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This paper devoted to description of conformally-invariant PDE in low-dimensional spaces.

1 Introduction

This talk is devoted to the question, “What is the most general partial differential equation
invariant under a given local Lie group?”

Principal object of our consideration is the second-order partial differential equation

F (x, u, u
1
, u

2
) = 0 (1)

invariant under the conformal group C(1, n) and its subgroups – the Poincaré group P (1, n)
and extended Poincaré group P̃ (1, n) acting as Lie transformation groups in the space V =
R(1, n) × R

r of independent and dependent variables, where R(1, n) is the pseudo-Euclidean
space with the metric tensor

gαβ =




1, α = β = 0,
0, α �= β,

−1, α = β = 1, 2, . . . , n.
(2)

The Lie algorithm requires using for construction of invariant equations not local transformations
groups, but the respective Lie algebras of symmetry operators (realizations of Lie algebras in
the class of first-order linear differential operators). In our case these linear operators have the
form

Q = ξµ(x, u)∂xµ + ηk(x, u)∂uk
, µ = 0, 1, . . . , n, k = 1, 2, . . . , r. (3)

A set of 1 + n + C2
1+n differential operators Pµ, Jαβ = −Jβα, µ, α, β = 0, 1, . . . , n of the

form (3) satisfying the commutation relations

[Pα, Pβ ] = 0, [Pα, Jβγ ] = gαβPγ − gαγPβ ,

[Jαβ , Jµν ] = gανJβµ + gβµJαν − gαµJβν − gβνJαµ (4)

is called a realization of the Poincaré algebra p(1, n).
A set of 2 + n+C2

n+1 differential operators Pµ, Jαβ , D of the form (3) satisfying the commu-
tation relations (4) and

[D, Jαβ] = 0, [Pα, D] = Pα (5)

is called a realization the extended Poincaré algebra p̃(n,m).
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A set of 3 + 2n + C2
1+n differential operators Pµ, Jαβ , D, Kµ of the form (3) satisfying the

commutation relations (4), (5) and

[Kα,Kβ ] = 0, [Kα, Jβγ ] = gαβKγ − gαγKβ ,

[Pα,Kβ ] = 2(gαβD − Jαβ), [D,Kα] = Kα

is called a realization of the conformal algebra c(1, n).
The following realization of the conformal algebra c(1, n) is well-known in many problems of

mathematical physics:

Pµ = ∂xµ , Jµν = gµγxγ∂xν − gνγxγ∂xµ , D = xµ∂xµ + εuk∂uk
, ε = 0, 1,

Kµ = 2gµνxνD − (gαβxαxβ)∂xµ , α, β, µ, ν, γ = 0, 1, . . . , n, k = 1, . . . , r. (6)

In the following we call this realization the standard realization of the conformal algebra.
For the realization (6) in the case of arbitrary n and r the problem of description of equations

of the form (1) invariant with respect to the Poincaré group, the extended Poincaré group and
the conformal group was completely solved by W.I. Fushchych and I.A. Yehorchenko in [1].

However, the following question will be natural: do other realizations of the algebras p(1, n),
p̃(1, n) and c(1, n) in the class of operators (3) exist that would be different from the standard?
In this respect the problem of description of non-equivalent realizations for the algebras p(1, n),
p̃(1, n), c(1, n) in the class of operators (3) will be relevant. W. Fushchych, R. Zhdanov and
V. Lahno [2] showed that in the case when translation operators have the form (6)

Pµ = ∂xµ , µ = 0, 1, . . . , n,

and V = R(1, n) × R
1, n ≥ 3, realizations of the Poincaré algebra p(1, n) and of the extended

Poincaré algebra p̃(1, n) are equivalent to the standard realization (6). The conformal algebra
c(1, n), besides the standard realization (6), has also the following one:

Pµ = ∂xµ , Jµν = gµγxγ∂xν − gνγxγ∂xµ ,

D = xµ∂xµ + u∂u, Kα = 2gαβxβD − (
gµνxµxν ± u2

)
∂xα .

Note, this realization is realized on the set of solutions of the eikonal equation

gµνuxµuxν ± 1 = 0,

and on the set of solutions of d’Alembert–eikonal system

gµνuxµuxν ± 1 = 0, gµνuxµxν ± nu−1 = 0.

Realizations for the spaces V = R(1, 1) × R
1 and V = R(1, 2) × R

1 were studied in more
detail. Below we will consider these results in particular.

