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A spectrum of matrix-valued continuous functions of a family of self-adjoint commuting
bounded operators on a Hilbert space is studied.

1 Introduction

Let Ã = {Ai = A∗
i }i=1,m ⊂ L(H) be a family of self-adjoint commuting operators and {Ei}i=1,m

be a family of their spectral measures. A direct product of spectral measures is Ẽ(α1×α2× . . .×
αm) =

m×
i=1

Ei(αi) = E1(α1)E2(α2) · · ·Em(αm), a measure on a measurable space. A support of

decomposition of unit E is called Supp E = {∩ϕ|ϕ = ϕ : E(ϕ) = I}, i.e. intersection of all
closed sets of full measure. A common spectrum of a family of self-adjoint commuting bounded
operators is called S(Ã) = S({Ai | i = 1, m}) := Supp Ẽ, i.e. the support of product of spectral
measures. By definition, the following conclusion may be drawn

S(Ã) = Supp Ẽ ⊆ m×
i=1

SuppEi =
m×

i=1
σ(Ai),

where σ(Ai) is a spectrum of operator Ai, i = 1, m. A continuous function of a family of
self-adjoint operators Ã is

f(Ã) =
∫

S(Ã)
f(λ1, . . . , λm)dẼ(Λ),

where Λ = (λ1, . . . , λm) ∈ S(Ã) ⊂ R
m (see e.g. [1–4]).

Let us consider a matrix-valued continuous function {fij(t1, t2, . . . , tm)}i,j=1,n, where fij(t1,
t2, . . . , tm) ∈ C(Rm, C). The result of this paper is the formula for spectrum of matrix-valued
continuous functions of a family of self-adjoint commuting bounded operators.

2 On spectrum of matrix operators

Let G = F̃ (Ã) = {Fij(Ã) = Fij(A1, . . . , Am) | i, j = 1, n}, G : Hn → Hn. Let F̃ (Λ) = {Fij(Λ)
= Fij(λ1, . . . , λm) | i, j = 1, n} be a continuous matrix function F̃ (Λ) : U(S(Ã)) → C

n×n, where
U is a neighborhood of S and F̃ (Ã) is a function on family of self-adjoint commuting bounded
operators. Denote ∆(G, λ) = ∆(F̃ (Ã), λ) := det({Fij(Ã) − δj

i λ}n
i,j=1), where δj

i is a Kroneker
symbol and ∆(Λ, λ) := (Fij(Λ) − δj

i λ), where Λ = (λ1, . . . , λm) ∈ S(Ã).

Theorem 1. A spectrum of the operator G is equal to σ(G) = {λ ∈ C | ∃Λ ∈ S : ∆(Λ, λ) = 0}.
Proof. (⇒) Let ∀Λ ∈ S(Ã) : ∆(Λ, λ) 	= 0, then existence of operator (G−λI)−1 means existence

of a solution of the system of operator equations
n∑

j=1
Fij(Ã)xj = yi, i = 1, n, where xj , yi ∈ H.

The sufficient condition for it is existence of the operator (∆(F̃ (Ã), λ))−1.
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From ∆(Λ, λ) 	= 0 the following conclusion (Ẽ =
m×

i,j=1
Eij) may be drawn

I =
∫

Rm

dẼ =
∫

Rm

∆(Λ, λ)(∆(Λ, λ))−1dẼ(Λ) = (G − λI)B.

It follows that ∃(G − λI)−1 = B ⇒ λ ∈ ρ(G), where ρ is a resolvent set.
(⇐) Let ∃Λ ∈ S(Ã) : ∆(F̃ (Λ, λ)) = 0, then ∃ f , where f is the eigenvector of operator F̃ (Λ).
Denote ∀ z ≥ 1:

0 	= f (z) := Ẽ

((
λ1 − 1

z
, λ1 +

1
z

)
× · · · ×

(
λm − 1

z
, λm +

1
z

))
f

(notice that E is a projector) and y(z) := f (z)

‖f (z)‖ . It follows that

(G − λI)y(z) = ({Fij(Λ) − λij}i,j=1,n)y(z) − ∆(Λ, λ)y(z).

The condition ∆(Λ, λ)y(z) = 0 is clearly fulfilled, and

‖(Fij(Ã) − λij)y
(z)
j ‖2 =

∫
R

|αij − λij |2d(E(αij)y(z), y(z)) → 0, z → 0.

And finally ‖(G − λI)y(z)‖ → 0, z → 0, where ‖y(z)‖ = 1 ⇒ λ ∈ σ(G). �

The following proposition will be useful in examples.

