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Quadratic singular Lagrangians are studied using the Hamilton—Jacobi theory of singular
systems. An example is studied.

1 Introduction

The standard approach to classical dynamics is to form a Lagrangian which is a function of n
generalized coordinates g;, n generalized velocities ¢; and parameter 7. The 2n variables ¢;, ¢;
form the tangent bundle TQ. The passage from TQ to the cotangent bundle T*(Q) is achieved
by introducing generalized momenta and a Hamiltonian. However, this procedure requires that
the rank of Hessian matrix

O%L
04;0q;

is n. The investigation of this type of Lagrangians (REGULAR) is a usual procedure. If the
rank is less than n, system is called SINGULAR.

The study of singular systems started with DIRAC. He obtained the equations of motion
of a singular system using consistency conditions and Poisson brackets. He classified the con-
straints. To quantize a singular system he introduced the Dirac bracket. Bergmann and his
collaborators stressed on the relation between invariance principles and constraints in field theo-
ries. In fact, their efforts were to construct a Hamiltonian approach of general relativity to
quantize the theory since the Einstein’s theory of gravitation is a singular theory to its general
covariance.

Singular field theories became the center of interest for physicists after the pioneering work of
Faddeev, who introduced the Feynman path integral quantization. Nowadays, singular systems
find a very wide range of applications in theoretical physics. An invariance under a global gauge
transformation implies a singular theory. Hence, starting from the electromagnetic theory, all
gauge theories have singular nature.

2 Hamilton—Jacobi theory of singular systems

The aim is to obtain a valid and consistent Hamilton—Jacobi theory of singular systems. Mathe-
matical method which is used is the Caratheodory’s equivalent Lagrangians method. The main
point of the method is to define the equivalent Lagrangian (variational principle) and then pass
to the phase space. This formulation leads us to a set of Hamilton—Jacobi partial differential
equations [1-4].

2.1 Construction of phase space

Let us consider a system which is described by the Lagrangian L (g;, ¢;, 7) such that the rank of
the Hessian is n — p, p < n.
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Generalized momenta are defined as

oL
- —-1,2....
pu 8q-ua 2 ) & y D5
oL
Pa = ge a=1,...,n—p (1)

Since the rank of the Hessian is n — p, one may solve (1) for ¢, as

(o = Wq (7—, qi, (juvpa) .
So
OL

= a3 = _HM (7-7 Qi7pa7QV)'
8q'u’ Ga=waq

Pu
Generalized momenta p, are NOT independent. Although, it seems that H,, are functions
of ¢, it is a task to show that they do not depend on ¢, explicitly.

Definition 1.

Hy=—L (7-7 Qi» Qv Ga = wa) + PaWq + quN’pM:—H .

I
Like H,,, Hy is not an explicit function of ¢,,.
In fact,

0Hy oL 0L dw, ow

a
= a, = 0.
96, 04,  0da 04, Poag,

Therefore, the Hamilton—Jacobi function S (7, ¢;) should satisfy the following set of Hamilton—
Jacobi Partial Differential Equations (HJPDE) simultaneously for an extremum of the action:

oS oS
H vilasPa = 7> = a_ =y,
po + 0(7’761 Ga>D 90, Po 87) 0
oS oS
H viQasPa = 7> =53] =
Pu+ y<7,q da>D 4, Po aT> 0

or in a compact form

oS a8
/ s = — = — frd
Ha (tp7p2 8qiap0 ot ) 07

where

H;:pa—i—Ha, a=01,...,p.

2.2 The canonical equations

This method leads us to the following equations:

OH'!
dq, = —%dt,, r=0,1,...,n, a=0,1,...,p,
opy
OH!
dp, = ——2dt,,
dqr

HI
ds = <—Hg +pa% “) dta.

a

Simultaneous solutions of these equations determine S (¢, g, ) uniquely if the initial conditions
are given.
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Example 1.
2L = Qi (7—7 Qk) QzQJ + 2b’L (Ta Qk) ql —2c (7-7 qk’) ) Za.] = 17 27 37
where
al 0 0
ai;=| 0 —az a2 |, a1 #0, az#0,
0 as —a
p1 = aiqi, p2 = az (43 — 42) + b, p3 = a2 (43 — q2),
o . p3 B _
wp =—, w3 = g2 — —, p2 = —p3+b=—Hy,
a1 a2
Ho = —L + prw1 + psws + (=p3 + b) ¢ or
1 2 2
H():—(&—Zﬁ) +c.
2\a; as
The set of (HJPDE) is
0S oS oS
a_ H iy 1y = 3 = a_ - 07
7 + o <Qz T,P1 o0 D3 8%)
oS oS oS
- H - s = - = — = O-
902 + 2 (%:T p1 o p3 8q3>
Differential equations for the characteristics are:
dg1 = ﬂdr, dgs = _p_ng + dgo,
ai a2
1 (p?0ay p3dax\ Oc ab
dp, = |= | = - = — | d —dgs,
pi [2 (a% oq; a2 0q ) 0] T g
1 p% Oay p% Oas \ Oc 0b
dpo=|= | = — = — | d —dgs.
po [2 <a% dq; a3 0q; ) OT T e
3 Free particle
A particle of mass m is described by generalized coordinates x; (i = 1,...,n) as
2L(x",3") = —megji'd?, (2)

where the metric matrix elements are functions of x;. One can express the Hamiltonian in the
usual way if the rank of the Hessian matrix (metric matrix) is n. In fact, generalized momenta

are defined as

0L
95t

Di = —mcg;i.

