inner product having the property

{(a-b,c) = {a,b-c)

Definition 2. M is Frobenius manifold if a structure of Frobenius algebra is specified on any
tangent plane T;M at any point ¢t € M smoothly depending on the point such that

1) the inner product (,) is a flat metric on M,
2) the unity vector field e is covariantly constant w.r.t. the Levi-Civita connection V for the
metric (,): Ve =0,
3) the tensor (V.c)(u, v, w) is symmetric in four vector fields u, v, w, z, where ¢ is the following
symmetric 3-tensor: c(u, v, w) = (u- v, w),
4) a vector field E is determined on M such that V(VE) =0,
B,z y]—[E.2]-y—z [By =x-y,
E(r,y) — (B, 2], y) — (=, [E,y]) = 2 - v)(2,9). (1)
for some constant v, the charge of Frobenius manifold.

We take the local coordinates Aq1,...,A\; on the Hurwitz space to be canonical coordinates

L
for multiplication, i.e. 0;-0; = 6;;0;, where 0; = 0y,. Then, the unit vector field is e = ) 0;, and
i=1

L
the Euler vector field is given by E = > A\;0;. Then in these coordinates the metric is diagonal:
i=1
L
ds? = Y mid)\?, where 7;; are functions of {)\;}. The rotation coefficients of the metric are
i=1
defined as
By = 33'\/%'
iy — ;
V15j
The flatness of a potential metric is provided by the system
OkBij = BikBrj for different ¢, j, k, (2)

Z OkBi; = 0. (3)
3

i# ]

(The metric is potential if and only if all rotation coefficients are symmetric with respect to
indices: (3;; = fji.) The existence of the Euler vector field on the manifold (see the definition of
Frobenius manifolds) implies another relation on rotation coefficients:

> MOkBij = —Bij. (4)
k

The definition of Frobenius manifold implies the existence of the function F' such that the
3-tensor c is given by its third derivatives

PF
OtAGtBOLC”
where {t4} is the set of flat coordinates for the metric. This function F is called the prepotential
of the Frobenius manifold.

C(atA y 8tB ; atC> =
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3 Hurwitz spaces

Hurwitz space is the moduli space of the pairs (£, A), where £ is a compact Riemann surface of
genus g and A is a meromorphic function on £ of degree N. This function \ realizes the surface £
as an N-fold ramified covering of CP*. We consider the space M = M., . n,,, Which is the
moduli space of the genus ¢ coverings of CP! with fixed type of ramification over the point at

m
infinity: no,...,nm €N, > (np+1) = N.

k=0
Denote by A1,...,Ar the finite critical values of the function A (the branch points of the
covering): \;j = A(P;), d\|p; =0, j = 1,..., L, and consider them as local coordinates on M.

We assume that all the branch points A; are simple.

4 Kernels on Riemann surfaces

1. The kernel W (P, Q) defined by W (P, Q) = dpdglog E(P, Q) is the unique symmetric differ-
ential on £ x £ with the second order pole at P = () and properties:

jé_W(P,Q) — 0, i_W(P,Q) —oriwy(P),  j=1,....q

where {a;,b;}9_, is the canonical basis of cycles on £; {w;(P)}7_, is the corresponding set
of holomorphic differentials normalized by j;ai w; = d;5; and E(P,Q) is the prime form on the
surface L.

Variational formulas for W (P, Q) [2,3]:

dg 2 dxy dzy, ’
xTr = VA — A is the local parameter near ramification point P and the notation W (P, Py)/dxy,

should be understood as W (P, Py,)/dx, = (W(P,Q)/dx(Q)) |g=p,-
2. The Schiffer kernel Q(P, Q) is the symmetric differential on £ x £ [4] defined as

UP,Q)=W(P,Q)—m > (ImB); wi(P)w;(Q).

ij=1

3. The Bergmann kernel B(P, Q) is the following differential on £ x £ [4]:

B(P,Q)=m ) (ImB);'wi(P)w;(Q).

