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This paper devoted to description of conformally-invariant PDE in low-dimensional spaces.

1 Introduction

This talk is devoted to the question, “What is the most general partial differential equation
invariant under a given local Lie group?”
Principal object of our consideration is the second-order partial differential equation

F(z,u, 111,120 =0 (1)

invariant under the conformal group C(1,n) and its subgroups — the Poincaré group P(1,n)
and extended Poincaré group If’(l,n) acting as Lie transformation groups in the space V =
R(1,n) x R" of independent and dependent variables, where R(1,n) is the pseudo-Euclidean
space with the metric tensor

1, a=p=0,
Gap = 0, a#p, (2>
-1, a=p=12,...,n.

The Lie algorithm requires using for construction of invariant equations not local transformations
groups, but the respective Lie algebras of symmetry operators (realizations of Lie algebras in
the class of first-order linear differential operators). In our case these linear operators have the
form

szu(:c,u)ﬁxu—{—nk(x,u)auk, w=0,1,....n, k=1,2,...,r (3)

A set of 1 +n+ C%ML differential operators P, Jog = —Jga, p,, 3 = 0,1,...,n of the
form (3) satisfying the commutation relations

[Pa, P3] =0, [Pos gy = GapPy — gar Ps,
[Jags Ju] = gavIpu + 9pudav — Gandpy — 9pvJap (4)

is called a realization of the Poincaré algebra p(1,n).
Asetof 24+ n+ C’,QLH differential operators P, Jo3, D of the form (3) satisfying the commu-
tation relations (4) and

(D, Jag) = 0, [Py, D] = P, (5)

is called a realization the extended Poincaré algebra p(n,m).
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A set of 34+ 2n + 012+n differential operators P, Jog, D, K, of the form (3) satisfying the
commutation relations (4), (5) and
[Kav Kﬁ] =0, [Kou Jﬂ'y] = gaﬁK'y - ga'yKﬁa
[POH Kﬁ] = 2(ga,ﬁD - Ja,@)v [D’ Ka] = K,
is called a realization of the conformal algebra c(1,n).
The following realization of the conformal algebra ¢(1,n) is well-known in many problems of
mathematical physics:
P, =0,
K, =2g,u2,D — (9apTa®s)0z,, o, B, v, y=0,1,....n, k=1,...,7. (6)

" Sy = Guy T 0z, — GuyTyOz,, D = x,0;, + €ug0y,, €=0,1,

In the following we call this realization the standard realization of the conformal algebra.

For the realization (6) in the case of arbitrary n and r the problem of description of equations
of the form (1) invariant with respect to the Poincaré group, the extended Poincaré group and
the conformal group was completely solved by W.I. Fushchych and I.A. Yehorchenko in [1].

However, the following question will be natural: do other realizations of the algebras p(1,n),
p(1,n) and ¢(1,n) in the class of operators (3) exist that would be different from the standard?
In this respect the problem of description of non-equivalent realizations for the algebras p(1,n),
p(1,n), ¢(1,n) in the class of operators (3) will be relevant. W. Fushchych, R. Zhdanov and
V. Lahno [2] showed that in the case when translation operators have the form (6)

PM:aﬂcw IU’ZO)]""'Jn7

and V = R(1,n) x R, n > 3, realizations of the Poincaré algebra p(1,n) and of the extended
Poincaré algebra p(1,n) are equivalent to the standard realization (6). The conformal algebra
¢(1,n), besides the standard realization (6), has also the following one:

PM = az,u J,uu = g,uvxwazy - glﬂ/x’Ya”Cu’

D = x,0;, + udy, Ko = 2gapx8D — (gu,,a:u:n,, + u2) Or., -

Note, this realization is realized on the set of solutions of the eikonal equation
Gz, Uz, =1 =0,

and on the set of solutions of d’Alembert—eikonal system
Uz, Uz, =1 =0, G lz,z, T nu~t = 0.

Realizations for the spaces V = R(1,1) x R! and V = R(1,2) x R! were studied in more
detail. Below we will consider these results in particular.

2 P(1, 1)-, 13(1, 1)- and C(1, 1)-invariant equations

Here V = R(1,1) x R, R(1,1) = (t,x), R! = (u), u = u(t,r). G. Rideau and P. Winternitz [3]
considered the issue of description of equations

F(tax)uvutvuxauttvutxvuxx) - 07 (7)

that are invariant with respect to the groups P(1,1), P(1,1) and C(1,1). For this purpose they
first described realizations of the Lie algebras of these groups assuming that

Py = 0, Py =0,. (8)
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Their results can be summarized by the following lists:
1. Inequivalent realizations of the Poincaré algebra:

p (L) {Py =0y, PL =0y, Joo = x0, +10,};
p2(1,1) : {Py = 8, P =0, Jo1 = 0 + tdy + udy,}.