Proposition 1. Let A∗ = A ⊂ L(H) be a self-adjoint bounded operator. Let Ã = {f1(A), . . . ,
fn(A)}, where {fi|i = 1, m} ⊂ C(U(σ(A)), R), U is a neighborhood of σ(A), then

S({f1(A), f2(A), . . . , fm(A)}) = {(f1(λ), f2(λ), . . . , fm(λ))|λ ∈ σ(A)}.

Proof. There is Ei(α) =
∫
σ(A) χ(fi(λ))dE, where χ(A) is the characteristic function, i = 1, m.

Then denote a decomposition
m×

i=1
σi = Supp Ẽ ∪ Θ, where the common measure of any opening

set with Θ is equal to zero, and the common measure of any opening set is not equal to zero if
this set contains a point from Supp Ẽ. Since Ẽ(α1α2 · · ·αm) =

∫
R

χα1(λ) · · ·χαm(λ)dE(λ) = 0
and f(σ(A)) = σ(f(A)), then proposition is proved. �

3 Examples

Example 1. Let H = L2([−π, π], dt) and G =
(

A1 A2

A3 A4

)
, and Kj(t) := jeit, j = 1, 4, i =

√−1,

and Ã := {Aj =
∫ π
−π Kj(t − τ)x(τ)dτ | j = 1, 4} family of commuting self-adjoint bounded

operators. The common spectrum of Ã is equal to

S(Ã) = {(0, 0, 0, 0), (2π, 4π, 6π, 8π)} =: {Λ1, Λ2}.

Let us solve the following equations ∆(Λ1, λ) = 0, ∆(Λ2, λ) = 0:

det
(−λ 0

0 −λ

)
= 0 and det

(
2π − λ 4π

6π 8π − λ

)
= 0 ⇒

⇒ The spectrum of matrix operator is equal to σ(G) = {0, π(5 ±√
33)}.



1194 Ye.Ye. Samoilenko

Example 2. Let H = L2([0, 1], dt) and f1, f2, f3, f4 ∈ C([0, 1]). Let Ã = {(A1x)(t) = f1(t)x(t),
(A2x)(t) = f2(t)x(t), (A3x)(t) = f3(t)x(t), (A4x)(t) = f4(t)x(t)} be a family of self-adjoint
commuting operators, then

S(A1, A2, A3, A4) = {f1(t), f2(t), f3(t), f4(t)|t ∈ [0, 1]},

G =
(

A1 A2

A3 A4

)
=

(
F11(Ã) F12(Ã)
F21(Ã) F22(Ã)

)
,

where

F11(t1, t2, t3, t4) = t1, F12(t1, t2, t3, t4) = t2, F21(t1, t2, t3, t4) = t3, F22(t1, t2, t3, t4) = t4,

σ(G) =
{

λ ∈ C | ∃ t ∈ [0, 1] : det
(

f1(t) − λ f2(t)
f3(t) f4(t) − λ

)
= 0
}

⇔

⇔ σ(G) =

{
f1(t) + f4(t) ±

√
(f1(t) + f4(t))2 + 4(f2f3(t) − f1(t)f4(t))

2

∣∣∣ t ∈ [0, 1]

}
.

Example 3. Let (P1x)(t) = t1x(t), (P2y)(t) = 2πt2x(t) be two commuting self-adjoint bounded
operators, where x(t) ∈ L2([0, 1]2, dt), t = (t1, t2). The operator N = P1(cos P2 + i sinP2) is
a normal operator (N∗N = NN∗). Let us consider the subalgebra BV of C(D, C2×2) of the form
BV (D) = {a ∈ C(D, C2×2) : a(z) = V −1(z)a(1)V (z), if |z| = 1}, where D = {z ∈ C : |z| ≤ 1}
is the unit disk and V (z) = diag {z−1, 1}. The algebra BV (D) is an example of a non-trivial
2-homogeneous C∗-algebra (see [5]).

It follows that B(N) = {a(N) | a ∈ BV (D)} is an example of a non-trivial operator C∗-
algebra, because the spectrum of operator N is equal to σ(N) = D. The following conclusion
may be drawn

∀ a = a(N) ∈ BV (N) : a(N) =
(

a11(N) a12(N)
a21(N) a22(N)

)
=
(

a11(f(P1, P2)) a12(f(P1, P2))
a21(f(P1, P2)) a22(f(P1, P2))

)
,

where

f(x, y) = x(cos y + i sin y),

S({aij(N), i, j = 1, 2}) = {{aij(t1(cos 2πt2 + i sin 2πt2))} | t ∈ [0, 1]2},

σ(a(N)) =
{

a11(τ) + a22(τ)
2

±
√

(a11(τ) + a22(τ))2 − 4(a11(τ)a22(τ) − a12(τ)a21(τ))
2

| τ = f(t1, 2πt2), t ∈ [0, 1]2
}

.
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