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We construct a new representation to solutions of the initial value problem of the BBGKY
hierarchy of equations. Such representation of solutions enable us to describe the cluster
nature of evolution of infinite particle systems with various symmetry properties in detail.
Convergence of the constructed expansions is investigated in suitable functional spaces.

1 Introduction

Various symmetry properties of many-particle systems are generated by the indistinguishability
property of identical particles. Classical identical particles are described by observables and
states that are symmetric functions with respect to permutations of their arguments (the phase
space coordinates of every particle) [1,2]. In the quantum case we have additional symmetry
properties related to the nature of identical particles (Fermi and Bose particles). Classical many-
particle systems can also consist of distinguishable particles. In this case many-particle systems
are described by observables and states that are non-symmetric functions of their arguments
(non-symmetrical particle systems).

The goal of this paper is to analyze the structure of expansions for the BBGKY hierarchy
solutions, which depends on the symmetry properties of many-particle systems. We construct
a new representation to solutions of the initial value problem of the BBGKY hierarchy in the
form of an expansion over particle clusters whose evolution is governed by the cumulant (semi-
invariant) of the evolution operator of the corresponding particle cluster for symmetric and
non-symmetric systems.

2 Cluster expansions of evolution operators
of symmetrical particle systems

We consider the initial value problem of the BBGKY hierarchy of equations for a classical
system of identical particles [1,2]. If F(0) = (1, F1(0,21),..., Fs(0,21,...,2s),...) is a sequence
of initial s-particle distribution functions Fs(0,z1,...,zs) symmetric in z; = (g;, p;) € RY x R,
v > 1, then a solution F(t) = (1, Fy(t,x1),..., Fs(t,x1,...,2s),...) of the Cauchy problem for
the BBGKY hierarchy is represented as the expansion

[o¢]
1
Fi(t,z1,...,25) = Z ot / dxsi1 - dTsin Ayt 01,0 Ts; Doyt oo Tstn)
n—0 n: (RVXRV)"
X Foyn (0,21, ..., Zsyn), s> 1. (1)
where the evolution operator ,(t) is defined as follows. Let (z1,...,75) =Y, (Y, zs41,. .,

Tsyn) = X, e, (Tsi1,...,Ts4n) = X\Y, and let | X| = |Y |+ |X\Y| = s+ n denote the number
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of elements of the set X. Then we have (|X\Y| > 0)

Ax\v (Y, X\Y) = > DPENP = T Six (=t Xa), (2)
P{Y.X\Y}={J, X; X,CP

where ) is the sum over all possible decompositions of the set {Y, X\Y} into |P| nonempty
mutually disjoint subsets X; C {Y, X\Y'}, X; N X; = &, and the set Y completely belongs to
one of the subsets X;. In formula (2) the evolution operator S|x|(—t, X) of the Liouville equation
describes the dynamics of a system of a finite number n of particles, namely,

Sp(—=t,x1,...,xp) fulT, ..., 2n) = fn(Xl(—t,xl, cey Tn)y ey Xn(—t 21, ... ,mn)), (3)

where X;(—t,z1,...,2y,),7=1,...,n, is a solution of the initial value problem for the Hamilton
equations of a system of n particles with initial data X;(0, 1, ...,z,) = x5, i =1,...,n, (S,(0) =
I is the identity operator). Operator (3) is defined e.g. in the space of integrable functions
fn € LY (R x R¥™) = LI [1], in particular, [Sn(=t)[lLy = 1.

The simplest examples of evolution operators 2(,)(t) (2) have the form

o) (t,Y) = Ss(=t,Y),
Ay (Y, 2511) = Ss1(—1, Y, w541) — Ss(—t,Y)S1(—t, 2541),
A2)(t, Y, Ts 41, Ts42) = Ssp2(—1, Y, Tst1, Tst2)
— Ss11 (=1, Y, 2541)S1(—t, ws12) — Ssr1(—t, Y, T512)S1(—t, Ts41)
— Ss(—t,Y)Sa2(—t, xs41, Tst2) + 2185 (=, Y)S1(—t, 541)S1(—t, Ts42).