ij=1

where B is the symmetric matrix of b-periods of w;: B;; = fbi w; (ImB is positive definite). The
Bergmann and Schiffer kernels have the following properties:

éi AP, Q) = —fiB(P, Q), 7{ O(P,Q) = _ﬁB(P’ Q),

where integration is taken with respect to the first argument.
Variational formulas for the Schiffer and Bergmann kernels:

dQ(P,Q) _ 1Q(P, Py) Q, Py) dQ(P, Q) _ 1B(P, Py) B(Q_,Pk)

d\g 2 day, de, d\g 2 drg drp
d\k 2 dxy de d\k 2 drp dxp

Here as before Q(P, Py)/dzy, stands for (Q(P, Q)/dzk(Q)) |o=p,-
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To prove these formulas one uses the Rauch variational formulas for the holomorphic nor-
malized differentials and for the matrix of b-periods [2]:

Clw]'(P) 1

A = §wj(Pk)W(P, Pk), d)\k] =TT wi(Pk)wj(Pk)v

and the variational formula for the kernel W (P, Q) given above.

5 Dubrovin’s Frobenius structure on Hurwitz spaces

We start with a reformulation of Dubrovin’s structure of the Frobenius manifold on moduli
space M = M., n,, of coverings (£, \) of genus g > 1 using the kernel W (P, Q). The branch
points Aj,..., Az are used as local coordinates on the space M.

The flat metric on M. For any two tangent vectors @, 9" consider the inner product
(0',0") = Qy2(0' - 9"), where

e ¢ is one of the primary differentials listed below;
L

e (2 is a one form on M: Qg2 = Zl (resP d}\) dA;;
1=

e multiplication of the tangent vector fields is defined as follows: 0;-0; = §;;0; for 0; = 0/0\;.

Primary differentials. (z; is a local parameter near oo’ ; z; mml— )

1
Typel. ¢ia(P ):aresQ:ooizi_o‘(Q) (P,Q) ~ 2z, tdz;, P~ oo,
1=0,....m; a=1,...,n,.
Type2. ¢, (P )zresQ:miA(Q) (P,Q) ~ —d\, P~oc' i=1,...,m.

Type3. ¢,i(P)=v.p. /OO W(P,Q), resyit,i =1; ressop,: =—1; i=1,...,m.
Typed. ¢,:(P) = —7{ MQW(P,Q), ¢,i(P+b;)=¢i(P)+2mid\; i=1,...,9.
Typeb5. ¢.i(P) = j{WPQ %d)sz—]. 1=1,...,9.

Note that all above differentials have zero a-periods except for faj Ggi = 0jj.

g
Theorem 1. With ¢ = ¢pia; ¢ = Z 0iPyi; ¢ = Z 0iPuis @ Z 0iPri; @ Z 0;¢p4 the metric
i=1
(,)e is flat and its rotation coeﬁiczents are given by the kernel W(P Q) at the bmnch points [3]:
L W(P;, Pj)
Bij=5—————-
2 dz; dxj

The rotation coefficients satisfy equations (2)—(4). Requirement (1) holds for the metric.

Flat coordinates for the metric (,)4. (L.e. the coordinates with respect to which the
metric is constant.)

P
th = resp_ooizia(v.p./ @)dA, i=0,....m; a=1,...,n,

00

vt = —V.p./ o, W' = —resiAQ, i=1,...,m,
0
o0
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1
= o, sk:—?{ No, k=1,...,9.
211 by, ak
Denote the flat coordinates by t4, i.e., let t4 € {t5*; 0", whrk s [i =0,...,m, a = 1,...,n;;
kE=1,...,9}.

Prepotential of the Frobenius structure is a function F(t4) the third derivatives of
which are given by the 3-tensor ¢ from the definition of Frobenius manifold:
D3E(t)

m = C(atA78tB7atc) = <8tA . 8thatc>¢.

