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Generalized Self-Duality in Superfield Formalism
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The generalized super self-duality equations for N = 2 Super Yang-Mills theory in N =1
superspace, which are first-order equations, in terms of component fields as well as in terms
of superfields are presented.

In the pure SU(2) Yang—Mills theory the self-duality equations read

1Emn = Foun = 6mnleJd; (1)

N —

where
Frn = 0 Viy — 00 Vi +19[Vin, Vil Nmn = diag (—1,1,1,1).
Going from vector indices (m,n = 0,1,2,3) to spinor indices (o, 5 =1,2)
Tm — Tag = 0 66Tm,

where 0™ = (—1,5), (1 is a unit 2 x 2 matrix, ¢ are Pauli matrices), one obtains the Yang—Mills
strength in the following form

1 1
Fad,ﬁB = O_mado.nﬁBan = §5aﬁfdﬁ" + §5dﬂ'faﬁa

where
fd,@ = 6‘17F’Yd7a13~, faﬂ = €d;yFa"y,,8d-
Now the self-duality equations (1) take the form
fap = 0. (2)

The two-spinor indices are raised and lowered by means of the two-dimensional Levi-Civita
tensors

2= gp=¢e?= —€j5 = +1.

The raising and lowering of spinor indices are defined by

A = g0\, Y = 50‘5)\5-,

In the SU(2) N =1 Super Yang-Mills theory [1]

Ao =caph’, Aa =40

1 - 1
L=Tr {—ZanFm" — iIAT" D\ + 5DQ} : (3)

where with help of supersymmetric transformations of (2) one obtains the system of super self-
duality equations in component fields [2]

fap =0, D=0, DuaA*=0, Ay=0. (4)
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The system of super self-duality equations (4) is a supersymmetric generalization of self-duality
equations (2) and satisfies the equations of motion of theory (3). It is invariant under N =1
supersymmetric transformations.

Let us proceed to the N = 2 supersymmetric Yang—Mills theory in N = 1 superspace, which
is described by vector and scalar multiplets of component fields,

V:(VmS)\a;j\d;D)a (I):(A7B;Q/)a;&d;FaG)'

Gauge-invariant supersymmetric Lagrangian of N = 2 Yang—Mills theory in N = 1 superspace,
whose fields belong to the adjoint representation of SU(2) gauge group, has the form

4
— XD\ — T Dyt + ig(A + iB){AY, o}

1 1 1
L= Tr{ — 1 FanF™ — 5Dy AD™A — D, BD™ B + igD|A, B]

- . 1 1 1
+i9(AiB){Ad,¢a}+2D2+2F2+2G2}- (5)

The equations of motion of theory (5) are as follows
Ed#Da‘yde + gﬂVD’nyaﬁ + 49({)\117 5\5} + {wm &g})
—ig([A—iB,D,3(A+iB)] +[A+iB,D,4(A —iB)]) = 0,
D, ;D7 (A —iB) — 4ig{\* s} — 29[D, A — iB] = 0, (6)
D, ;D7 (A +iB) — dig{Aa, ¥} + 2g[D, A +iB] = 0,
D +ig[A,B]=0, F=G=0,
D\ — gld?, A—iB] =0, D\ — gltba, A +iB] =0,
Do + g\, A~ iB]=0, D, ;0" +glha, A+ iB] =0.

Lagrangian (5) and the equations of motion (6) are invariant under the following N = 1 super-
symmetric transformations

0e(A—iB) =260,  O¢(A+iB) = 283",

3eVaa = —2i(Eada +Eada), 6D = —£Das A + £, D A,

5¢(F +iG) = 2i€4 (Do + gV, A — iB)),

Se(F —iG) = 2i€” (D, 0° + glha, A +iB]), (7)
1 , S -

Ocha = 5 fop +ibaD,  Oeha =5 f5— i€aD,

Setha = 19D (A — iB) + £a(F +iG),

Seths = —iEDaa(A +iB) + E4(F —i@),

where &,, 4 are the parameters of N = 1 supersymmetric transformations.