Evolution operators (2) are solutions of the following recursion relations (|X'\Y| > 0)

S\X|(_t7Y7 X\Y) - Z H Q[(\Xi\—l) <t7Xi>v (4)

P{Y,X\Y}=U, X; X;CP

where ) p is the sum as above in formula (2).

We note that recursion relations (4) are typical cluster expansions [3] for the evolution op-
erator S|x|(—t,Y, X\Y) defined by (3). Thus, the operators A x\y|)(t,Y, X\Y) (2) have the
meaning of the cumulants (semi-invariants) of the operator S|x|(—t,Y, X\Y) describing the evo-
lution of a system of a finite number |X| of particles, i.e., they describe what noninteracting
clusters of particles may form a system of the corresponding number of particles in the process
of evolution, provided that a cluster of |Y| particles evolves as a single cluster.

The structure of the cluster expansions (4) can be represented in a more explicit and compact
form. To this end we consider the set of sequences ¥ = (\I'O, Ui(x1)y.. o, Uz, ..y xp), .. ) of
operators U,, of type (3) (¥ is an operator that multiplies a function by an arbitrary number).
In this set we introduce the tensor *-product

(U1 W) x)(X) = D (T1) (V) (o) 3y (X\Y),
Yox

where )y xis the sum over all subsets Y™ of the set X = (x1,...,zy).
As a result, expression (2) can be rewritten in the form

A(t) = Ln, (14 S(-1)), (5)

where () = (0, (A(t))1(Y), (A(t))2(Y, Ts11), . .) and (A()) 140 (Y, Zsr1, -+ Tsn) = Ay (4, Y,
- i i : S L
X\Y) = Ay 40 (t, Y, X\Y). A mapping Ln, is defined: Ln.(1+ ¥) = ngl Uk x U

n

(U =(0,¥q,...,¥,,...),and 1 = (1,0,0,...) is the unit sequence).
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We also remark that the cluster expansions (4) have the form

oo
. . . . _ 1
where Exp, is defined as the x-exponential mapping: Exp, ¥V =1 + n§:1 Uk kW

n
We note that the connections between different representations of the BBGKY hierarchy
solutions are considered in [1,3]. For the first time several first terms of the expansion (1), (2)
for the one-particle distribution function were determined in [4, 5].

3 Cumulant representation of BBGKY hierarchy solutions
for symmetrical particle systems

We consider the problem of the convergence of the expansion (1), (2) in the space of sequences
of integrable functions and prove the solution existence theorem for the initial data from this
space.

Let LL =22, a™ L} be the Banach space of sequences f=(fo, fi(x1), ..., fa(z1,...,2Tn),...)
of symmetric integrable functions f,(z1,...,z,) defined on the phase space R”" x R*" with the
norm

17l =S alfulzy = Za"/( dar - dan | falers . 20),
n=0 n=0

v XRV)”

where o > 1 is a number; Lé,o C L} is the subspace of finite sequences of continuously differen-

tiable functions with compact supports.
Since on the sequences of integrable functions f € L. the annihilation operator [1,2]

(af)n(xl, ceeyTp) = / drpt1 fos1(x1, .0 Ty Tng1), (6)
RY xR¥
is defined, in view of (5) and (6), expression (1), (2) takes the following form in the space L,
F(t) = e"A(t)F(0) = eLn, (1 + S(—t)) F(0). (7)
If F(0) € L., ,, then the following estimate is true:

9y () P (O < mle™ 2| Fan (011, (®)

By virtue of inequality (8), the functions defined by (1) (or (7)) satisfy the following estimate
for a > e:

IE@ Ly, < cal Oy, (9)

-1,
where ¢, = €2 (1 - g) is a constant.

