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In [1], the wave functions of quantum trigonometric n-particle Ruijsenaars model are defined
as matrix elements of operators of representations of Cartan subalgebra between vectors
invariant with respect to g-deformation Uj(so,) of Lie algebra so(n). It was shown there,
that the wave functions defined in such a way are simultaneous eigenfunctions of commuting
set of Macdonald—Ruijsenaars difference operators. Using this information, the expressions
for wave functions in terms of Macdonald polynomials were found. In this contribution,
these expressions are obtained in a direct manner by using explicit expressions for invariant
vectors in representation spaces in terms of Gel’fand—Tsetlin basis.

1 Introduction

In [2], M. Noumi introduced the notion of the quantum analogue F,(GL(n)/SO(n)) of algebra
of functions on the homogeneous space GL(n)/SO(n) and zonal spherical functions on it. It
turned out that these spherical functions when restricted to Cartan subalgebra are Macdonald
polynomials, which are simultaneous eigenfunctions of commuting set of Macdonald—Ruijsenaars
difference operators. These difference operators appear as the radial components of Casimir
elements of Uy(gl,). In [2], the radial components of the “quadratic” Casimir elements were
derived. In [1] the radial components of the other basis Casimir elements of Uy(gl,,) were found.
From the other side, Macdonald-Ruijsenaars difference operators (up to a change of variables)
coincide with commuting Hamiltonians of quantum trigonometric n-particle Ruijsenaars model.
In [1], the wave functions of Ruijsenaars model are defined as matrix elements ¥(x1, x2,...,Ty) =
(v|qZk=17rk 1), where ¢ belongs to Cartan subalgebra, (v| and |v) are invariant vectors with
respect to g-deformation Ug(so,) of Lie algebra so(n) introduced in [3]. It was shown that
the wave functions defined in such a way are simultaneous eigenfunctions of commuting set
of Macdonald—Ruijsenaars difference operators. Using this information, the expressions for
wave functions in terms of Macdonald polynomials were found. In this contribution, these
expressions are obtained in a direct manner by using explicit expressions for invariant vectors in
representation spaces in terms of Gel’fand—Tsetlin basis. In order to express the obtained wave
functions in terms of Macdonald polynomials we need the combinatorial formula [4] for such
polynomials.

Quantum trigonometric Ruijsenaars model which we discuss in this paper is a g-analogue of
quantum Sutherland model connected with symmetric space GL(n)/SO(n). Thus this paper can
be considered in the spirit of [5], where different integrable systems are connected with analysis
on symmetric spaces.

In [6], the authors used representation theory of GL(n) to obtain the wave functions for open
Toda model and Sutherland model. Their Gel’fand—Tsetlin formulas are different from that
which are used in this contribution. An important consequence of this difference is that the
wave functions obtained in [6] are wave functions in some separated variables.
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2 The quantum algebras U,(gl,,)
and their finite-dimensional representations

By the definition [7], Drinfeld-Jimbo quantum algebra Uy (gl,,) is a unital associative algebra with
the generators e;, fi, i =1,2,...,n — 1, and generators ¢", where h = z1€1 + xaes + - - - + Tpen,
x; € R, are elements of a vector space with the basis ¢, ¢ = 1,2,...,n. Defining relations
containing complex deformation parameter g # 0, =1 are:

=1, =" e =g i ed", ¢ fi =TT g
q€i7€i+1 _ qei-‘—l*ei

[eiafj] :57, q_q_l 5

leiyej] =0, |i—j|>1, eZe; — (q+q Veeje; +ejel =0, |i—j| =1,

[fi, fi1=0, li—jl>1,  f2fi—(a+a OVfififi+fiff=0, li—j=1

In the limit ¢ — 1, algebra U,(gl,,) becomes the universal enveloping algebra for Lie algebra gl,,.
For every set of n integers m,, = (mi,, M2y, ..., Myy) such that

min > man > 2 Mnn,

there corresponds a simple finite-dimensional left module V}nn over the algebra Ug,(gl,). Its
explicit construction will be given in Gel’fand—Tsetlin formalism. Basis elements of this module
are labeled by the sets of integers m; = (m1 j,maj,...,m;;), j =1,...,n — 1, such that

mi7j+12mi,j2mi+17j+1, i=1,2,...,j, j:1,2,...,n—1.