2 P̃ (1, 1)-, P̃ (1, 1)- and C(1, 1)-invariant equations

Here V = R(1, 1) × R
1, R(1, 1) = 〈t, x〉, R

1 = 〈u〉, u = u(t, x). G. Rideau and P. Winternitz [3]
considered the issue of description of equations

F (t, x, u, ut, ux, utt, utx, uxx) = 0, (7)

that are invariant with respect to the groups P (1, 1), P̃ (1, 1) and C(1, 1). For this purpose they
first described realizations of the Lie algebras of these groups assuming that

P0 = ∂t, P1 = ∂x. (8)
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Their results can be summarized by the following lists:
1. Inequivalent realizations of the Poincaré algebra:

p1(1, 1) : {P0 = ∂t, P1 = ∂x, J01 = x∂x + t∂x};
p2(1, 1) : {P0 = ∂t, P1 = ∂x, J01 = x∂t + t∂x + u∂u}.

2. Inequivalent realizations of the extended Poincaré algebra:

p̃1(1, 1) :
{
p1(1, 1), D = t∂t + x∂x

}
;

p̃2(1, 1) :
{
p1(1, 1), D = t∂t + x∂x + u∂u

}
;

p̃3(1, 1) :
{
p2(1, 1), D =

(
t+ au+ bu−1

)
∂t + (x+ au− bu−1)∂x + λu∂u

}
,

where λ ∈ R, (a, b) = (0, 0) or λ = 1, (a, b) = (1, 0) or λ = −1, (a, b) = (0, 1).
3. Inequivalent realizations of the conformal algebra:

c1(1, 1) :
{
p̃1(1, 1), K0 =

(
t2 + x2

)
∂t + 2tx∂x, K1 = − (

t2 + x2
)
∂x − 2tx∂t

}
;

c2(1, 1) :
{
p̃2(1, 1), K0 =

(
t2 + x2 + au2

)
∂t + 2tx∂x + 2tu∂u,

K1 = − (
t2 + x2 + au2

)
∂x − 2tx∂t − 2xu∂u, a = 0, 1,−1

}
;

c3(1, 1) :
{
p̃3(1, 1) (λ ∈ R, a = b = 0), K0 =

(
t2 + x2 + cu2 + du−2

)
∂t

+
(
2tx+ cu2 − du−2

)
∂x +

(
2u(x+ λt) + eu2 + k

)
∂u, K1 = −[J01,K0]

}
,

where if λ ∈ R, λ �= ±1, then c = d = e = k = 0; if λ = 1, then d = k = 0, c = ±1, e ∈ R or
c = 0, e = 0,±1; if λ = −1, then c = e = 0, d = ±1, k ∈ R or d = 0, k = 0, 1.

The realizations p2(1, 1), p̃3(1, 1), c2(1, 1) (a �= 0) and c3(1, 1) are non-equivalent to the
standard realizations (6).

Use of non-standard realizations allowed G. Rideau and P. Winternitz to add to the list of
equations obtained by W. Fushchych and I. Yehorchenko, new invariant equations. We [4] give
up the condition (8) and set the problem of description of all inequivalent realizations of the
algebras p(1, 1), p̃(1, 1), c(1, 1). As a result, we obtained one new realization of the algebra p(1, 1)

p3(1, 1) :
{
P0 = ∂t, P1 = x∂t, J01 = xt∂t +

(
x2 − 1

)
∂x

}

and two new realizations of the algebra p̃(1, 1) :

p4(1, 1) :
{
p3(1, 1), D = t∂t

}
;

p̃5(1, 1) :
{
p3(1, 1), D = t∂t + u∂u

}
.

The p3(1, 1)-invariant equation of the form (7) will have following form:

Φ(J1, . . . ,J5) = 0, (9)

where

J1 = u, J2 = u2
t

(
x2 − 1

)
, J3 = utt

(
x2 − 1

)
,

J4 =
(
x2 − 1

)2 (uxutt − ututx) − x
(
x2 − 1

)
u2

t ,

J5 =
(
x2 − 1

) (
uttuxx − u2

tx

)
+ 2x

(
x2 − 1

)2 (uxutt − ututx) − x2
(
x2 − 1

)
u2

t .

p̃4(1, 1)- and p̃5(1, 1)-invariant equations have the form

Φ̄(Σ1,Σ2,Σ3,Σ4) = 0, (10)
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where

Σ1 = J1, Σ2 = J −1
2 J3, Σ3 = J −2

2 J4, Σ4 = J −2
2 J5, for p̃4(1, 1),

and

Σ1 = J1J3, Σ2 = J2, Σ3 = J4, Σ4 = J5, for p̃5(1, 1).