Note that the parameter a can be interpreted as a quantity inversely proportional to the
density of the system (the average number of particles in a unit volume).
Thus, according to estimate (9) the following existence theorem is true:

Theorem 1. If F(0) € L. is a sequence of nonnegative functions, then for a > e, and t € R*,
there exists a unique solution to the initial value problem for the BBGKY hierarchy, namely the
sequence F(t) € LY, of nonnegative functions Fs(t) defined by

Fre)=Y o fawy) 3 (-uiie) -
=" PLY,X\Y}U, Xi

< [T Sixi(—t: Xi)Fix(0,Y, X\Y), (10)
X;CP
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where we have the same notations as for (2). This solution is a strong solution for F(0) € L}l,o
and a weak one for arbitrary initial data.

If we consider initial data F'(0) from the space L of sequences of continuous symmetric
functions bounded with respect to the configuration variables [1,2] the problem of the divergence
of configuration integrals in each term of series (1), (2) arises. We note that the cumulant
structure of expansion (1) allows one to prove the possibility of eliminating this divergence.

4 Cluster expansions of evolution operators
of non-symmetrical particle systems

We consider a one-dimensional system of identical particles interacting with their nearest neigh-
bours via the hard-core pair potential ®. For the configurations (¢; € R! is the position of the
i particle center) of such a system the following inequalities must be satisfied: o + ¢; < giy1,
where o is the length of a particle, and the natural way to number the particles is to number by
means of the integers from the set Z\{0}. The Hamiltonian of the n = n; + ng particle system

2
H, = Z % + Z (¢ — gi+1)

i€(=nz,ry =1L 1) (ii+1)€ ((*n27*n2+1)7--~7(n1*1»711))

is a function non-symmetrical [6,7] with respect to permutations of the arguments x; = (¢;, p;) €
R x ]R1

If F(0) = {Fs(0, 25+ 1)}y 4 ong
tions FS(O,x,Sw ceyT_1,T1,...,%s ), Fo = 1, then a solution of the Cauchy problem for the
BBGKY hierarchy F(t) = {Fs(t, T gy is represented as the expansion

is a sequence of initial s-particle distribution func-

1 Lsy ) }8181-&-8220

Fu(t,a s, 2s,) Z 3 /Rl s BTt (11)
X

n=0 n =mn; +no
ni, n2 20

X dx81+1 o 'dx81+n1 (Ql(nz,m)(t) F8+n(0)) (:E,(n2+82), T 7x51+n1)7

where the evolution operator 2((,, ,,)(t) is defined in the following way. Let (v_s,,...,75) =Y,
(x_(n2+82), ey Tsi4n,) = X. The sets X and Y are partially ordered sets, because o + ¢; <
qi+1- If the subset Y of the set X is treated as one element similar to (7_(n,4.55)s -+ T—(s241)5
Tsy+1,---,Ts,+n, ), then for such a partially ordered set we use the notation Xy. Symbol |Y| =
s = s1 + s denotes the number of elements of the set Y and, thus, |Xy| = n; + n2 + 1. Then
we have

Ql(ng,nﬂ(taXY) = Z (_1)|P|_1 H S\Xi\(_taXi)v (12)

P:Xyzui X X;CP

where ny +n9 =n >0, ) p is the sum over all ordered decompositions of the partially ordered
set Xy into |P| nonempty partially ordered subsets X; C Xy, which are mutually disjoint
X;NX; = @, and the set Y completely belongs to one of the subsets X;. As above, in formula
(12) the evolution operator S|x|(—t, X) describes the dynamics of a system of a finite number
n = nj + ng of particles [2,6].

The evolution operators (12) are solutions of the following recursion relations (| Xy|—1 > 0)

S\X|(_t7X) = Z H 221(1'2, il)(t7Xi)7 (13)

P:Xy={J,; X; X;CP
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where iy +1i2 = ¢ = |X;| —1 > 0, and ), is the sum given above in formula (12). The
recursion relations (13) are cluster expansions for the evolution operator of non-symmetrical
particle systems. We note that the structure of cluster expansion (13) is essentially different
from the structure of corresponding expansions (4) for the symmetrical systems.