It is useful to visualize them by the Gel’fand—Tsetlin tableaux

mi,1

To the tableau (1), there corresponds basis element denoted by |M).
The generators of Uy(gl,) act on the Gel'fand-Tsetlin basis by the formulas [7]
J
q|M) =q“|M),  aj =Zmi,j—2mi,jfl, l=j=mn, (2)
— p

ej|M) = ZAZ MM, fIM) = ZB’ M, 1<j<n—L (3)

Here M jﬂ is the Gel’fand-Tsetlin tableau obtained from the tableau (1) by replacement of m; ;
by m;; £1, and

Jj+1 Jj—1
, I log1 = b . I o1 = byl
AiMy=-=L  _ Bmy==L
! [Tl — L] ! [Tl — liy]

s#i s#£1
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and the numbers in square brackets denote g-numbers defined by

m

q" —q

Im] = q—qt

In complete analogy, it is possible to construct a simple finite-dimensional right module V,P}%
over the algebra U, (gl,,) which is dual to the described above. The basis elements of this module
are also parameterized by the same set of Gel’fand—Tsetlin tableaux. The basis element denoted
by (M| which is dual to |M) corresponds to the tableau (1).

The generators of U,(gl,,) act on these basis elements by the formulas

J Jj—1
(M|g9 =q* (M|, a;j=Y mi;—Y» mij1, 1<j<n, (5)
i=1 i=1
j . . . j . . .
(Mlej = > ALMTY M, (MIf; =) Bi(M) M|, 1<j<n-1 (6)
1=1 1=1

3 Some invariant elements in U,(gl,,)-modules

In this section, we give explicit formulas for elements in left and right modules over Uy(gl,)
which are annihilating by

O = % fr, — q¢F ey, k=1,2,...,n—1.

In the limit ¢ — 1, the elements 0, become generators of the enveloping algebra for the Lie

algebra so, embedded into gl,,. In fact, the elements ¢~ “*0; generate [2] the non-standard

deformation Uy (soy,) of the enveloping algebra U (so,) introduced by Gavrilik and Klimyk [3].
The following theorem is due to Noumi [2].

Theorem 1. The element |v) € VE, (resp. (v| € VX, ) such that 6;|v) = 0, (resp. (v|f =0),
kE=1,...,n—1, exists if and only if (m;y, — Mit1,,) are even for i = 1,...,n — 1. If such
element |v) (resp. (v|) exists, it is unique up to a multiplier.

The elements |v) and (v| which are annihilating by 6j are called invariant elements with
respect to action of #;. Now, for the case when conditions of theorem for m,, are satisfied, we
present explicit formulas for such elements |v) and (v|. Let S be the set of all Gel’fand—Tsetlin
tableaux corresponding to m,, and satisfying the additional conditions:

(mij41 —m;y;) isevenforall i=1,2,...,75, j=12,...,n—1.
Then
o) = Y a(M)|M), (o] =) BM)(M], (7)

MeS MeS

where

aM)=J]er,  BOM)=]]5 (8)
k=2 k=2

o = H ik—1 — U=t o—1) Ml g1 — Ui — 2]N! (9)

ik — Uik — 21" lik — Li—1 p—1 ]!

1<i<j<k

_ [lik_ljk_1]”[lik_lj—1k—1_1]”
=q " : : ’ ’ 10
Pr=4 H lig—1—Li—1p—1 — 1Ml g1 — Ui — 11 (10)

1<i<j<k
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1
M= 5 Z Uik = lig—1)(lj—1,6-1 — Ljk — 2). )
1<i<j<k

We used the notations (4) and
[s]!:=[s][s — 2] ---[2] (or [1]), o] =[-1]!' = 1.

These expressions for elements |v) and (v| were obtained by straightforward calculation using
action formulas (2)—(3) and (5)—(6).

4 Macdonald polynomials

Macdonald polynomials constitute a linear basis in the space of symmetric polynomials of X =
(X7 X5 .., X;F) with coefficients being rational functions in two formal variables ¢ and t.
Each Macdonald polynomial Px(X;q,t) is labeled by the set of n integers A = (A1, Ag, ..., An)
such that

AL > A > 2> Ape
We introduce a partial ordering among such sets. For two such sets A and p, we put

AMt+Ae+ A=+ p2+ -+ pn and

A-p&
= # {)\1+>\2++)‘7‘2M1+M2++MT7 T:1725"'7n_1'

The set X defines a monomial X* = X 1)‘1 .-~ X, The monomial symmetric function mx(X)
is the sum of all distinct monomials obtainable from X* by permutations of X’s. In particular,
if A such that \; = 1 for ¢ < r and A\; = 0 for j > r, we have mx(X) = e,(X), the r-th
elementary symmetric polynomial.

