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We first review some recent developments [2] of the N-wave equations and their gauge
equivalent ones related to the so(5) algebra. These include the form of the equations and
the relevant recursion operators, the properties of the scattering data etc. Next we generalize
these results to the multicomponent nonlinear Schrédinger equations and their gauge equiva-
lent ones known as the Heisenberg ferromagnet type equations. The explicit form of the so(5)
HF equations and the relevant recursion operators are derived.

1 Introduction

We start by briefly reviewing our previous results on N-wave equations and their gauge equi-
valent ones [1,2] and extend them for the multicomponent NLS-type equation and their gauge
equivalent.

Both classes of the above-mentioned nonlinear evolution equations (NLEE) are solvable by
applying the inverse scattering method [3,4] to the generalized Zakharov—Shabat system [5]:

LG = <i% T gl t) - )\J> bt ) =0, 1)
related to the simple Lie algebra g of rank » > 1. The gauge in (1) is fixed up by choosing J to
be a constant element of the Cartan subalgebra h € g. Then the potential g(x,t) can be cast
in the form g(z,t) = [J,Q(z,t)], where Q(z,t) is a generic element of g. We also assume that
q(z,t) tends to zero fast enough for x — 4o0.

For the N-wave type equations J is chosen to be a regular element of j; as a consequence the
subalgebra gy C g of elements commuting with J coincides with h. For the multi-component
NLS (MNLS) type equations J as a rule is not a regular element of h and the corresponding
subalgebra g; is a non-commutative one. This makes more difficult the derivations of: i) the
fundamental analytic solutions (FAS) of (1); ii) the construction of the related recursion opera-
tors and iii) the application of the gauge transformation, i.e. the transition to the pole gauge in
which:

Lip(x,t,\) = <¢di - AS(m,t)) (x,t, ) =0, (2)

i

Dz, t,N) = g7 @, (.t N),  Slat) = Ady - J = g7 (@, 1) Jg(x,t),

g(x,t) =(x,t, A =0), ie., <2% + q(:):,t)) g(z,t) = 0. (3)

To be more specific let us write down the explicit form of the above mentioned NLEE along
with their Lax representations and dispersion laws. The N-wave equations and their gauge
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equivalent read:
Z[‘LQt] _Z[Iva]+[[I7Q]7[J7Q]] =0, (4)
S~ L f(8) =0, 9

where Q(z,t) is related to the potential g(x,t) in (1) by ¢(z,t) = [J,Q(x,t)]. The constant
regular element I € h can be expressed as a function (polynomial) of J: I = f(J), see [2]. The
corresponding M-operators of (4) and (5) equal:

MMy = <z§; +[1,Q(x,t)] — AI) P(x,t,A) =0, (6)

Miy(x,t,\) = <z% — )\f(S)) Y(x,t, ) =0, (7)
and the dispersion law for both equations is linear in A: fy_(A) = AI. An important point
here is that I and J are both regular and linearly independent; otherwise the corresponding
equations (4) and (5) become linear.

As we mentioned above the Lax operator for the MNLS equations formally has the form (1)
but now J is no more regular element of . This means that the subalgebra g; C g of elements
commuting with J (i.e., the kernel of the operator ad ;) is a non-commutative one. The dispersion
law of the MNLS equation is quadratic in \: funrs = 2A%2J. The MNLS equation, its gauge
equivalent MHF equation and their M-operators have the form:

.dq -1 dgq -1 . -1
iy t2ad; g [g, molg, ad;"q]] — 2i(1 — 7o)[g, ad; " gz] = 0, (8)
dS d _,dS

—_— 2_ — p—
it t s (ads da:) 0 ©)
M\ = <¢% — Vgt + 2iad; gu(a, ) + 2Xq(, t) — 2)\2J> P(z,t,\) =0, (10)
Mip(z,t,\) = (i% —2iNadg'S, — 2A25> O(x,t,\) =0, (11)

where Vod = ([q, ad}lqm]) and 7 is the projector onto gs; (see also Section 3 below).

The interpretation of the inverse scattering method (ISM) as a generalized Fourier transform
and the expansions over the so called “squared solutions” (see e.g. [5] for regular J and [6]
for non-regular J) allows one to study all the fundamental properties of the relevant NLEE’s.
These include: (i) the description of the whole class NLEE related to the Lax operator L(A) (1)
solvable by the ISM; (ii) derivation of the infinite family of integrals of motion and (iii) the
Hamiltonian formulation of the NLEE’s.

