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Based on the structure of Casimir elements associated with general Hopf algebras there
Liouville-Arnold integrable flows, related with naturally induced Poisson structures on ar-
bitrary co-algebra and their deformations, are constructed. Some interesting special cases
including the oscillatory Heisenberg—Weil algebra, related co-algebra structures and adjoint
with them integrable Hamiltonian systems are considered.

1 Hopf algebras and co-algebras: main definitions

Consider a Hopf algebra A over C endowed with two special homomorphisms called coproduct
A:A— A® A and counit € : A — C, as well an antihomomorphism (antipode) v : A — A,
such that for any a € A

(d®A)A®Q) = (A®id)AQ),  (d®)A) = (¢ @id)A) = a,
m((id ® v)A(a)) = m((v @ id)A(a)) = e(a)I, (1)

where m : A® A — A is the usual multiplication mapping, that is for any a,b € A m(a®b) = ab.
The conditions (1) were introduced by Hopf [1] in a cohomological context. Since most of the
Hopf algebras properties depend on the coproduct operation A : 4 — A ® A and related with
it Casimir elements, below we shall dwell mainly on the objects called co-algebras endowed with
this coproduct.

The most interesting examples of co-algebras are provided by the universal enveloping al-
gebras U(G) of Lie algebras G. If, for instance, a Lie algebra G possesses generators X; € G,
i =1,n, n = dim G, the corresponding enveloping algebra U(G) can be naturally endowed with
a Hopf algebra structure by defining

AX)=IoXi+X;iol, AQ)=I®I, &X)=-X;, v()=—I (2)
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These mappings acting only on the generators of G are straightforwardly extended to any mono-
mial in U(G) by means of the homomorphism condition A(XY) = A(X)A(Y) for any X,Y €
G C U(G). In general an element Y € U(G) of a Hopf algebra such that A(Y) =I®Y +Y ®1I is
called primitive, and the known Friedrichs theorem [2] ensures that in U(G) the only primitive
elements are exactly generators X; € G, i = 1,n.

On the other hand, the homomorphism condition for the coproduct A : A — A ® A implies
the compatibility of the coproduct with the Lie algebra commutator structure:

[A(X:), A(X)] asa = A([Xi, Xj]a) (3)

for any X;, X; € G, i, j = 1, n. Since the Drinfeld report 3] the co-algebras defined above are also
often called “quantum” groups due to their importance [4] in studying many two-dimensional
quantum models of modern field theory and statistical physics.

It was also observed (see for instance [4]) that the standard co-algebra structure (2) of the
universal enveloping algebra U(G) can be nontrivially extended by means of some of its in-
finitesimal deformations saving the co-associativity (3) of the deformed coproduct A : U,(G) —
U.(G)®U,(G) with U,(G) being the corresponding universal enveloping algebra deformation by
means of a parameter z € C, such that ;1_1)% U.(G) = U(G) is subject to some natural topology

on U,(G).

2 Casimir elements and their special properties

Take any Casimir element C' € U,(G) that is an element satisfying the condition [C,U,(G)] = 0,
and consider the action on it of the coproduct mapping A:

A(C) = CHAX)}), (4)

where we put, by definition, C':= C({X}) with a set {X} C G. It is a trivial consequence that
for A :=U,(G)

[A(C), A(Xi)]aga = A([C, Xi]4) =0 (5)

for any X; € G, i =1,n.
(N+1)
Define now recurrently the following N-th coproduct AN : A — @ "A for any N € Z,,

where A®) := A and A® := id and

AN = ([de)" 2o A) - AN, (6)
or as
AN = (A® (([de)V ?eid®id) - AN, (7)
One can straightforwardly verify that
AN . (A(m) ® A(me)) A (8)
(N+1)

(N

for any m = 0, N, and the mapping A ):A—> ® Aisan algebras homomorphism, that is

(A, AW = AD(X ) (9)
for any X,Y € A. In a particular case if A = U(G), the following exact expression