To present the definition of Macdonald polynomials we need a commuting family of g-dif-
ference operators

MT:t—r(n—'r)/Q Z H%HTH T’:]_,...,n,

Ic{1,2,..n}yicl " J ger
|I|=r J¢I

where 7; represents the g-shift operator with respect to the variable X;. Namely, 7; is the
automorphism of algebra of polynomials of de, Xzﬂ, ., X;FL uniquely defined by 7;(X;) =
¢%9 X ;. Macdonald proved [4] the following

Theorem 2. There exists a unique linear basis { Px(X)} in the space of symmetric polynomials
of Xlil, XQﬂ, ..., X satisfying the following two conditions:

o For each X, Py can be presented as

Pa(X) = ma(X) + > uapmpu(X),
JIEON

where uy,, are some rational functions of q and t.

e For each A, Px(X) is a joint eigenfunction of M,, r =1,2,...,n:
M,Px(X) = e, (Mt ..., ¢ tP") Pa(X),

where p; = (n — 21+ 1)/2.
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We give now some explicit formulas for Macdonald polynomials. For the set A labeling Pjy,
it corresponds Gel’'fand—Tsetlin tableaux (like (1))

Aln Ao e Ann
A Mon—1 Aon—1 “ Ap—im—1 7
ALl
where A\;,, = N, i=1,...,n,and \;;,i=1,...,7,7=1,...,n — 1, are integers satisfying

)\iJ.FlZ)\iJZAi_A'_Lj_A'_l, i:1,2,...,j, ]:1,2,,71—1

We suppose that A runs over all the possible Gel’fand—Tsetlin tableaux corresponding to the
fixed A. Next theorem is a reformulation in terms of Gel’fand—Tsetlin tableaux of combinatorial
formula [4] for Macdonald polynomials. We need the notation:

(a;9)s = (1= a)(1 —aq) - (1~ ag’™).

Theorem 3. The expression for Macdonald polynomial Py has form

PA(XlaX%aXnaq’t) :ZSO(A7q7t)XA7 (12)
A
where
n k k—1

XA=TI X0 ae =D Xik— > Aik-1,

k=1 i=1 i=1

n

(g, t) = [T orPu1 M08, Ak = O\iks Az -5 Ak

k=2

orMe-t, Ak t) =[]

1<i<j<k

(tjfi; Q))\iyk*)\jfl,kfl . (tj*iflq; q))\i’ki)\j’k
(tﬂ_z_l% q))\i,k*)\jfl,kfl (= Q)Aivk*)‘jv’“

T e S A (1) N v
G )PV VP (A )P VRN VR

j—i—1 A k= A1 k—1.
- 11 (gt =" = g TN )\ A

P I
e L/ VNP Y

(tj—iq)‘i,kfl_)\jfl’kil;q)/\j—l,k—l_AjJ" (13)
(qt]—z—lin,kfl_Ajflkal N q))\j,kal*)‘jvk

1<i<j<k

Proof. From [4], it follows that

A (Cr) ba, 1 ba(Cr)

Asq,t) = = — J] 2=k
P ;g bae by (Ck) b, = b (Ch)

Combinatorial definition of by, and by, (C;) is given in [4]. This combinatorics rewritten in
terms of Gel’fand—Tsetlin tableaux gives

ban(Cr) _ 1 T N (L s o

bAk 1§’L<]§k‘ (t]*l*lq’ q)Ai,k_Aj—l,k—l (tji’L? Q))\iyk—)\]-,k
b>\k—1 _ H (tj_i; q)&,kflf/\j,k ) (tj_i_lq; q))\i,k—lf)\jfl,kfl m
b1 (C) 1<i<j<k (t]_z_l% q))\i,k—lf)\j,k (4 q)&,kq*/\jq,kq
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5 Wave functions of Ruijsenaars model

In [1], the wave function for Schrédinger equation for quantum n-particle Ruijsenaars model was
defined as

Ui, (21, T2, .oy xy) = <v\qh\v> = (v\qzz=1xk6’“|v),

where the invariant elements (v| and |v) are defined in Section 3 (conditions when they exist
are also given there). Here we give a direct proof that W, (x1,x2,...,x,) can be expressed in
terms of Macdonald polynomials.