Notice that (9) and (10) include equations which are generations of the well-known Monge–
Amperé equations.

Summing up the above, we see that for second-order scalar differential equations in the two-
dimensional space-time we may consider the problem of construction of the general equation
invariant with respect to the groups P (1, 1), P̃ (1, 1), C(1, 1) to be resolved completely.

3 P (1, 2)-, P̃ (1, 2)- and C(1, 2)-invariant equations

Let us consider in more detail the results obtained for the equation

F (xµ, u, uxµ , uxµxν ) = 0, µ, ν = 0, 1, 2. (11)

As we said above, W. Fushchych and I. Yegorchenko gave full description of equations of the
form (11), that are invariant with respect to the groups P (1, 2), P̃ (1, 2) and C(1, 2), generated
by the standard realizations of the algebras p(1, 2), p̃(1, 2), c(1, 2):

Pµ = ∂xµ , Jµν = gµγ∂xν − gµγxγ∂xµ ,

D = xµ∂xµ + εu∂u, ε = 0, 1, Kµ = 2gµνxνD − (gαβxαxβ)∂xµ ,

gµν =




1, µ = ν = 0,
0, µ �= ν,

−1, µ = ν = 1, 2,
α, β, γ, µ, ν = 0, 1, 2. (12)

I. Yehorchenko [5] found a new realization of the Poincaré group p(1, 2):

Pµ = Pxµ , J01 = x0∂x1 + x1∂x0 + sinu∂u,

J02 = x0∂x2 + x2∂x0 + cosu∂u, J12 = x2∂x1 − x1∂x2 + ∂u. (13)

Later W. Fushchych, R. Zhdanov and V. Lahno [2] showed that in the case Pµ = ∂xµ

(µ = 0, 1, 2) non-equivalent realizations of the algebra p(1, 2) are exhausted by realizations (12)
and (13) and found new realizations of the algebras p̃(1, 2) and c(1, 2) as extensions of the
realizations (13) of the algebra p(1, 2):

Pµ, Jµν have the form (13), D = xµ∂xµ ,

K0 = 2x0D − (gµνxµxν)∂x0 − 2(x2 cosu+ x1 sinu)∂u,

K1 = −2x1D − (gµνxµxν)∂x1 − 2(x0 sinu− x2)∂u,

K2 = −2x2D − (gµνxµxν)∂x2 − 2(x0 cosu+ x1)∂u.

These results were later re-discovered in a somehow new form by F. Güngor [6].
I. Yehorchenko [7] also obtained a general form of the equation (11), that is invariant with

respect to the realization (13) of the algebra p(1, 2).
We aim to obtain the complete description of inequivalent realizations of the algebras p(1, 2),

p̃(1, 2), c(1, 2), that might be invariance algebras for equation of the form (11). The list of results
of our calculations [8] is given below. There are four new cases.
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New realizations of the algebra p(1, 2)

Case 1. Let the operators Pµ have the form

P0 = ∂x0 , P1 = ∂x1 , P2 = x2∂x0 + u∂x1 .

Then there is only one class of inequivalent realizations of the algebra p(1, 2), whose operators Jµν

can be taken as follows:

J01 = x1∂x0 + x0∂x1 + u∂x2 + x2∂u, J02 = x0x2∂x0 + ux0∂x1 +
(
x2

2 − 1
)
∂x2 + ux2∂u,

J12 = −x1x2∂x0 − x1u∂x1 − x2u∂x2 −
(
1 + u2

)
∂u.

Case 2. Let the operators Pµ have the form

P0 = ∂x0 , P1 = ∂x1 , P2 = x2∂x0 + ϕ∂x1 , ϕ =
√
x2

2 − 1, |x2| > 1.

Then there are four classes of inequivalent realizations of the algebra p(1, 2). Their operators Jµν

can be taken in the following form:

J01 = x1∂x0 + x0∂x1 + ϕ∂x2 , J02 = (x0x2 + a)∂x0 + (x0ϕ+ b)∂x1 + ϕ2∂x2 + q∂u,

J12 = (−x1x2 + α)∂x0 + (−x1ϕ+ β)∂x1 − x2ϕ∂x2 + p∂u.

