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On Linearization of Superon-Graviton Model (SGM)
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Referring to the supermultiplet of N = 1 supergravity(SUGRA) the linearization of N = 1
SGM action describing the nonlinear supersymmetric (NL SUSY) gravitational interaction
of superon (Nambu–Goldstone (N-G) fermion) is attempted. The field contents of on-shell
SUGRA supermultiplet are realized as the composites, though they have new SUSY trans-
formations which closes on super-Poincaré (SP) algebra. Particular attentions are paid to
the local Lorentz invariance.

1 Introduction

Extending the geometrical arguments of Einstein general relativity theory (EGRT) on Riemann
space-time to new space-time where the coset space coordinates of superGL(4,R)

GL(4,R) turning to the
N-G fermion degrees of freedom (d.o.f.) are attached at every Riemann space-time point, we have
proposed a new Einstein–Hilbert (E-H) type action [1]. The new E-H type action describes the
NLSUSY [2] invariant gravitational interaction of N-G fermion superon in Riemann space-time.

In this paper we would like to discuss the linearization of the new E-H type action (N = 1
SGM action) to obtain the equivalent linear (L) SUSY [3] theory in the low energy, which is
renormalizable. Considering a phenomenological potential of SGM, though qualitative and group
theoretical, discussed in [4] based upon the composite picture of L SUSY representation and the
recent interest in NLSUSY in superstring (membrane) world, the linearization of NLSUSY in
curved space-time may be of some general interest.

The linearization of SGM is physically interesting in general, even if the consequent theory
were a existing SUGRA-like, for the equivalence among them gives a new insight into the funda-
mental structure of nature. For the self-contained arguments we review the SGM action briefly.
(N = 1) SGM action is given by [1];

LSGM = − c3

16πG
|w|(Ω + Λ), (1)

|w| = detwa
µ = det(eaµ + taµ), taµ =

i

2
κ4(ψ̄γa∂µψ − ∂µψ̄γ

aψ), (2)

where eaµ is the vierbein of EGRT, ψ is N-G fermion (superon), κ4 =
(

c3Λ
16πG

)−1
is the fun-

damental volume of four-dimensional space-time of Volkov–Akulov (V-A) model [2], and Λ is
the small cosmological constant related to the strength of the superon-vacuum coupling con-
stant. Ω is a new scalar curvature analogous to the Ricci scalar curvature R of EGRT, whose
explicit expression is obtained by just replacing eaµ(x) by wa

µ(x) in Ricci scalar R. These
results can be understood intuitively by observing that wa

µ(x) = eaµ(x) + taµ(x) defined by
ωa = wa

µdx
µ, where ωa is the NL SUSY invariant differential one-form of V-A [2], is invertible,
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and sµν(x) ≡ wa
µ(x)waν(x) are a unified vierbein and a unified metric tensor in SGM space-

time [1,5]. The SGM action (1) is invariant at least under the following symmetry [6]; ordinary
GL(4,R), the following new NLSUSY transformation:

δNLψ(x) =
1
κ2
ζ + iκ2(ζ̄γρψ(x))∂ρψ(x), δNLeaµ(x) = iκ2(ζ̄γρψ(x))∂[ρe

a
µ](x), (3)

where ζ is a constant spinor and ∂[ρe
a
µ](x) = ∂ρe

a
µ − ∂µe

a
ρ, the following GL(4,R) transforma-

tions due to (3):

δζw
a
µ = ξν∂νw

a
µ + ∂µξ

νwa
ν , δζsµν = ξκ∂κsµν + ∂µξ

κsκν + ∂νξ
κsµκ, (4)

where ξρ = iκ2ζ̄γρψ(x) and sµν = wa
µwaν , and the following local Lorentz transformation

on wa
µ:

δLw
a
µ = εabw

b
µ (5)

with the local parameter εab = (1/2)ε[ab](x) or equivalently on ψ and eaµ

δLψ(x) = − i

2
εabσ

abψ, δLe
a
µ(x) = εabe

b
µ +

κ4

4
εabcdψ̄γ5γdψ(∂µεbc). (6)

The local Lorentz transformation forms a closed algebra, for example, on eaµ(x)

[δL1 , δL2 ]e
a
µ = βa

be
b
µ +

κ4

4
εabcdψ̄γ5γdψ(∂µβbc), (7)

where βab = −βba is defined by βab = ε2acε1
c
b − ε2bcε1

c
a. The commutators of two new NLSUSY

transformations (3) on ψ(x) and eaµ(x) are GL(4,R), i.e. new NLSUSY (3) is the square-root of
GL(4,R):