This definition leads us to the expression

0L
9t

pi = —mcgi;d’.

Thus,

¥ 1
2H = —2L + 2p;2' = ——gkmpkpm‘
mc
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Canonical equations

. dr OH
Tr = = s
dr 6]91'

g dpt  O0H
dr 0wy

lead us to the geodesic equations on the Riemannian manifold identified with the metric g;;.
Following calculations give the desired equations

i = 2mcg”p]

) OH 1 0gij

Pk =755 = 2me 0ak? Py
Thus,

- 39” kam

P R L Y e

After some manupulation we get

4T ik Em =0, i=1,...

1aglk ji km In :

7n7
where
; 1 i (9g; 99jk  Ogmk
i ] im jk m'
km 29 < ork T um T 0w

)

Ty

Description of the Lagrangian (2) in terms of the metric g;; gives the geodesic equations.

If the rank of the Hessian matrix is less than n, we have a singular system [5].

Now, the

question is whether the geometric approach is applicable or not. To achieve this aim we are going
to apply the Canonical formulation to a singular Lagrangian. Let us consider the Lagrangian

1 . . .
L= (@ +9° +2) + A (y2 — 29) + ha (2 — w2) + Ag (2 — pid).

(3)

Physically speaking, this is the Lagrangian which describes a particle such that all three
components of angular momentum are conserved. Here \; (i = 1,2, 3) are Lagrange multipliers.

One can express this Lagrangian as

I .
L= §giquqj7 1= ]-7"'767

where

(lej,‘, 425297 q‘352"/7

and the 6 x 6 symmetric matrix g;; is

1 0 0 0 =z

0 1 0 —2 0

o 0 O 1 y —x
J9i=1 0 —» y 0 0
z 0O —x O 0

-y x 0 0 0

41 = M,

SO OO OoO8R

= gji~

g5 = A2,

g6 = A3
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One should notice that the rank of g;; is five. Thus, one cannot apply the standard procedure.
To find a remedy, we express (3) as

1 .. i
L= 5 (glluqu,u + 296ﬂ)‘3qu> ) w, V= 17 cee 5.

In order to determine the Hamiltonian, let us define the generalized momenta as

oL . :
Pu = 8—% = GuuQv + gGu)\Sa (4)
oL .
DPxs a)\3 96090

= Joo [g;,}pu — GopaeuAs
= g66Pu — g6 = 0.
Since the rank of g;; is five, the submatrix g,,, is invertible. Thus, using (4) we get
(o = g;l}p# — g;ﬁa6#}\3, c=1,...,5. (5)
Now, we can define the Hamiltonian H as
Ho = —L + pudy + pag A3 (6)

Substituting (5) in (6), one obtains

1

Ho = 59u,PuPpr 1P =1,.,5

which is independent of A3. We expect this result due to the singular nature of the Lagrangian.
We have two Hamiltonians to describe the system

1 _
Hy = po + 59, Pupp = 0, (7)
H = Prs = 0. (8)

Canonical equations read as

OH' O0H'
dg, = —%dt,, dp, = ——2dt,, =0,6, dty = dt, dty, = d)A3.
‘m 8})# Pu aq# « 0 3

More explicitly

day = gupppdt,  p=1,....5,

dqg = d)s,
1 (9g;}
dp, = —= rp dt
p B ( 94, )pupp )
dp)\g = 07 dp() =0. (9)

The theory forces us to check the consistency conditions i.e. to check whether the variations
of the constraints (7) and (8) are zero or not. Equation (9) guarantees that the variation of H’
is zero. Besides,

1 -1 —1 -1
dH}, = dpo + 3 {d(9,p) PuDp + 929 APuPp + 910 DDy } -
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Using the equations of motion we get

1 [ ag;}! 1993 109.4
dH) = - P2 dqq, el A dt s it 4 dt =0.
0 { 4o 4oPuPp + Yup 5 94, PaPp Pp+ 9,pPu 2 g, DPaPps

2

Thus, the system is integrable.
Up to this point we have followed the standard canonical formulation of a constrained system.

Now, we will propose the geodesic equations

. 1, 0gvo agup agap o p
= — — 1
Gy =5 (97, < 24, * o0 ag, ) 1 (10)

as equivalent to the equations of motion. In other words, we will show that solutions of (10)
satisfy the equations of motion. In fact, equations (10) give

§ = m :2}\2 (z& — 22) 4+ 21 (y3 — zy) ,
i = m :2A1 (y% — 29)) + 270 (24 — 1‘2): :
3= m :2)\2 (2 — 22) + 2\ (yz — zy) )

- 1 c (zy—yz o (yPi 4 2% )
A22x2+y2+22{2x/\1< P >_2/\2< Pk

Therefore, equating these ratios to a negative constant k we get the periodic solutions

x(t) = ¢y sin/|k|t + c2 cos /|klt,
y(t) = egsin/|k|t + ¢4 cos \/|k|t,
z(t) = essin/|k|t + cg cos /| k|t.

These solutions also satisfy the equations of motion.
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