AM(X) = X(@id) " T @id+ide X(@idV T @id+ -+ (@id)V Teide X (10)
holds for any X € G.
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3 Poisson co-algebras and their realizations

As is well known [5,6], a Poisson algebra P is a vector space endowed with a commutative
multiplication and a Lie bracket {, -} including a derivation on P in the form

{a,bc} = bla,c} + {a,b}c (11)

for any a, b and ¢ € P. If P and Q are Poisson algebras one can naturally define the following
Poisson structure on P ® Q:

{a®b,c®d}pgo = {a,c}p @ (bd) + (ac) ® {b,d}o (12)

for any a,c € P and b,d € Q. We shall also say that (P;A) is a Poisson co-algebra if P is
a Poisson algebra and A : P — P ® P is a Poisson algebras homomorphism, that is

{A(a), A(D)}per = A({a, b}p) (13)

for any a,b € P.
It is useful to note here that any Lie algebra G generates naturally a Poisson co-algebra (P; A)
by defining a Poisson bracket on P by means of the following expression: for any a,b € P

{a,b}p := (grad, v grad b). (14)

Here P ~ C*°(R™;R) is a space of smooth mappings linked with base variables of the Lie
algebra G, n = dim G, and the implectic [6] matrix ¥ : T*(P) — T(P) is given as

) = {Z cfjxk D i, ] = l,n} , (15)

k=1

where cfj, i,7,k = 1,n, are the corresponding structure constants of the Lie algebra G and = € R"
are the corresponding linked coordinates. It is easy to check that the coproduct (1.2) is a Poisson
algebras homomorphism between P and P ® P. If one can find a “quantum” deformation U,(G),
then the corresponding Poisson co-algebra P, can be constructed with the naturally deformed
implectic matrix 9, : T*(P,) — T'(P,). For instance, if G = so(2, 1), there exists a deformation
U.(so0(2,1)) defined by the following deformed commutator relations with a parameter z € C:

. L . . 1 .
[X2, X1] = X3, [Xo, X3] = =X, [ X3, X1] = — sinh(2X3), (16)
where at z = 0 elements Xi}z:() = X; € s0(2,1), i = 1,3, compile a base of generators of the

Lie algebra so(2,1). Then, based on expressions (16) one can easily construct the corresponding
Poisson co-algebra P, endowed with the implectic matrix

0 —&3 —Lsinh(z@2)
9.(%) = i3 0 ) (17)
Lsinh(2d2) @ 0

for any point Z € R3, linked naturally with the deformed generators X;, i = 1, 3, taken above.
Since the corresponding coproduct on U,(so(2,1)) acts on this deformed base of generators as

~ —~ —~ —~ Z ~ ~ ~ Z ~
AX)=T@ X0+ Xo®I, A(X))=exp (—5)(2) ® X1+ X1 ® exp (5){2) ,

A(X3) = exp <—%X2) ® X5+ X5 @ exp (ng) , (18)
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satisfying the main homomorphism property for the whole deformed universal enveloping algebra
U.(s0(2,1)).

Consider now some realization of the deformed generators X; € U.(G), i = 1,n, that is
a homomorphism mapping D, : U,(G) — P(M), such that
D.(X;)=¢, i=1,n, (19)

are some elements of a Poisson manifold P(M) realized as a space of functions on a finite-di-
mensional manifold M, satisfying the deformed commutator relationships {€&;, &; }p(nr) = U..45(€),
where, by definition, expressions [XZ,XJ] = 10,4 (X), i,j = 1,n, generate a Poisson co-algebra
structure on the function space P, := P,(G) linked with a given Lie algebra G. Making use of
the homomorphism property (13) for the coproduct mapping A : P,(G) — P.(G) ® P,(G), one
finds that for all 4,5 = 1,n

{A@), A@))}p.9)ep.9) = AT T} p.(g) = Vi (A(Z)) (20)
and for the corresponding coproduct A : P(M) — P(M) @ P(M) one gets similarly
{A&), AlE) rraneran = Alé, € tpar) = 72,4 (A(€)), (21)

where {-, '}7)( ) 1s some, eventually, canonical Poisson structure on a finite-dimensional mani-
fold M.