[δζ1 , δζ2 ]ψ = Ξµ∂µψ, [δζ1 , δζ2 ]e
a
µ = Ξρ∂ρe

a
µ + eaρ∂µΞρ, (8)

where Ξµ = 2i(ζ̄2γµζ1)−ξρ
1ξ

σ
2 ea

µ(∂[ρe
a
σ]). They show the closure of the algebra. SGM action (1)

is invariant at least under [6]

[global NLSUSY] ⊗ [local GL(4,R)] ⊗ [local Lorentz], (9)

which is isomorphic to SP whose single irreducible representation gives the group theoretical
description of SGM [4].

2 Linearization of SGM

Here we just mention that the SGM action of equation (1) is a nontrivial generalization of
E-H action. Interestingly, the following local spinor translation with a local parameter ε(x),
δψ = ε, δeaµ = −iκ4(ε̄γa∂µψ + ψ̄γa∂µε), gives δwa

µ = 0 = δwa
µ. However, this local spinor

transformation cannot transform away the d.o.f. of ψ. Indeed, ψ seems to be transformed away if
we choose δψ = ε = −ψ, but it is restored precisely in the unified vierbein wa

µ by simultaneously
transforming eaµ, i.e., w(e, ψ) = w(e+ δe, ψ + δψ) = w(e+ t, 0) as indicated by δwa

µ = 0. And
also the above local spinor transformation is a fake gauge transformation in a sense that, in
contrast with the local Lorentz transformation on the coordinates in the vierbein formalism of
EGRT, it cannot eliminate the d.o.f. of ψ since the unified vierbein wa

µ = eaµ + taµ is the
only gauge field on SGM space-time and contains only integer spin. This confusive situation
comes from the new geometrical formulation of SGM on unfamiliar SGM space-time, where



588 K. Shima, M. Tsuda and M. Sawaduchi

besides the Minkowski coordinates xa, ψ is a Grassmann coordinate (i.e. the fundamental d.o.f.)
defining the tangential space-time with SO(3, 1) × SL(2,C) d.o.f. inspired by NLSUSY. The
local spinor transformation (δψ = ε(x)) is just a coordinate transformation (redefinition) on
SGM space-time. This situation can be understood easily by observing that the unified vierbein
wa

µ = eaµ + taµ is defined by ωa = dxa + iκ4ψ̄γadψ = wa
µdx

µ, where ωa is the NLSUSY
invariant differential one-form of V-A [2] and (xa, ψ) are coordinates specifying the (SGM) flat
space-time inspired by NLSUSY.

From these geometrical viewpoints (in SGM space-time) we can understand that ψ is a coor-
dinate and would not be transformed away and the initial SGM space-time is preserved. Elimi-
nating ψ by some arguments regarding the above local spinor translation as a gauge transfor-
mation leads to a different theory (ordinary E-H action) with a different vacuum (Minkowski
flat space-time), which is another from SGM scenario assuming that the SGM space-time is an
ultimate physical entity.

The linearization of such a highly nonlinear theory is interesting and inevitable for obtaining
of a renormalizable field theory which is equivalent and describes the observed low energy physics.

The flat space linearization of N = 1 V-A model has been carried out, and it was proved that
N = 1 V-A model is equivalent to N = 1 scalar supermultiplet [7] or N = 1 axial vector gauge
supermultiplet of linear SUSY [8]. As a flat space exercise for the extended SGM linearization,
we have carried out the linearization of N = 2 V-A model and have shown that it is equivalent to
the spontaneously broken N = 2 linear SUSY vector JP = 1− gauge supermultiplet model with
SU(2) structure [9]. Interestingly, SU(2) algebraic gauge structure of the electroweak standard
model (SM) may be explained for the first time provided that the electroweak gauge bosons are
the composite fields of this (SGM) type in the low energy.

In these work the linearization is carried out by using the superfield formalism and/or by the
heuristic and intuitive arguments on the relations between the component fields of L SUSY and
NLSUSY. In either case it is crucial to discover the SUSY invariant relations, which connect the
supermultiplets of L and NL theories and reproduce the SUSY transformations.

In above-mentioned cases of the global SUSY in flat space-time the SUSY invariant rela-
tions are obtained straightforwardly, for L and NL supermultiplets are well understood and the
algebraic structures are the same SP.

The situation is rather different in SGM, for (i) the supermultiplet structure of the linearized
theory of SGM is unknown except if it is expected to be a broken SUSY SUGRA-like theory
containing graviton and a (massive) spin 3/2 field as dynamical d.o.f. and (ii) the algebraic
structure (9) is changed into SP.