The “squared solutions” that appeared first in [7,8] were later generalized in [5,6] to Lax ope-
rators of the type (1); they can also be viewed as natural generalizations of the usual exponentials
and are introduced by:

ez (z,t,\) = (1 — 7o) (x=(2,t, \) Ea X (2, £, ))) (12)

where x*(z,t,\) is the fundamental analytic solution of the Lax operator L (1). In fact their
completeness relations [5,6] provide us the spectral decompositions of the operators:

Ayet, = et A_eia = Aef,, ae Ay, (13)

known as the generating (or recursion) operators; they play crucial role in deriving the properties
of the NLEE. The recursion operator appeared first in the AKNS-approach [7] as a tool to
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generate the class of all M-operators as well as the NLEE related to the given Lax operator. Next
ILM. Gel'fand and L.A. Dickii [9] discovered that the class of these M-operators is contained in
the diagonal of the resolvent of L which could be explicitly defined in terms of the FAS x*(z, ).

In the present paper we outline the construction of the recursion operators Ay related to L (1)
both for regular and non-regular elements J. In order to avoid a number of technicalities we
consider only the Lax operators (1) related to the algebra so(5). Our ideas, however, can be
generalized to any simple Lie algebra thus allowing one to treat the corresponding class of NLEE.
Another important point in our considerations is the explicit gauge covariant approach, which
allows one to reformulate everything also for the pole gauge, thus extending the results in [10,6].

In Section 2 we briefly summarize our results on N-wave type equations related to so(5)
and their gauge equivalent, see [2,11]. In Section 3 we resolve the technical problems in con-
structing the recursion operators Ay for the so(5) MNLS type equations by using the spectral
decomposition of the operator ad;. As a result we obtain explicit expressions for the recursion
operators Ki, gauge equivalent to A1. In Section 4 we briefly show how these recursion opera-
tors generate the hierarchies of Hamiltonian structures of the MNLS equations and their gauge
equivalent ones.

2 N-wave type systems and their gauge-equivalent: so(5)-case

The so(5) algebra has two simple roots a;, ay and four positive roots Ay = {ag, a9, as, as}
with a1 = e1 — €9, ag = e, a1 + as = e1, a1 + 2as = e; + es. Here we use the following
parametrization for J and ¢(z)

0 qo q11 q12 O Ji 00 0 0
pio 0 @1 0 quo 0 J0O 0 O
qz,)=)  (@aBa+paEo)=|pnup 0 @ —quf, J=[0 00 0 0 |, (14)
€Ay p2 0 p1 0 quo 0 00-Jy O
0 pi2 —p11po O 0 00 0 —J;

where ¢;, and pj are related to the roots jai + kag and —ja; — kas respectively. Since in this
section J is regular we can assume that J; > Jo > 0; then the positive roots satisfy «(J) > 0.
The corresponding 4-wave system has the form [11]:

i(J1 — J2)qi0, — (11 — I2)q10,2 + 2Kq1190; = 0,

iJ2qo1,¢ — il2qo1,2 + K(q11q12 + q1147) = 0,

iJiq11,e — iliquie + £(q12q01 — q10901) = 0,

i(J1 4+ J2)qioe — i(11 + 12)q12,2 — 26411901 = 0, (15)

where we put pj, = q;‘k, Ij; are the matrix elements of I = diag (I, I3,0,—1I2,—I1) and k =
J1Iy — JoI;. The system (15) can be written down as: iad}l% — A[I, ad}lq(ac,t)] = 0, where
the recursion operators Ay satisfying (13) and A = (A4 + A_)/2 are defined by:

As2(a) = i (0 = ) (57 + fa@), 2]+ [aCohmo [ dylatw). 2] ). (10)

dx +600

The equation (15) find an applications in nonlinear optics [3,11], and their gauge equivalent —
in differential geometry [13]. The equations, gauge equivalent to (15) are:

ds ds? LJ} — 1J3 LJy — Iy

—_— —_0 T = -7 7]
dt w =% N Jido (JE = J3) s Ji o (JE = J3)’

fl% —f3 (17)

where the matrix S(x,t) € so(5) is constrained by:

trS?=2(Jf+J3), us'=20{+J3), S(S*-J7)($*-J3) =0. (18)



On N-Wave and NLS Type Systems 391

We are using explicitly gauge covariant approach which allows one to reformulate all fundamental
properties of the NLEE to be easily reformulated from one gauge to another. In particular, the
gauge-equivalent “squared solutions” and recursion operators are given by:

Ca(@,t, ) = g (@, 0)ez (2,8, Ng(,t),  AeZ = (97 (&, 0)Ag(x, 1)) Z(x, 1), (19)

where

o, o )
ReZ = iadgh, (1 - %o@:)){% > nte)adgly) [ dy([ul).adg, ) z<y>>}, (20)
k=1 o0

where hy(z,t) = g~ (2, t)Hpg(, 1), (Hy, Hj) = (hi(z,t), h; j(x,t)) = ;1. The main difficulty in

deriving the explicit form of the gauge equivalent equations is in the need to express all relevant

quantities, such as g~ 'q(z,t)g(z,t), g 'Ig(x,t), etc. in terms of S only. The starting point is

that both I and J have a common set of eigensubspaces and also the fact that if J € b then

also J? € h. In what follows we express the Cartan generators H; = diag(1,0,0,0,—1) and
= diag (0,1,0,—1,0) as polynomials of .J, see [11],

J J:— J2 L _ ST

Lz, t t t) = —iad ! S, 21

1= Jl Jl J22a 2 = J2 J2 J127 ('Ia )Q(:Ua )g(CE, ) ta S(x) ) ( )
S 8?2 ~ S 8- J?

ha(z,t 2 ho(x,t L 22

1(x,t) = Jl J2 J27 (w,t) = J2 J2 J12 ( )

Thus we have I = I1h1 + I2hy. Applying the gauge transformation to this formula allows us to
find the desired expression for g~'Ig(z,t) in terms of S:

f(S) = 11ﬁ1($,t) + IQEQ(ZE,t) = f18 + f353,

compare with equation (17). The set of constraints on S come from the fact that it has con-
stant eigenvalues equal to +.J;, £.J5 and 0. These formulas together with the set of nonlinear
constraints mentioned above completely determine the NLEE’s gauge equivalent to the N-wave
ones. Note that the number of the independent coefficients in S is equal to the number of the
roots of the algebra, equal to 4 in the case of so(5).

One can also derive explicitly the operator inverse to A generalizing the result in [12]:

T ~

AZ'Z= (1~ 7) /i dy 1), Z(y)]. (23)

The direct scattering problem for the Lax operator (1) is based on the Jost solutions and the
scattering matrix T'(\):

lim o(x, \)eM® =1, lim ¢z, e =1, T(\) = ((z,\) Loz, ). (24)

T—00 Tr— —00

The FAS x*(x, \) of L()\) are related to the Jost solutions by [3,5,14]

X (@, 0) = ¢z, SN = (2, NTF() D), (25)
where T#()\) and S*(\), DF()\) are elements of the group SO(5) and are factors in the Gauss
decomposition of the scattering matrix: T'(\) = T~ (A)DT(A)ST(X\) = TT(A)D~(A\)S~()). Here
S=8"1 5%\ t) =exp (ZaeA+ sE(N, t)Eia>, and similar expressions for T+ (), ). In particu-

lar DF(\) = exp(£di (A\)H; + di (\)Hy) are analytic functions of A for Im A > 0 and Tm A < 0
respectively.
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On the real axis xT(x,\) and x~(z,\) are related by x*(z,\) = x~ (2, \)Go(N), Go(\) =
S=(A)ST()), and the function Go(A) can be considered as a minimal set of scattering data in
the case of absence of discrete eigenvalues of (1) [3,14,5].

If the potential g(x,t) of L(X) (1) satisfies the N-wave equation (15) then fy_,,()\) = Al and

+ +
@% — [fn—w(N), ST\ )] =0, i% fvew(V), TE(ON 1) = 0,

dD*
— =0, (26
o =0, (26)

i.e., ST()\) and T*()\) satisfy linear ODE while the coefficients dji()\) are generating functional
of the local integrals of motion of the NLEE.

The scattering data for the gauge equivalent equations S*()\), TF(\) and D*()) are related
to the scattering data of the “canonical” systems as follows:

SEN) =T(0)STNT((0),  TE\) =T%\), D\ =DEN)T(0). (27)

T(0) is an element of the Cartan subgroup of SO(5). On the real A axis again Gp(\) =

S~(A\)St(X\) can be considered as a minimal set of scattering data for the gauge equivalent
systems.