Let w® and w® be two differentials on £ holomorphic outside of infinity with the following
behaviour at infinities:

0 _ N ) 1 (i) & a
w\ = Z ckﬂzadza—&— na—i—ld (Zrk,a)‘ log/\> , P ~ o0,
k=—k; k>0

where k1 € Z and c,(;)a, 7“,(;)a are some coefficients. Denote also for k =1,...,¢:

§ w0 = a9,
a,

WO (P) — () =dp'(n),  pP ) = N,

s$>0
WO (PU) — O (P) = dg" V), a(N) =3 qDxe.
s>0

Here w(P%)—w(P) denotes an additive transformation of differential under analytic continuation
along the cycle a; on the Riemann surface.

Definition 3. For two such differentials define a pairing:

m (@)

() )y — Cn2a () , O / T / T A 0)
w W) = ¢y + e VD w v.p. Ty AW
< > ; n>0 n+l ’ . Py Py ’
1 J , . , , . .
v [_ 7{ 49 )l + 7{ PO (A + 4D wm] '
U k=1 ap bk bk

Py is the point on the curve £ such that A\(Fy) = 0; all basic cycles {ay} and {b;} start at Fp.

Consider the multivalued function on £: p(P) = v.p. fo]:() ¢. The differential pd\ is of the
above type.

Theorem 2. The prepotential of the Frobenius structure is F' = %(pd)\ pdA).
Theorem 3. For the second derivatives of the prepotential we have 0,408 F = (¢4 ¢;5).

6 New Frobenius structure on Hurwitz spaces

We consider the space M = M., .. n,, as a real manifold with the coordinates {1, AL
A, ..., Ar}. On this space we introduce a Frobenius structure analogous to the one described
in Section 5. The new Darboux—Egoroff metric, corresponding flat coordinates and primary
differentials are written in terms of the Schiffer and Bergmann kernels which depend on both { Ay}
and {\}.

The flat metric on M. For two tangent vectors &, 0” consider the inner product
(0",0") g4 = Q24 y2(9" - "), where
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e ¢ is “holomorphic” and % is “antiholomorphic” parts of one of the primary differentials
listed below;

L -
® Qy2yy2 is a one form on M: Qu2py2 = 3 (resPig(dAi) + résPilj—;(d)\i)), where we denote

=1
résf = resf;
e multiplication of the tangent vector fields is defined as follows: 0; - 9; = §;;0;, where i and j
run through the index sets {k}£_, and {k}L_,, and 0; = 9/9\;, 0; = 9/O\;.

Primary differentials. (z; is a local parameter near oo'; z;- ni—1 A.)

Typel. i=0,....m; a=1,. ni.

a) Ppa(P) = ¢pia (P)+ Ypia (P) = —feSQ iz Q)P Q)+ —TGSQ % (Q)B(P,Q)
~ (271 +0(1))dz + O(1)dz;, P~ oo

D) Da(P) = by (P) + Vs (P) = e (P) + Gy (P) = By (P).

Type 2. 1 =1,...,m.

a) Dy (P) = ¢’UZ(P) + Yy (P) = reSQ:ooi)‘(Q)Q(Pa Q)+ reSQ:ooi)‘(Q)B(pa Q)
~ —d\+ O(1)(dz; + dz;), P~ o'

b) 5(P) = 6i(P) + 6, (P) = 0 (P) + e (P) = T, (P).

Type 3. i=1,....m

2 2

a) D,i(P) = ¢pi(P) + i (P) = v.p. /OO QP,Q) +/OO B(P,Q),

o0 oo?
res,i®,i = 1; res,o0®, = —1.
b) ®:(P)= ¢wz(P) + 1,7 (P) = ¥y (P) + ¢i (P) = @4 (P).
Type 4. k=1,.

b (P) + (P _%A A(P.Q) - fx

Type 5. kzl,...,g
6 (P)+ 0 (P) = § XQIUP.Q)+ § NQB(P.Q).