Therefore, by the heuristic arguments and referring to SUGRA we discuss for the moment
the linearization of N = 1 SGM.

At first, we assume faithfully the SGM scenario that:

(i) the linearized theory should contain the spontaneously broken global (at least) SUSY;

(ii) graviton is an elementary field (not composite of superons corresponding to the vacuum
of the Clifford algebra) in both L and NL theories;

(iii) the NLSUSY supermultiplet of SGM (eaµ(x), ψ(x)) should be connected to the composite
supermultiplet (ẽaµ(e(x), ψ(x)), λ̃µ(e(x), ψ(x))) for elementary graviton field and a com-
posite (massive) spin 3/2 field of the SUGRA-like linearized theory.

From these assumptions and following the arguments used in the flat space cases we require
that the SUGRA gauge transformation [10] with the global spinor parameter ζ should hold for
the supermultiplet (ẽaµ(e, ψ), λ̃µ(e, ψ)) of the (SUGRA-like) linearized theory, i.e.,

δẽaµ(e, ψ) = iκζ̄γaλ̃µ(e, ψ), (10)
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δλ̃µ(e, ψ) =
2
κ
Dµζ = − i

κ
ω̃(e, ψ)µ

abσabζ, (11)

where σab = i
4 [γa, γb], Dµ = ∂µ− i

2ωµ
ab(e, ψ)σab, ζ is a global spinor parameter and the variations

in the left-hand side are induced by NLSUSY (3).
We put the following SUSY invariant relations, which connect eaµ to ẽaµ(e, ψ):

ẽaµ(e, ψ) = eaµ(x). (12)

This relation (12) is the assumption (ii) and holds simply from the metric conditions. Conse-
quently, the following covariant relation is obtained by substituting (12) into (10) and computing
the variations under (3) [11]:

λ̃µ(e, ψ) = κγaγ
ρψ(x)∂[ρe

a
µ]. (13)

(As discussed later, these may be considered as the leading order of the expansions in κ of SUSY
invariant relations. The expansions terminate with (ψ)4. Now we see LSUSY transformation
induced by (3) on the (composite) supermultiplet (ẽaµ(e, ψ), λ̃µ(e, ψ).)

The LSUSY transformation on ẽaµ becomes as follows. The left-hand side of (10) gives

δẽaµ(e, ψ) = δNLeaµ(x) = iκ2(ζ̄γρψ(x))∂[ρe
a
µ](x). (14)

While substituting (13) into the right-hand side of (10) we obtain

iκ2(ζ̄γρψ(x))∂[ρe
a
µ](x) + · · · (extra terms). (15)

These results show that (12) and (13) are not SUSY invariant relations and reproduce (10) with
unwanted extra terms, which should be identified with the auxiliary fields. The commutator
of the two LSUSY transformations induces GL(4,R) with the field dependent parameters as
follows:

[δζ1 , δζ2 ]ẽ
a
µ(e, ψ) = Ξρ∂ρẽ

a
µ(e, ψ) + ẽaρ(e, ψ)∂µΞρ, (16)

where Ξµ = 2i(ζ̄2γµζ1) − ξρ
1ξ

σ
2 ea

µ(∂[ρe
a
σ]).

On λ̃µ(e, ψ), the left-hand side of (11) becomes apparently rather complicated:

δλ̃µ(e, ψ) = κδ(γaγ
ρψ(x)∂[ρe

a
µ])

= κγa[δNLγρψ(x)∂[ρe
a
µ] + γρδNLψ(x)∂[ρe

a
µ] + γρψ(x)∂[ρδ

NLeaµ]]. (17)

However, the commutator of the two LSUSY transformations induces the similar GL(4,R):

[δζ1 , δζ2 ]λ̃µ(e, ψ) = Ξρ∂ρλ̃µ(e, ψ) + λ̃ρ(e, ψ)∂µΞρ. (18)

These results indicate that it is necessary to generalize (10), (11) and (13) for obtaining SUSY
invariant relations and for the closure of the algebra. Furthermore, due to the complicated
expression of LSUSY (17) that makes the physical and mathematical structures obscure, we can
hardly guess a linearized invariant action equivalent to SGM.

Now we generalize the linearization by considering the auxiliary fields such that LSUSY
transformation on the linearized fields induces SP transformation.