Here a, b, α, β, q, p take the following values:

1. a = β = λ = const, α = b = −εe−2u, ε = 0, 1, q = −x2, p = ϕ;

2. a = β = λ1

[
u

1 − u2
+

1
2

ln
∣∣∣∣1 + u

1 − u

∣∣∣∣
]

+ λ2,

α = b = λ1[1 − u2]−1, q = ϕ− x2u, p = ϕu− x2, λ1, λ2 = const;

3. a = −β = λx2ϕ, b = λx2
2, α = −λϕ2, q = p = 0, λ = const;

4. a = −β = x2ϕu, b = x2
2u, α = −ϕ2u, q = p = 0.

Case 3. Let the operators Pµ have the form

P0 = ∂x0 , P1 = x1∂x0 , P2 = ψ∂x0 , ψ = ±
√

1 − x2
1, |x1| < 1.

Then there are three classes of inequivalent realizations of the algebra p(1, 2). Their operators Jµν

can be taken in the following form:

J01 = (x0x1 +Bψ)∂x0 − ψ2∂x1 + (Cx1 +Dψ)∂x2 +Aψ∂u,

J02 = (x0ψ − x1B)∂x0 + x1ψ∂x1 + (Cψ − x1D)∂x2 −Ax1∂u,

J12 = ψ∂x1 .

The variables A, B, C, D take the following values:

1. A = B = C = D = 0;

2. A =
√

|x2|g(u), B = x2, C = 2x2, D = x2

√
|x2|f(u);

3. A = x2f(u), B = 0, C = x2, D = x2
2g(u).

Here f and g are some sufficiently smooth real–valued functions.
Case 4. Finally, let the operators Pµ have the form

P0 = ∂x0 , P1 = x1∂x0 , P2 = x2∂x0 .
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Then there are two classes of inequivalent realizations of the algebra p(1, 2). Their operators Jµν

can be taken in the following form:

J12 = x2∂x1 − x1∂x2 , J01 = (x0x1 + x2θ)∂x0 +
(
x2

1 − 1
)
∂x1 + x1x2∂x2 + x2ρ∂u,

J02 = (x0x2 − x1θ)∂x0 + x1x2∂x1 +
(
x2

2 − 1
)
∂x2 − x1ρ∂u.

The variables θ, ρ take the following values:

1. θ = f(u)
(
1 − ω−1

)
, ω = x2

1 + x2
2, ρ = 0;

2. θ = 0, ρ = ω−1
√
|ω − 1|, ω = x2

1 + x2
2.

Here f is some sufficiently smooth real-valued function.
Notice that the obtained realizations can be extended to the realizations of the algebra p̃(1, 2)

and cannot be extended to the realizations of the algebra c(1, 2).
Further application of the obtained realizations for construction of invariant equations results

in considerable technical difficulties. For the realization

P0 = ∂x0 , P1 = x1∂x0 , P2 = x2∂x0 , J12 = x2∂x1 − x1∂x2 ,

J01 = x0x1∂x0 +
(
x2

1 − 1
)
∂x1 + x1x2∂x2 , J02 = x0x2∂x0 + x1x2∂x1 +

(
x2

2 − 1
)
∂x2

the search for functions J1, J2, . . ., J7 in the respective invariant equation

F (J1, . . . ,J7) = 0

showed that they have an extremely cumbersome form. Below we adduce four of the seven
functions:

J1 = u, J2 = u2
x0
ux0x0 , J3 = (Σ1 − 1)u2

x0
,

J4 = Σ−1
1

[
(1 − Σ1)3(2Σ1Σ2u

2
x0

+ (1 − Σ1)Σ2
2 + Σ2

3) + u4
x0

(Σ1 − 1)2Σ2
1

]
,

where

Σ1 = x2
1 + x2

2, Σ2 = x1(ux1ux0x0 − ux0ux0x1) + x2(ux2ux0x0 − ux0ux0x2),
Σ3 = x2(ux1ux0x0 − ux0ux0x1) − x1(ux2ux0x0 − ux0ux0x2).

We believe that in this respect a constructive problem may be presented by a problem of de-
scription of conformally invariant equations of the considered form using the basis of differential
invariants for the standard realization found by W. Fushchych and I. Yehorchenko realization
and realization (12) of the algebra p(1, 2).
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equations, in Proceedings of the Second International Conference “Symmetry in Nonlinear Mathematical
Physics” (7–13 July, 1997, Kyiv), Editors M.I. Shkil, A.G. Nikitin and V.M. Boyko, Kyiv, Institute of
Mathematics, V.1, 1997, 200–205.
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