As above, the structure of the cluster expansions (13) can be represented in a more explicit
and compact form. In the set of double sequences ¥ = {W,, 4o (T_ny,- -5 Tny) bngtni=n>0 Of
operators U, 1, we introduce the following tensor x-product

(U1 % W) x(X) = Z (U1))y (V) (W) x\y | (X\Y),
YCX

where )y is the sum over all partially ordered subsets Y of the partially ordered set X =
(T—nygy vy Ty)-

Then expression (12) for the cumulants of non-symmetrical systems can be rewritten in the
form

A(t) =1 — (1 + S(—t)) 1+, (14)

where 24(t) = (0, (AE))1(Y), oy (A1) 14my 400 (X ), - - ) and (2(2))1+n+n2 (T (nosa)s - - - sy 4
Y, Zs 41, Toygny) = () 140(Xy) = A(nyny) (B, Xy). A mapping 1 — (1 + )71 is defined
o0
the by formula: 1 — (1 + ¥)~1x = nzzjl(—l)”’l U n *WU (U= (0,%1,...,% 110, 4+ny,---) and
1=(1,0,0,...) is the unit sequence).
The cluster expansions (13) for the evolution operator of non-symmetrical particle systems
have the form

1+5(—t) = (1—2@) ",

[e.°]
where (1 —-)~!* is defined as the x-resolvent: (1 — \I/)_l* =14+ > Ux---%xU.

n=1
n

5 Cumulant representation of BBGKY hierarchy solutions
for non-symmetrical particle systems

We consider the problem of the convergence of expansion (11), (12) in the space of sequences
oo

of integrable functions. Let Ll = > D amtnz2[l be the Banach space of double

ni+nz
n=0 n=mn; +ny
ni, n2 20
sequences f = {fn(T—ny,- -, Tn,) fn=n,+ny>0 integrable functions f,(x_n,,...,Ty,) defined on

the phase space R™ x (R™\W,,) [2,7] with the norm

o0
Hf” = Z Z an1+n2/ dx—nz dxnl ’fnl—l—nz(x—nza"'uxnl”a

1 1\n1+ng
n=0 n=ni+ns (R XR)

ni, nz >0

where @ > 1 is a number; L},

tiable functions with compact supports.
Since on the sequences of integrable functions f € L) the operators

0C L} is the subspace of finite sequences of continuously differen-

(a(—&—)f)n(x—nz) s 7xn1) = / d.%'nl+1 fn—l—l(x—nzv HEER xnpxnﬁ-l)a
R1xRL

(a ) f), (T ngs oy Tny) = / A2 _(nyt1) frt 1 (T (ng41), Tongs + -+ Tny)
RIXRL
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are defined, in view of (14) expansion (11) takes the following form in the space L}

F(t)=(1—agy) (1 —ay) A F(0)
= (1 — Cl(_i_))il (1 — u(_))fl(l — (1 + S(—t))il*)F(O).

If F(0) € LL,,, then the estimates are true:

s+n»
12 10,0) (8) Fasn ()1, < 2™ [y (0)l 2, -

By virtue of this inequality, the functions F'(¢) defined by (11), (12) satisfy the following estimate
for a > 2,

IF @)y < 2 lIFO)lls,, (15)

where ¢, = (1 — %)71 is a constant.
Thus, according to (15) the following existence theorem holds:

Theorem 2. If F(0) € L. is a sequence of nonnegative functions, then for a > 2, and t € R,
there exists a unique solution of the initial value problem for the BBGKY hierarchy, namely the
sequence F(t) € LY of nonnegative functions Fs, 1s,(t) defined by

Faey) =Y 3 [ axw) Yyt
n=0 n =n1 +no (REXRE)™ T2 P:Xy={, X;
ni, nz2 >0
X,CP

where we have the same notations as for relations (12). This solution is a strong solution for
F(0) e Li,o and a weak one for arbitrary initial data in the space L} .
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