By comparing (11) with (17) we understand that the local Lorentz transformation plays
a crucial role. As for the local Lorentz transformation on the linearized asymptotic fields corre-
sponding to the observed particles (in the low energy), it is natural to take (irrespective of (6))
the following forms

δLλ̃µ(x) = − i

2
εabσ

abλ̃µ(x), δLẽaµ(x) = εabẽ
b
µ, (19)
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where εab = (1/2)ε[ab](x) is a local parameter. The relation between (6), i.e. the ultimate Lorentz
invariance encoded geometrically in SGM space-time, and (19), i.e. the Lorentz invariance de-
fined on the (composite) asymptotic field in Riemann space-time, is unclear. In SGM the local
Lorentz transformations (5) and (6), i.e. the local Lorentz invariant gravitational interaction of
superon, are introduced by the geometrical arguments in SGM space-time [6] following EGRT.
While in SUGRA theory the local Lorentz transformation invariance (19) is realized as usual by
introducing the Lorentz spin connection ωµ

ab. And the LSUSY transformation is defined suc-
cessfully by the (Lorentz) covariant derivative containing the spin connection ω̃µ

ab(e, ψ) as seen
in (11), which causes the super-Poincaré algebra on the commutator of SUSY and is convenient
for constructing the invariant action. Therefore, in the linearized (SUGRA-like) theory the local
Lorentz transformation invariance is expected to be realized as usual by defining (19) and in-
troducing the Lorentz spin connection ωµ

ab. We investigate how the spin connection ω̃µ
ab(e, ψ)

appears in the linearized (SUGRA-like) theory through the linearization process. This is also cru-
cial for constructing a nontrivial (interacting) linearized action, which has manifest invariances.

We discuss the Lorentz covariance of the transformation by comparing (17) with the right-
hand side of (11). The direct computation of (11) by using SUSY invariant relations (12) and (13)
under (3) produces complicated redundant terms as read off from (17). The local Lorentz
invariance of the linearized theory may become ambiguous and lose the manifest invariance.

For a simple restoration of the manifest local Lorentz invariance we survey the possibility
that such redundant terms may be adjusted by the d.o.f. of the auxiliary fields in the linearized
supermultiplet. As for the auxiliary fields it is necessary for the closure of the off-shell super-
algebra to include the equal number of the fermionic and the bosonic d.o.f. in the linearized
supermultiplet. As new NLSUSY is a global symmetry, λ̃µ has 16 fermionic d.o.f.. Therefore at
least 4 bosonic d.o.f. must be added to the off-shell SUGRA supermultiplet with 12 d.o.f. [12]
and a vector field may be a simple candidate. However, counting the bosonic d.o.f. present
in the redundant terms corresponding to ω̃µ

ab(e, ψ), we may need a bigger supermultiplet e.g.
16 + 4 · 16 = 80 d.o.f., to carry out the linearization, in which case a rank-3 tensor φµνρ and
a rank-2 tensor-spinor λµν may be candidates for the auxiliary fields.

Now we consider the simple modification of SUGRA transformations (algebra) by adjusting
the (composite) structure of the (auxiliary) fields. We take, instead of (10) and (11),

δẽaµ(x) = iκζ̄γaλ̃µ(x) + ζ̄Λ̃a
µ, (20)

δλ̃µ(x) =
2
κ
Dµζ + Φ̃µζ = − i

κ
ω̃µ

abσabζ + Φ̃µζ, (21)

where Λ̃a
µ and Φ̃µ represent symbolically the auxiliary fields 80 + 80 and are functionals of eaµ

and ψ. We need Λ̃a
µ term in (20) to alter (14), (16), (17) and (18) toward that of super-Poincaré

algebra of SUGRA. We attempt the restoration of the manifest local Lorentz invariance order
by order by adjusting Λ̃a

µ and Φ̃µ. In fact, the Lorentz spin connection ωµ
ab(e) (i.e. the leading

order terms of ω̃µ
ab(e, ψ)) of (21) is reproduced by taking the following one

Λ̃a
µ =

κ2

4
[iebρ∂[ρe

b
µ]γ

aψ − ∂[ρe|b|σ]e
b
µγ

aσρσψ], (22)

which holds (16). Accordingly λ̃µ(e, ψ) is determined up to the first order in ψ as follows:

λ̃µ(e, ψ) =
1

2iκ
(iκ2γaγ

ρψ(x)∂[ρe
a
µ] − γaΛ̃a

µ) = − iκ
2
ωµ

ab(e)σabψ, (23)

which indicates the minimal Lorentz covariant gravitational interaction of superon. Substi-
tuting (23) into (21) we obtain the following new LSUSY transformation of λ̃µ (after Fiertz
transformations)