2. Inequivalent realizations of the extended Poincaré algebra:

pH(1L,1) : {p'(1,1), D = t0; + w0, };
p2(1,1) : {p"(1,1), D = t0; + 20y + udy };
P°(1,1): {p*(1,1),D = (t + au+bu™) 9 + (v + au — bu™ 1), + Mudy },
where A € R, (a,b) = (0,0) or A =1, (a,b) = (1,0) or A = —1, (a,b) = (0,1).
3. Inequivalent realizations of the conformal algebra:
cl(l, 1): {]51 ), Ko = (t2 + x2) Oy + 2tx0,, K1 = — (t2 + x2) Oy — that};
A(1,1) : {]32 1), Ko = (t2 + 22 + au2) O + 2txd, + 2tudy,
Ky = — (£ + 2% + au®) 9, — 2twdy — 2zudy, a =0,1,—1};
A1,1): {p*(1,1) VR, a=b=0), Ko = (t* + 2%+ cu® + du™?) &,
+ (2tz + cu® — d,u_Q) dr + (2u(z + Xt) + eu? + k) Ou, K1 = —[Jo1, Ko},
where if A € R, A £ +1, thenc=d=e=k=0;if A\=1,thend=%k=0,c=+1,e € Ror
c=0,e=0,21;if A\=—-1,thenc=e=0,d=+1, k€ Rord=0,k=0,1.
The realizations p?(1,1), p°(1,1), ¢*(1,1) (a # 0) and c*(1,1) are non-equivalent to the
standard realizations (6).
Use of non-standard realizations allowed G. Rideau and P. Winternitz to add to the list of
equations obtained by W. Fushchych and I. Yehorchenko, new invariant equations. We [4] give

up the condition (8) and set the problem of description of all inequivalent realizations of the
algebras p(1,1), p(1,1), ¢(1,1). As a result, we obtained one new realization of the algebra p(1, 1)

p’(L1): {Py =0y, P =20, Jo =uxtd+ (2> —1)0,}
and two new realizations of the algebra p(1,1) :

p*(1,1) : {p*(1,1), D =1t0;};

P°(1,1) : {p3(1,1), D =td, +ud,}.
The p3(1, 1)-invariant equation of the form (7) will have following form:

o(N,...,T5) =0, (9)
where

J1 = u, Jo =uj (°—1), T3 = uy (2% — 1),

Ji = (x2 — 1)2 (Ugup — Uplipy) — T (x2 — 1) u?,

Ts = (x2 — 1) (uttum — u?x) + 2z (m2 — 1)2 (Ugpr — Uplipy) — z? (:U2 — 1) uf
7*(1,1)- and $°(1,1)-invariant equations have the form

(I)(217227E3a24) = 07 (10)
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where

Si=,  Se=0 % %=T T  Sa=J5 Fs for pi(1,1),
and

Y1 =N"JTs, Yo = T, Y3 =, Sy=Ts, for p°(1,1).

Notice that (9) and (10) include equations which are generations of the well-known Monge—
Amperé equations.

Summing up the above, we see that for second-order scalar differential equations in the two-
dimensional space-time we may consider the problem of construction of the general equation

invariant with respect to the groups P(1,1), P(1,1), C(1,1) to be resolved completely.

3 P(1,2)-, P(1,2)- and C(1,2)-invariant equations
Let us consider in more detail the results obtained for the equation
F(zy,u, Uz, Ug,z,) =0, v =0,1,2. (11)

As we said above, W. Fushchych and I. Yegorchenko gave full description of equations of the
form (11), that are invariant with respect to the groups P(1,2), P(1,2) and C(1,2), generated
by the standard realizations of the algebras p(1,2), p(1,2), ¢(1,2):

Py =0y, Juw = Guy 0z, = Guy @y Os,,,
D = 2,0y, + eudy, €=0,1, K, =29,2,D — (9apTars)0z,,
1, p=v=0,
G = 0, u#v, o, By, u,v=0,1,2. (12)

_1) H=v= ]-a 25
I. Yehorchenko [5] found a new realization of the Poincaré group p(1,2):

P, =P, Jo1 = 200z, + 210z, + sinud,,
Jo2 = 200z, + 205, + cOs ud,, Ji2 = 2205, — 104, + O (13)

Later W. Fushchych, R. Zhdanov and V. Lahno [2] showed that in the case P, = 0,
(n=0,1,2) non-equivalent realizations of the algebra p(1,2) are exhausted by realizations (12)
and (13) and found new realizations of the algebras p(1,2) and ¢(1,2) as extensions of the
realizations (13) of the algebra p(1,2):

Py, J,, have the form (13), D = x,0,,,

Ko = 220D — (gux,2,)0z, — 2(x2 cosu + x1 sinu)0y,
K1 = =201D — (9uxuy) 0z, — 2(xosinu — 22)0y,
Ky = 220D — (920 )0y — 2(x0 cOs U + 1)0,.

These results were later re-discovered in a somehow new form by F. Giingor [6].

