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In the article we investigate the structure of algebras generated by linear connected idem-
potents. In particular, we proof the existence of nonsemisimple ones among such algebras.

Algebras generated by linear connected idempotents were studied in [1-3] and others. In

particular, a problem of polynomial relations existence, description of algebras growth @, 5 =
n

(C(ql,qg,...,qn\q,% =qr; >, agqr =¢€),n N ad=(a,...,a,) € C", Vi: o # 0, etc. were

k=1
considered in [2,3]. All of algebras @, 5 are finite-dimensional when n < 3. Algebras @, 4,

where n > 4, are infinite-dimensional for all &.

But the structure of algebras was studied insufficiently even in the finite-dimensional case
(for n = 3). In particular, the problem of the existence among such algebras of nonsemisimple
ones was not investigated sufficiently.

In this article the algebra

Q3.6 =Clq1,92, 03| @7 = @i, 11 + q2q2 + azqs =€),

where @ = (a1, a2, a3), a; > 0 is studied in detail and here is the proof of the fact that algebras

(03,5 are nonsemisimple for a; = 1, a;j + oy, = 1.
3
Denote A=) ajand M ={ad:A=1, A=2, Ji:a;=1or3i,j:a;+ao; =1}
i=1

Proposition 1. If & ¢ M then Q35 = 0.

Proof. Since agqr = e — (a;q; +a;q;) then azqk = e—l—a%qi—f—oz]ij —204q; — 205q5 + oo {qi, g5 }-
After elimination g we obtain aj(e —a;q; —a;qj) = e+aZg; +a?qj —20q; — 2059 + o {qi, g }-
That is Why qiq; = #aj((ak - 1)6 + (2041' — a? — aiak)qi + (Qaj — a? — ozjak)Qj - aiajquj). Since

49 = qj(q;¢;) then

1
44 = (o =1+ 205 — of — ajon)q; + (204 — oF — aio)qiqi — @iy (q;0:)45),
ey

1

OéiOéj

qi¢; = (o — 1420 — aj2~ —oja)q + (205 — o? — 0 ) 54

— ((ar — 1+ 205 — oF — ajag)gj + (20i — 0 — iay, — i) Gigy)). (1)

From here (2a; — af — oy — a;0)[gi,q5) = 0 or —ay(oy + o + a — 2)[gs,q;] = 0. Since

& ¢ M then [g;,qj] = 0 and then from (1) it follows (2c; — oz? —ajog + ap — 14 20; — a? —
;o — 20505)¢iq5 = 0.

Since 2 —a? —oja+oap—1420q; —a? —ajo—20505 = —(oi+oj—1)(a;+aj+ap—1) #0,
when o ¢ M, then V i, j: ¢;q; = 0.

After multiplying a1q1 + aege + asqs = e by ¢; we obtain a;q; = g; or (a; — 1)g; = 0. Since
a ¢ M then ¢; =0, i =1,2,3. So the algebra is trivial. |
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From the proof follows that the dimension of the algebra ()3 5 is not more than 4, and if
a1 + ag + ag # 2 then the algebra (03 5 is commutative.

Let us prove that Q35 # 0 if and only if & € M and investigate the structure of algebras
3.5, where a € M.

Theorem 1. Algebra Q3 5 # 0 if and only if & € M i.e. one of the conditions 1-9 is satisfied
and then

1) ai + az + a3 =1 and the algebra Q3 5 is one-dimensional algebra;
2) =1, a;#1, ap #1, aj + ap # 1 and the algebra Q3 5 is one-dimensional algebra;

3) aj = aj =1, ag, # 1 and the algebra Q3 g is commutative two-dimensional semisimple
algebra;

4) a1 = az = ag = 1 and the algebra Q35 is a commutative three-dimensional semisimple
algebra;

5) aj+ar =1, a; +a; # 1, ay+ap #1, a; # 1 and the algebra Qs 5 is commutative
two-dimensional semisimple algebra;

6) ai+a; =1, ai+ap =1, aj+ai # 1 and the algebra Qs 5 is commutative two-dimensional
semisimple algebra;

N oai+aj=1,0+a,=1,a;+a, =1 that is o, = p = a3 = % and the algebra Q3 5 is

commutative three-dimensional semisimple algebra;

8) a1 +as+ a3 =2 andV o; # 1 and the algebra Q3 5 is noncommutative four-dimensional
semisimple algebra;

9) a; =1, aj+ag =1 and the algebra Q3 5 is noncommutative four-dimensional nonsemisim-
ple algebra, the radical of the algebra is generated by qjqr — qj,qjqk — Qk-

Proof. Consider only cases 8 and 9 when algebra is noncommutative.