δλ̃µ(e, ψ) = − iκ
2

{
δNLωµ

ab(e)σabψ + ωµ
ab(e)σabδ

NLψ
}
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= − i

2κ
ωµ

ab(e)σabζ +
iκ

2
{
ε̃ab(e, ψ)σab · ωµ

cd(e)σcdψ + · · ·}. (24)

Remarkably, the local Lorentz transformations of λ̃µ(e, ψ) (i.e. the second term) with the field
dependent antisymmetric parameters ε̃ab(e, ψ) are induced in addition to the intended ordinary
global SUSY transformation. (23) are the SUSY invariant relations for λ̃µ(e, ψ) in the lowest
order with ψ, for the SUSY transformation of (23) gives the right hand side of (21) with the
consequent auxiliary fields. Interestingly the commutator of the two LSUSY transformations
on (23) induces GL(4,R):

[δζ1 , δζ2 ]λ̃µ(e, ψ) = Ξρ∂ρλ̃µ(e, ψ) + ∂µΞρλ̃ρ(e, ψ), (25)

where Ξρ is the same field dependent parameter as given in (16). (16) and (25) show the closure of
the algebra on SP algebra provided that the SUSY invariant relations (12) and (23) are adopted.
These phenomena coincide with SGM scenario [1,4] from the algebraic point of view, i.e. they are
the superon-graviton composite (eigenstates) corresponding to the linear representations of SP
algebra. As for the redundant terms in (24) with (ψ)2 the SUSY transformations we can recast
them by considering the modified spin connection ω̃µ

ab(e, ψ) particularly with the contorsion
terms and (the auxiliary field) Φ̃µ(e, ψ). In fact, we have proved that the contributions to (24)
from the SUGRA-inspired contorsion terms:

Kµabσ
abψ =

iκ2

4
(¯̃λaγbλ̃µ − ¯̃

λbγaλ̃µ + ¯̃
λaγµλ̃b)σabψ

=
iκ4

16
{(eaµψ̄σcdωνcd(e)γbωµfg(e)σfgψ − [a↔ b] + · · · }σabψ, (26)

satisfies

[δζ1 , δζ2 ](Kµabσ
abψ) = Ξρ∂ρ(Kµabσ

abψ) + ∂µΞρ(Kρabσ
abψ). (27)

We can obtain the complete linearized (off-shell) supermultiplets of the super-Poincaré algebra
by repeating the similar procedures (including the auxiliary fields 80 + 80) order by order which
terminates with (ψ)4. The complicated procedures has been carried out successfully up to
O(ψ2) [13].

Finally, we mention another way of the systematic linearization by using the superfield for-
malism applied to the coupled system of V-A action with SUGRA [14]. We can define on such
a coupled system a local spinor gauge symmetry, which induces a super-Higgs mechanism [15]
converting V-A field to the longitudinal component of massive spin 3/2 field. The consequent
Lagrangian obtained may be an analogue of what we anticipated in above discussions but with
the elementary spin 3/2 field.

The linearization of the new E-H type action (1) with the extra dimensions, which gives
another unification framework describing the observed particles as elementary fields, is open.
And the linearization of SGM action for spin 3/2 N-G fermion field [16] (with extra dimensions)
may be in the same scope.

3 Discussion

Now we summarize the results as follows. Referring to SUGRA transformations we have at-
tempted explicitly the linearization of N = 1 SGM up to O(ψ2) in the (SUGRA-like) LSUSY
transformations. The closure of the new LSUSY transformations (20) and (24) on the linea-
rized supermultiplet, which are different from SUGRA transformations, can be proved order
by order with ψ by introducing the auxiliary fields. It is interesting that the simple relation
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λµ = eaµγaψ+ · · · , which is suggested by the flat space-time linearization, seems disfavour with
the SGM linearization. As conjectured before, what LSUSY SP may be to SGM in quantum
field theory, what O(4) symmetry is to the relativistic hydrogen model in quantum mechanics,
which is tested by the linearization. The linearization of SGM is physically interesting in general,
even if it were a existing SUGRA-like theory, for the consequent broken LSUSY theory is shown
to be equivalent and gives a new insight into the fundamental structure of nature (like the re-
lation between Landau–Ginzberg theory and BCS theory for superconductivity). The complete
linearization to all orders, which can be anticipated by the systematics emerging in the present
study, needs specifications of the auxiliary fields and remains to be studied. They are now in
progress.
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