Let ¢ € M be a point of M and consider its coordinates as elements of P(M). Then one can
define the following elements

= (I®)lqenN e (g))P(M), (22)

where j = 1, N by means of which one can construct the corresponding N-tuple realization of
the Poisson co-algebra structure (21) as follows:

~(N) ~(N) — 9. (V)
e, e; =1,,;(€ , 23
{z j }(g)P(M) 71( ) ( )
with 4,57 = 1,n and
(N) - ~
& Dz(A(Nil)(e’L)) = egN)(QMQwa 7QN) (24)

For instance, for the U,(so(2,1)) case (16), one can take [7] the realization Poisson manifold
P(M) = P(R?) with the standard canonical Heisenberg—Weil Poissonian structure on it:

{Q7Q}P(R2) =0= {pap}'P(Rz)a {p, Q}P(R2) =1, (25)
where (¢, p) € R?. Then expressions (24) for N = 2 give rise to the following relationships
( )(Q1,Q2,P1,p2) ( )A( 1)
inh (£ inh (£
z 2 2 z
&2 (q1,42,p1,p2) = (D ® D,)A(X2) = p1 + po,
63)(q17q27plap2) (D ®DZ)A( )
b (2 b (2
= 2M sin g1 exp §p2> + 2exp (—%m) w sin g, (26)
z z

where elements (qi1, g2, p1,p2) € P(R?) ® P(R?) satisfy the induced by (25) Heisenberg—Weil
commutator relations:

{gi, g tr2)or®e) = 0 = {pi,pi}pr2)ep®r2):  {Pis i }Pw2)ep®e) = 0ij (27)

for any 4,5 =1, 2.
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4 Casimir elements and the Heisenberg—Weil algebra
related algebraic structures

Consider any Casimir element CelU »(G) related with an R 5 z-deformed Lie algebra G structure
in the form

(X5, Xj] = 0..5(X), (28)

where i, = 1,n, n = dim G, and, by definition, [C’ ) f(z] = 0. The following general lemma holds.

Lemma 1. Let (U,(G); A) be a co-algebra with generators satisfying (28) and C € U,(G) be its
Casimir element; then

(AT (C), AN (X)] vy =0 (29)
® U.(9)

foranyit=1,n and m =1, N.
As a simple corollary of this Lemma one finds from (29) that

[AT(C), AM(C)](x1y =0
® U.(9)

for any k,m € Z..
Consider now some realization (19) of our deformed Poisson co-algebra structure (28) and
check that the expression

[AM(C@E), AN (HE)] sy =0 (30)
® P(M)

too for any m = 1,N, N € Zy, if C(€) € I(P(M)), that is {C(€),q}pr = 0 for any ¢ € M.
Since

HM(g) := A7 (H(@)) (31)

(N+1)
are in general, smooth functions on ® M, which can be used as Hamilton ones subject to the
(N+1)
Poisson structure on ® P(M), the expressions (31) mean nothing else that functions

(N)

1™(g) = AT (C(@) (32)

are their invariants, that is

(N)

{V(m) (Q)aH (Q)}(Ngl) =0 (33)

P(M)
for any m = 1, N. Thereby, the functions (31) and (32) generate under some additional but

natural conditions a hierarchy of a priori Liouville-Arnold integrable Hamiltonian flows on the

(N+1)
Poisson manifold & P(M).
Consider now a case of a Poisson manifold P(M) and its co-algebra deformation P,(G). Thus
for any coordinate points z; € P(G), i = 1,n, the following relationships