In the case a1 + a2 + a3 = 2, where V oy # 1, the algebra Q3 5 is generated by two idempo-
tents ¢; and ga, so all its irreducible representations are not more than two-dimensional. Since
an idempotent in one-dimensional space is equal to 0 or 1 then it is easy to prove that there
are no one-dimensional representations of the algebra. Consider an irreducible representation of
algebra

10 1 l—a1—asgz _as
_ _ < _ a3 as
w(qn—(o O>, w<q2>—(z_22 1_2), w<q3>—< o )

a3 a3

where z = Uzo)(1-a2)

It is easy to ?:iloélck that from the equation 7(xpe+x1q1 +x2g2+2x3q192) = 0 follows V I: x; = 0.
Then 1) since the dimension of the algebra is not more than 4 then elements e, g1, q2, q1¢g2 form
a basis of the algebra; 2) the representation 7 is faithful irreducible two-dimensional repre-
sentation of the algebra. That is why Q)3 5 is a noncommutative four-dimensional semisimple
algebra.

Consider now «; = 1, aj + ap, = 1. Take the representation 7 of algebra:

7T1(qz')=<(1) 8)’ ”1(%):(8 i)’ 771(%)2(8 _16%>

Since 7 has only one nontrivial invariant subspace then 7 is not irreducible but indecom-
posed representation of algebra. A finite-dimensional semisimple algebra has no indecomposed
representations which are not irreducible. Then in this case the algebra ()3 5 is not semisimple.
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If a; = 1, aj+ag = 1 then g;+ajq;+opqr = e. After squaring the equality o;q;+orqr = e—qi,

we obtain
afq; + anar + ojor{gy, ak} = € — @i = ojq; + gy
So (af — aj)gj + (af — ar)ar = —jor{q;, a}-

Since o + o = 1 then a; # 1 and a3 # 1 and a? —oj = —oj(l — o) = —ja =
—(1—ag)ag = af—ayg # 0,50 ¢j+qr = {gj, qx} and grqj = q;+qr—q;qr. We prove that elements
e, ¢j, Qk, ¢jqr form a basis of the algebra. Suppose in a converse way that there exists some
nontrivial linear combination of the elements that is equal to zero: xoe+x1q; +x2qr+x3¢qr = 0.

Consider the one-dimensional representation my of the algebra: m(q;) = mo(qr) = 0 then
0 = mp(0) = mo(zoe + x1q; + z2qx + x39;qr) = Tomo(e) = xo (hereinafter zy = 0).

Since m1(gjqx) = m1(g;) we have

0 x1— 2Lag+ a3
m1(zoe + x1q; + T2qr + 3¢5qK) = ( 0 o +a§72 2 = O2x2. (2)

Define the representation ms:

7T2(¢1j)=<(1) (1))7 W?(Qk):<_%_i 2)

Then m(g;qx) = m2(qx) and

0 0
ma(woe + w1q; + Tagi + 3qjk) = ( x — Z—;(ch +x3) 1 +a2+23 > = D22 )
From (2) and (3) follows that
21— Dy g =0, r1 + 22+ 23 =0,
o738
1’1—%.%'3:0, 1'1—1'3:0.
Qg

From here V i: x; = 0. We have obtained the contradiction. So e, ¢;, i, ¢jqr form the basis
and the dimension of the algebra is equal to 4.

Since the algebra is generated by two idempotents g;, g; then dimensions of its irreducible
representations are not more than 2. Since irreducible pair of idempotents is equivalent to the

pair
1 0 z 1
Qj_<0 O)’ Qk_(z—z2 1—2)’

for some z € C\ {0, 1}, then one can verify that the algebra has no two-dimensional irreducible
representations. So all its irreducible representations are one-dimensional. The algebra has two
one-dimensional representations: m3(q;) = m3(qx) = 0 and 74(q;) = ma(qx) = 1.

Let z = xoe + x1q; + T2qx + x3qjq; belong to the radical of the algebra then w3(z) = 0,
ma(x) = 0 or ¢y = 0, z1 + x2 + x3 = 0. The system has a fundamental system of solutions
(0,1,0,-1), (0,0,1,—1). So elements g; — q;jqk, qr — qjqi generate the radical of algebras. W
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