I. Yehorchenko [7] also obtained a general form of the equation (11), that is invariant with
respect to the realization (13) of the algebra p(1,2).

We aim to obtain the complete description of inequivalent realizations of the algebras p(1,2),
p(1,2), ¢(1,2), that might be invariance algebras for equation of the form (11). The list of results
of our calculations [8] is given below. There are four new cases.
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New realizations of the algebra p(1, 2)
Case 1. Let the operators P, have the form
POZa’voy P1:8:v17 P2:x28m0+uax1'

Then there is only one class of inequivalent realizations of the algebra p(1, 2), whose operators J,,,
can be taken as follows:

Jo1 = 210z + 00z, + U0z, + 220, Jo2 = xow20s, + uxo0y, + (m% - 1) Oy + ux20y,

Ji2 = —1220,, — 21Uy, — T2udy, — (1 + u2) -

Case 2. Let the operators P, have the form

Pozamoa Plzamla P2:$2810+908x17 Y= \/I%_:l? |£L’2’>1

Then there are four classes of inequivalent realizations of the algebra p(1,2). Their operators J,,
can be taken in the following form:

Jo1 = 1'1610 + .%'Qaml + (,08;32, Jo2 = (330332 + a)axo + (x()(P + b)axl + 9028:82 + qau?
Jiz = (—2122 + @)0zy + (=219 + 3) 0z, — 290z, + POy

Here a, b, a, 3, q, p take the following values:

l.L.a=f=A=const, a =b=—ee 2, e=0,1, = —x2, p=;
U 1 14+u

2.a=03=X\ — A

a=p 1{1—u2+2n‘1—u]+ >

a=b=M[—-u?"t, ¢g=¢—zou, p=pu—x9, A1, s = const;
3. a=—0= A\xayp, b:)\xg, a=-\p?, ¢g=p=0, A= const;

4_@:—,8:332@1% bZLU%U, a:—Q02U7 qg=p=0.

Case 3. Let the operators P, have the form

P():axo, Plleamo, szwﬁxo, Qﬁ:ﬂ:\/l—x%, |x1\ < 1.

Then there are three classes of inequivalent realizations of the algebra p(1, 2). Their operators J,,
can be taken in the following form:

Jo1 = (wox1 + B1p)0yy — 120s, + (Cry + D)0y, + A0,
Jo2 = (zotb — 21B)0yy + 21904, + (Cth — 21 D)0y — Ax10y,
Jio = 10y,

The variables A, B, C, D take the following values:
1.L.A=B=C=D =0

2. A=/|z2lg(u), B=1m2, C =213, D=u1x9v/|22|f(0);
3. A = :L'Qf(u)’ B = 0’ C e x2’ D — mgg(u)‘

Here f and g are some sufficiently smooth real-valued functions.
Case 4. Finally, let the operators P, have the form

Pozamoy Plzl‘laxoa P2:l'28x0.



158 V. Lahno

Then there are two classes of inequivalent realizations of the algebra p(1,2). Their operators J,,
can be taken in the following form:

Ji2 = 1205, — £10;z,, Jo1 = (201 + 220) 05y + (27 — 1) Opy + 212204, + T2p0y,
Jo2 = (zoxe2 — 10) 0z, + x12205, + (l‘% - 1) Opy — X100y

The variables 6, p take the following values:
LO=fu)(l-w), w=2af+23 p=0;

2.0=0, p=w ']w—1|, w=2?+ 22

Here f is some sufficiently smooth real-valued function.

Notice that the obtained realizations can be extended to the realizations of the algebra p(1,2)
and cannot be extended to the realizations of the algebra ¢(1,2).

Further application of the obtained realizations for construction of invariant equations results
in considerable technical difficulties. For the realization

Py = Oy, Py = 110y, Py = 230y, J12 = 120z, — 2104,

Jo1 = xox10, + (w% — 1) Oz, + T1220,,, Jo2 = xox20y, + 1220, + (m% — 1) Or,y
the search for functions J1, J2, ..., J7 in the respective invariant equation

F(Fi,...,J07) =0

showed that they have an extremely cumbersome form. Below we adduce four of the seven
functions:

j]_ = u, j? - uiouxox(p j?) = (El - 1)”30)
Ji= 37 [(1—51)3(28180u2, + (1 — £1)23 + 23) + up, (51 — 1)°57],
where

— .2 2 _
El =T + X9, 22 - xl(“xluxoxo - uxo“xo:ﬁ) + -T2(U:U2uxox0 - uxouxoxz))
23 - m?(uctlul‘ol‘o - um‘oul‘oxl) - xl(uxguxoxo - U:couxoxz)'

We believe that in this respect a constructive problem may be presented by a problem of de-
scription of conformally invariant equations of the considered form using the basis of differential
invariants for the standard realization found by W. Fushchych and I. Yehorchenko realization
and realization (12) of the algebra p(1,2).
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