In order to obtain the soliton solutions for the gauge equivalent N-wave systems one needs
to apply the Zakharov—Shabat dressing method to a regular FAS )2?5) (z,A) of L with poten-

tial S(g). Thus one gets a new singular solution )Zﬁ)(ac, A) of the Riemann—Hilbert problem with

singularities located at prescribed positions Ali. It is related to the regular one by the dressing
Zakharov—Shabat factors [3] @(z, \):

X(il)(l‘v >‘) = ﬂ(xv A))Z(i ($, )‘)ﬂil()‘)v U ()‘) = lim ’L~L($, >\)7 (28)

O) T— —00
and the dressing factors for the gauge equivalent equations u(x, \) are related to u(x, \) by

a(z,\) = g(_oi(x,t)u_l(x, A = 0)u(w, N)g(0)- (29)

Then the new solutions Xﬁ)(:v,)\) will correspond to a potential Sy of L with two discrete
eigenvalues A\T. The explicit construction of the dressing factors is discussed in [11] for the
“canonical” N-wave systems and in [2] for their gauge equivalent. Note only that getting the
explicit form of the dressing factors one gets the 1-soliton solution as well. The n-soliton solutions
could be obtained by multiple applying the dressing method (n-times).

3 Generating (recursion) operators for MINLS type models

The MNLS type system for has a dispersion law f(\) = 2A2J. Our choice for J is a degenerate
one, because ai(J) = 0; the set of roots A} = {aa, as, a4} of so(5), for which a(J) # 0 labels
the coefficients of the potential ¢(x,t):

0 0 quu 12 O a00 0 O
0 0 q1 0 q12 0a 0 O 0
q(@,t) =Y (GaBa+paE-o)=|p1p 0 @ —qu|, J=][000 0 0 [,(30)
aeAf pi2 0 pr 0 O 000 —a O
0 P12 —P11 0 0 000 0O —a

where we assumed pj = q}‘k. The corresponding MNLS type system is of the form:

dgz 1 dqa 1 { {
—= — EQ12(|Q1!2 + lqu1? + |g12]?) + S0qie — —01Qe = 0,

! dt 2a dxz?
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dq | 1d’qn 1 2 5 1, i i
at a a 9 - 1 o 1 - 0; 31
dt 0 dz2 aQn lq1]” + |qu1|” + 2|Q12| + anquz + 2@(]12,36(11 (31)
d(h 1 —d 4 1 2 2 2 { { %
a T a - = e — = = 0.
dt + 0 dr? Q1 ’lh\ + ‘%1’ \qu\ aquqlm 2aq127xq11

Our choice of J means that K = ad; has five different eigenvalues: —2a, —a, 0, a and 2a. Then
the minimal characteristic polynomial for K is:

K (K? - a®) (K* — 4a®) = 0. (32)

Let us also introduce the projectors onto the eigensubspaces of K as follows:

K (K? - a*) (K £ 2a) K (K? — 4a?) (K + a)
T42 = 2404 ) T+1 = — 6a4 )
(K? —a?) (K? — 4a?)
™ = 4a4 .

Using the characteristic equation (32) it is easy to check that 7; are orthogonal projectors; i.e.
they satisfy: mjm, = d;,m; for all j,k = £2, &1, 0 and that Knyo = £2am42, K741 = famy,
Kmy = 0. Thus any function f(K) can be expressed in terms of these projectors: f(K) =
f2a)ma + f(a)m + f(0)mo + f(—a)m_1f(—2a)m_2 provided f(A) is regular for A = +2a, +a
and 0.

The phase space M ; of the MNLS equations is the co-adjoint orbit of the so(5) determined
by J; its elements are matrices ¢(z, t) satisfying moq(z,t) = 0. Note also that ad; = K introduces

2
a grading on g = @ g; and the projectors m; project precisely onto g;. Obviously g; = 7;g,
j==2

go = gs and My ~ g\gs. The “squared solutions” again have the form (12), but now the
corresponding FAS and the projectors my are different due to the choice of J:

xE(a, t, \) = ¢(a, 6, \)ST (8, \) = (2, t, \)TF (t, \)DE(N). (33)

Here ST, TF and D7 are the factors in the generalized Gauss decompositions of T'(t, \) [6]:

T(t,\) =Ty (t, ) DT (\)SS(t,A) = T} (£, ) D5 (NS (t, \), (34)
STt A =exp | > st (tNExa |, TrtN) =exp| > 5,6 )Exa |, (35)
aGAT aeAj‘
+ _ + + + +
D7 () = exp (£di (A\)Hy £ 2d5 (N Ha + dy (M) Eq, +d=, (N E_q,) . (36)