b b
Dk (P) = ¢k (P) + Yur (P) + Yyr (P) + dur (P).
Type 6. k=1,...,9g

1
Dsa (P) = b3o (P) + e (P) = 5 7{ o 74 B(P,Q).
Type 7. k=1,...,¢g

1 1 _
Bie(P) = 60n(P) 4 ve(P) = 5= f PQ) - 5 4 BIP.Q)

For all these differentials ¢-part is a differential with respect to a local parameter z and -part
is a differential with respect to z. For brevity we denote by ®.4 an arbitrary differential from
the above list. a- and b-periods of ®.4 are non-zero only for two types of primary differentials:
f(la ¢£A — 65‘4,80‘; fba ¢£A — 6£A’to¢.

Flat coordinates for the metric (,)gy-

P P
t"Y = resp_qoizy (V.p./ ¢)> dX, t5Y = 188 p_noi 2y <v.p./ 1/1> dX,
000 o0
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1=0,...,m, a=1,...,n;
i OOi - OOi
v’:—v.p./ o, v’:—v.p./ Y, i=1,...,m,
000 o0
w' = —T€Ssui AP, w' = —188 i A, i=1,...,m,
1
k
= — k=1,...
r 27 u 27TZ% d)a ) y 9,
sh=— f(AgHw) th = fW“LW) k=1,...,9.
Qg bk

We denote résf = resf and the flat coordinates by €4, i.e., €4 € {the, ti?TY; vl vi, w', wz; rFouk sk
th |li =0,....m, a =1,...,n;; k =1,...,9}. The number of flat coordinates equals 2L by
virtue of the Riemann—Hurwitz formula.

Theorem 4. The rotation coefficients of the metric (, )44y are given by:

R dz; dl‘j ’ A dx; di’j ’ v

They satisfy equations (2)—(4). The metrics satisfy (1) with the Euler field Z (AkOx, + M0, ),
k=

where in (3) and (4) the sum over the index set {1,...,L;1,..., L} is undeTstood

Prepotential of the Frobenius structure is a function F(£4) the third derivatives of
which are given by the 3-tensor ¢ from the definition of Frobenius manifold:

OF(€)
§A3€B3§C
To write an expression for prepotential we define a new pairing of multivalued differentials on £
as follows. Let w(i)(P) be a differential on £, such that it can be decomposed in holomorphic
(w%) and antiholomorphic (w(()l)l) parts: w® = wﬁo + w(()f)l, which are regular outside infinities
and have the following behaviour near P ~ oo%:

i > . 1 .
wi%(P) = Z CS’)adeza + ] d (Z 7“1(117)11)\” log A) ,

(8€A agB 850) <8§A . 8§B 5 8EC>¢+7/"

n=-—ni n>0
) o . 1 N _
Py =Y D zndz, + d (Z ) A log A) ,
’ ng + 1
n=-—n2 n>0
L@@ @) 6) : _ )
where n1,n2 € Z; cn/a, Tnia, Cila» Th.e are some coefficients. Denote also for k =1,...,g:

ag b,

Wi (P™) —wip(P) = dp (), p () = Do el

)

s>0
SNP) D (P) = dgP (), g0 = 3 g
s>0
AP NP =P (). ) = BN
s>0
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Again, w(P%) — w(P) denotes an additive transformation of differential under analytic conti-
nuation along the cycle a; on the Riemann surface.

Definition 4. For two such differentials define the pairing:

m (4)

R wg@] .
bk bk 5%

Py is the point on the curve £ such that A(Py) = 0; all basic cycles {ar} and {by} start at Py.

Consider the multivalued differential ® on £: ®(P) = (v.p. 0120 </5) d\ + (V.p. f£0 1/1) d,
where ¢ and 1 are the corresponding parts of some primary differential of one of the listed

types.
The pairing is defined for this differential and the following theorem holds.

Theorem 5. The prepotential of the Frobenius structure is F = %(CD D).

Theorem 6. For the second derivatives of the prepotential we have OgaOen F' = (Pea Pys).
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