From (2) and (7)—(8), it follows

Ui, (21,2, -, ) = (0] k=1 7% [p) = ) Hakﬂk qu’“(z Cmik=Diny mike1)
MES k=2

where oy, and §, are given by (9)—(11). We make change of variables \; j; = (m;j — my)/2 for
all possible ¢ and j. Since M € S, all the \; ; are non-negative integers. For oy, we have

B e — i — UMl — Loy e1 — UMlie—1 — Lie — 20Mlig—1 — L1 k)"
anfe =[] I — 1. N v — L — 21111 L. N L — 10
1<i<j<k [ kT —1k— 1] [ i,k T Uk — ][ i,k—1 — Yj—1,k—1 — ][ i,k—1 — Y5k — ]
H [2)\i,k — 2)\j,k —i+7— 1]!! ‘ [2Ai,k — 2/\j71,k71 —1+7— 2]”
[2)\1‘7]{ — 2)\j—1,k2—1 —i+5— 1]” [2)\2,k - 2)\j,k —i+j— 2]”

1<i<j<k
y [2)\1',’{71 - 2)\]"]@ —i+5— 2]” . [2)‘i,k71 — 2)‘]'*1,]6*1 —i+7— 1]”
[2)\i7k—1 — 2N k-1 —i+]— 2]!! [2)\i,l~c—1 -2\ —i+]— 1]!!

_ H 2XNig — 2Nk —i+7 = 12N — 2N —i+ 7 = 3] 2Nip —2Nj_1p—1 — i+ 5 + 1]

e ik =20k =i = 2ARNe — 2N — i+ — 4] Ak — 2N — i+ ]

" [2XNik—1 = 2Xj e — i+ 7 = 2]2Nik—1 — 2Nk — i+ 5 — 4] 2Nig—1 — 2N k-1 — 1+ J]
[2)\1'7]{,1 — 2)\j,k —1+7— 1][2)\i,k71 — 2)\j,k —i+5— 3] cen [2/\1"]9,1 — 2/\j71,k71 —i4+J5+ 1]
(q4q2(j77:71)q4()‘i,k7)\j71,k71); q4)
- 1<];['<k (qQ(j_i)q4()‘i,k_)\jfl,kfl); qh)x
S<US

(q2(j—i)q4(>\i k—1—Aj—1,k—1)

Aj—1,k—1—Ajk

j—1,k—1=Aj,k

)J1k1>\Jk

— o4 2
X (q4q2(j*i*1)q (Mie—1=Aj—1,k— 1) ) = r(Ak-1, A4, ¢°),

Ajo1,k—1—Ajk

where the definition (13) for ¢r(Ax_1, Ak;q,t) is used. Thus

U, (21,2, ..., Tn Zs@ Asq,t qu’“(m”"”(zl 1Ak Aik1))
k=1
n k k—1
— q(l‘1+"'+$n)mn,n Z (,D(A, q, t) H q2$k(2i:1 Ai,k_ziz_l >\i,k—1)‘
A k=1

Comparing with (12) we obtain

(z1++2Zn)Mn,n P)\(qucl 2xo 2Tn

‘I’mn(xl,$2,-~~7$n):q »q yeosq ;q47q2)'

This wave function satisfies equations

ﬁr\IJmn(ajl,xg,...,z:n) :E/(\T)\I’mn(xl,l'g,...,l‘n), r=12,...,n, (14)
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where H, is r-th Hamiltonian of Ruijsenaars model:

R 2 2x; _ 2z
H, = qr(r—l) Z H q (2] (2] _ 62 Yier 33%)
q i — q*
Ic{1,2,...n} \ i€l
(r) 2mi n+2n—2 2mo ,+2n—4 Mn.n
Emn :Cr(q 1, 7q 2 7"‘7q ’ )

This statement is easily follows from Theorem 2. Note, the equation (14) at » = 1 is precisely
Schrédinger equation for quantum trigonometric n-particle Ruijsenaars model.
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