If g(x,t) evolves according to the MNLS (3) then

— 2N, TE(t,\)] = % =0. (37)

dTi
at

dsi

i~ - 2N2[J, SE(t,\)] =

This means that the MNLS equation (3) has four series of integrals of motion as compared to
the two series of integrals for the so(5) 4-wave system. This is due to the special (degenerate)
choice of the dispersion law funrs = 2A2J. We have to remember, however, that only two
of these four series are in involution, which in turn is related to the non-commutativity of the
subalgebra g;. As a result we get the following expression for the recursion operator:

AeZ = K71 - m0) (4 + o), 26+ oo, [ aymola) 2] ). @9

+oo

where we assume that Z € M, i.e. moZ(z) = 0.
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In order to evaluate the gauge equivalent recursion operator we again make use of the gauge
covariant approach. First it allows one easily to recalculate the projectors on the eigensubspaces
of adg(y) = K(z) = 90 'K go(z,1):

. K(K?-a?)(K +2a) ~ K(K? —4a®)(K + a)
T4 = 4 ) T+1 = — 4 )
24a 6a
_ (K?—=d®)(K? - 4a?)
T = .
4a4

In particular, these formulae allow us to cast the MHF system (9) in the form:

. 5 1 3
where S is constrained by S (52 — a2)2 = 0. In addition the operator K (z,t) satisfy the equa-

tion (32). One way to derive the explicit form of the recursion operators Ki is to apply the
gauge transformation to Ay (38). For degenerate choice of J this is more difficult due to the fact
that g is non-Abelian. Here we only provide the explicit form of the operators inverse to A+

I | e - e
A Z = ;(Il — WO)/i dy [S(y), Z(y)], moZ(x) = 0. (40)
oo

The scattering data for the gauge equivalent MHF equations 5’3[(/\), TJi(/\) and bbj,[()\) are
related to the scattering data of the “canonical” systems as follows: Sf(A) = TJ(O)S}L()\)TJ(O),
TE(\) = TF(\), and DE(\) = DF(N)T;(0) and T;(0) is an element of the subgroup G; of
SO(5). On the real \ axis again G jo(\) = gj(A)gj(A) can be considered as a minimal set of
scattering data for the gauge equivalent systems.

In order to obtain the soliton solutions for the gauge equivalent MHF systems one needs to
apply the Zakharov—Shabat dressing method to a regular FAS )Z(io) (z,A) of L with potential S.
Thus one gets a new singular solution )Z(il)(m, A) of the Riemann—Hilbert problem with singula-

rities located at prescribed positions )\li. It is related to the regular one by the dressing factors
@(z, A) whose structure is analogous to the ones presented in Section 2 above.

4 Hierarchy of Hamiltonian structures for MINLS type models

It is well known that both classes of NLEE possess hierarchies of Hamiltonian structures. The
phase spaces M j and Mg corresponding to the standard and the pole gauge

My ={g(@,1), mog(x,t) =0},  Ms={S(x,1), S(z,t) =g~ " Jg(a.1)}, (41)

where in addition we assume that g(x,t) and S(x,t) — J are smooth functions tending to zero
fast enough for |z| — oo.

The hierarchies of symplectic structures defined on My and ./\7?5‘ are generated by the corre-
sponding recursion operators and are given by the following families of compatible two-forms:

Q) = z/ da <5q A AFad;1g(x, t)> ;o= z/ dx <6S A AradaS(a, t)> .

—00 — 00

Note also that the gauge transformation relates nontrivialy the symplectic structures, i.e. Q((lk) o~
ng+2) (for NLS-HFE equivalence, see [16,10]). These two hierarchies are dynamically equiva-

lent.
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5 Discussion

Here we derived new results about the construction of the recursion operators for MNLS models
and their gauge equivalent MHF systems by using the gauge covariant approach. These re-
sults can be naturally extended in several directions. First, one can apply the reduction group
method [17] in order to investigate the Zs and other finite order reduction of the MNLS systems
thus extending the results of [11, 1] for the N-wave systems. Second, it is natural to extend
these reductions also to the gauge equivalent systems (5) and (9). Such results may display ad-
ditional properties of the class isoparametric hypersurfaces [13] described by the equations (17)
in the framework of the so(5) algebra. A third open problem is to study reductions of the gauge
equivalent systems and the spectral decompositions for the relevant recursion operators.
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