In the theory (5) there is no supersymmetric generalization of self-duality equations (2) to
super self-duality equations. We propose the system of first-order equations, which satisfies the
second-order equations of motion (6) [3]

faﬁ = QiQCaB[Aa B]a
Dia(A —iB) = k1Das (A —iB), Dia(A+iB) = koDos (A +iB),

D+igl[A,B]=0, F=G=0, DN —glta,A+iB]=0, (8)
Do + g\ A—iB =0,  Aa=1a=0, 1=k,
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where constant complex bispinor coefficients c,g are symmetric and unimodular
= det = . 2= ZpaB =1
Caf = CBas e ||Ca[3H =C11°C22 — Clg = 20 cap = 1.

The coefficients k1, k2 can be calculated through c,g:

b 1 _ i +1 i ci1 Cl2— 1
]_ - . ) .
12 — 1 €22 c12+1 €22

In turn, the coefficients ¢, are expressed through ki, ka:

2ik1ky oo iR+ ho) 2
ko — ke 12_7]@—1@ ; 22_k1—k2'

C11 =

The system of first-order equations (8) is invariant under N = 1 supersymmetric transforma-
tions (7) in the subspace of the parameters of transformations, which is defined by the following
condition

§1 = k2&a.
In the case of vanishing component fields of scalar multiplet
A=B=1oa=193=F=G=0

the system (8) reduces to the system of super self-duality equations (4). Because of these
properties we call (8) the system of super quasi-self-duality equations. Considering only bosonic
sector of theory (5), we obtain from (8) the system of quasi-self-duality equations. The concept
of quasi-self-duality was introduced by V.A. Yatsun [4,5].

The fact that the solutions of the system (8) are the solutions of the equations of motion (6)
is immediately proved by taking covariant derivatives from the first three equations of the
system (8). To see this we take a covariant derivative eﬂVD,yB from the first equation of the
system (8):

fap — gcaplA —iB,A+iB] = 0.

Then by using the second and third equations of the system (8) and taking into account the
Bianchi identity e‘j‘*’Da;, fdﬁ' = 6571775 fap and A\g = 150-4 = 0, we obtain the first equation of the
system (6). Taking a covariant derivative D¢ and D?® from the second and third equations
of (8) and using the first equation of this system, we obtain corresponding equations of motion
from the system (6).

A superfield formulation of the super quasi-self-duality equations (8) can be obtained in the
superspace (";04;0) with the fixed Grassmann variable §; = ksf,. A spinor chiral superfield
is defined by [6]

W = _éﬁ(e—%%a&w),

where V is a vector superfield in the Wess—Zumino gauge
V = —0%0%V,4 + 000\ — i00ON + %QG@D,

and the covariant derivatives are

0 ,—d = 0 an
DQ—W—FZG 80(04, Da——W—Ze ﬁaa.
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In component fields it is given by
L . 25 <5
Wa = —ida = 567 (fap + 2icasD) +6°07 95500 + 00D, 507
1 Pppn
— 066%¢7 9,4 (fup + 2icasD) — %eeeema, 9)
where

1 )
o m _ a9  qaf
0=09,0"= 2(9&53 .

The Hermitian adjoint superfield is

(Wa) =T = _%m)(ﬁdezyv LYY,

A scalar chiral superfield is defined by the condition D4® = 0 and in components has the form
1 P P
= S(A—iB)+ 0+ %eaeaaad(A _iB) + éeeeaaadw

+ %eeéém(A —iB) + %GG(F +1iG).

Consequently, its Hermite conjugate ®' is given by D,®' = 0. The gauge-covariant spinor
derivatives are

Va=Da+ilAa,],  Va=Ds+ilAs, ],
where

Ay = —ie 29V D, eV Ag = iDge?9V . e729V

The system of super quasi-self-duality equations (8) can be presented in superfield formalism in
the following form

VaWs = ~2ig(cap — icap) [, @' — 29[V, @1]],
Vi® = k1 Va®,  Vad =0, 6 = kol (10)

The system of superfield quasi-self-duality equations (10) includes the equation for Grassmann
coordinates

01 = koo (11)

To obtain component system (8) from superfield system (10) we have to calculate first three
superfield equations of (10) in component fields, and only after that we have to impose the
condition (11) on the Grassmann variables in these superfield equations.
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