{4, 2} = Zcfjxk = V() (34)
k=1
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define a Poisson structure on P(G), related with the corresponding Lie algebra structure of g,
and there exists a representation (19), such that elements é; := D,(X;) = é;(z) satisfy the
relationships {€;, €;}p_(g)y = 0.,4j(€) for any i = 1,n, with the limiting conditions

n
iii% Vz,ij(€) = ; Ky, ,lli% éi(x) =z (35)

for any 4,7 = 1,n being held. For instance, take the Poisson co-algebra P,(so(2,1)) for which
there exists a realization (19) in the following form:
~ sinh (%.’,UQ) ~ S sinh (%xg)

é1:=D,(X;) = Tl‘la €2 1= D, (X32) = z2, €s = D=(Xy) = TIS’

where x; € P(s0(2,1)), i = 1,3, satisfy the so(2, 1)-commutator relationships

{72, 21} plso21)) = 3, {2, T3} p(so(2,1)) = =71, {73, T1}p(so(2,1)) = T2, (36)

with the coproduct operator A : U.(so(2,1)) — U.(s0(2,1)) @ U,(so(2,1)) being given by (18).
It is easy to check that conditions (34) and (35) hold.

The next example is related with the co-algebra U, (m(1,1)) of the Poincaré algebra m(1,1)
for which the following non-deformed relationships

(X1, Xo] = X3, (X1, X3] = Xo, (X3, X2] =0 (37)

hold. The corresponding coproduct A : U, (mw(1,1)) — U (7w(1,1)) ® U,(m(1,1)) is given by the
Woronowicz [8] expressions

A(Xl) =1I® X1 + Xl ® 1, A(XQ) = exp (—gXl) & Xl + Xl ® exp (%X]) ,

A(X3) = exp (—%fQ) ® X5+ X5 @ exp (%)h) , (38)

where 2 € R is a parameter. Under the deformed expressions (38) the elements X; € U,(r(1,1)),
J = 1,3, still satisfy undeformed commutator relationships, that is 9, ;;(X) = 9;;(X )‘ o g for

any z € R, 7,5 = 1, 3, being given by (37). As a result, we can state that ¢; :== D, (X;) = é;(x) =
x;, where for z; € P(r(1,1)), i = 1, 3, the following Poisson structure

{21, 22} p(r(1,1)) = 3, {71, 23} p(r(1,1)) = T2, {23, 22} p(r(1,1)) = 0 (39)

holds. Moreover, since C' = 23 — 23 € I(P(n(1,1))), that is {C, 2} p(x(1,1)) = 0 for any i = 1,3,

one can construct, making use of (31) and (32), integrable Hamiltonian systems on (g)P(w(l, 1)).
The same one can do subject to the discussed above Poisson co-algebra P,(so(2,1)) realized
by means of the Poisson manifold P(so(2,1)), taking into account that the following element
C =3 — 27 — 2% € I(P(s0(2,1))) is a Casimir one.

Now we will consider a special extended Heisenberg—Weil co-algebra U, (hy), called still the
oscillator co-algebra. The undeformed Lie algebra hy commutator relationships take the form:

[n,a4] = ay, n,a-] = —a_, la—,a+] =m, [m, -] =0, (40)

where {n,ay,m} C hy compile a basis of hg, dimhy = 4. The Poisson co-algebra P(h4) is
naturally endowed with the Poisson structure like (40) and admits its realization (19) on the
Poisson manifold P(R?). Namely, on P(R?) one has

er = D(as) = ypexp(Fg), er=D(m)=1, e =D(n)=p, (41)

where (g,p) € R? and the Poisson structure on P(R?) is canonical, that is the same as (25).
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Closely related with the relationships (40) there is a generalized U, (su(2)) co-algebra, for
which

. 1
[x3,74] = x4, [y+, ] =0, [4,x_] = yysin(2zx3) + y— cos(2zx3))@, (42)
where z € C is an arbitrary parameter. The co-algebra structure is given now as follows:

Ary) = Cﬁ2)€izx3 Rrs+zL® C2i(1)e_m37 Alrz) =1 @x3+ 1321,

A =ctoct,  vlas) = —(chy) e epe™ ()7,
v() = (cF)h, (i) = i (43)

with ¢ € U, (su(2)), i = 1,2, being fixed elements. One can check that the Poisson structure
on P, (su(2)) corresponding to (42) can be realized by means of the canonical Poisson structure
on the phase space P(R?) as follows:

[Qap] =1, Dz(x?)) =q, Dz(‘r:F) = eiipgz(Q)a

9:() = (k -+ sinla(s — )y sinl(g + s+ D] +ycoslal + 5+ D)) V2, (44

where k, s € C are constant parameters. Thereby making use of (32) and (33), one can construct
a new class of Liouville integrable Hamiltonian flows.

5 The Heisenberg—Weil co-algebra structure
and related integrable flows

Consider the Heisenberg—Weil algebra commutator relationships (40) and the following homoge-
nous quadratic forms related with them

T1X9 — Tox1 — ax% =0,
13 — 3T — O, o3 — 3T — 0

} o) (45)

where o € C, x; € A, i = 1, 3, are some elements of a free associative algebra A. The quadratic
algebra A/R(z) can be deformed via

T1X9 — 21T2X1 — ozx% =0,

} R.(z), (46)

r1x3 — 20x32x1 = 0, ToT3 — z;lx;»,xg =0,

where 21, z9 € C\{0} are some parameters.

Let V be the vector space of columns X := (x1,x2,23)T and define the following action hy:
V — (V®V*)®V, where, by definition, for any X € V hp(X) =T ® X. It is easy to check
that conditions (46) will be satisfied if the following relations [9]

Th1T33 = 1331711, TioT33 = 25 *T33Tho, TonTsg = 27T33T0,

T50T33 = 133750, 131133 = 22133731, T3oTs3 = 2y ' T33Ts2,

T11Ti2 = 21112174, To1T52 = 21122151,

291132 — 29139111 = 2129112131 — T517T712,

To1 T30 — 2129132101 = 2112131 — 2215112,

T11T9 — To9T11 = 21112751 — Zf1T21T127

(T11Too — 21T12To1) = T35 — T3 Tao + 21 T52T1 (47)
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hold. Put now for further convenience z; = 23 := 22 € C and compute the “quantum” determi-

nant D(T) of the matrix T : (4/R,(z))? — (A/R.(x))>:
D(T) = (T11Tas — 2~ *Ton T12)T33. (48)
Remark here that the determinant (48) is not central, that is

DTy =TyD™', D 'Tpy=2"%T,D™', D 'Tyy=TyD 7,
2Dy = T1aD 7Y, DTy = Ty D71, 23D Ty = T DY,
DTy = 23Ty, DL (49)

Taking into account properties (47)—(49), one can construct the Heisenberg—Weil related co-
algebra U, (h) being a Hopf algebra with the following coproduct A, counit € and antipode v:

A(T):=T®T, AD ') :=D'eD,
eT):=1, D Y):=1, v(T)=T" vD):=D" (50)
Based now on relationships (47), one can easily construct the Poisson tensor

{AT), AD) }p, yep.n) = ALT, Thp, ) = 9=(A(T)),

subject to which all of functionals (32) will be commuting to each other, and moreover, will be
Casimir ones. Choosing some appropriate Hamiltonian functions H™)(T) := AN=D(H(T)) for
N € Z one makes it possible to present a priori nontrivial integrable Hamiltonian systems. On
the other hand, the co-algebra U, (h) built by (49) and (50) possesses the following fundamental
R-matrix [4] property:

RENT @I T) = (I®T)TeI)R(Z)

for some complex-valued matrix R(z) € Aut (C? ® C3), z € C. The latter, as is well known [4],
gives rise to a regular procedure of constructing of an infinite hierarchy of Liouville-integrable
operator (quantum) Hamiltonian systems on related quantum Poissonian phase spaces. On their
special cases interesting for applications we plan to go on in another place.
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