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Equation for Doublets of Particles
with Half-Integer Spin and Parasupersymmetry
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In the present paper we consider the tensor-bispinor equations, which describe two particles
with arbitrary half-integer spin and opposite parity. We obtain the energy levels of particle
with half-integer spin s in constant magnetic field and find the parasupersymmetry which
is connected with extra degeneracy of energy levels in constant magnetic field.

1 Introduction

It is well-known that equations for particles with spin more than % have a lot of defects such
as: acausality [1], incompatibility of the theoretical value of gyromagnetic ratio g = % with
experimental value g = 2 for any spin, complex value of energy of charged particle in constant
magnetic field and others. In the papers [2, 3] tensor-bispinor equation was considered, which
describes the motion of particle with half-integer spin. It was shown [2,3], that tensor-bispinor
equation remains causal after introducing the interaction with electromagnetic field. Moreover,
this equation, in the case of minimal interaction, is equivalent to the equation in Dirac-like form,
which was considered in the paper [4].

The aim of this paper is generalization of the result that was obtained in the papers [2,3], for
the case of anomalous interaction quadratic in electromagnetic field. We note that there is a kind
of anomalous interaction quadratic in electromagnetic field at which the extra degeneration of
energy levels of particle appear. This degeneratior is caused by parasupersymmetry of considered
equations.

In Section 2 we consider tensor-bispinor equations for free particle with arbitrary half-integer
spin. We also show the equivalence of such equations and the Dirac-like equations [4]. In Sec-
tion 3 the minimal and anomalous interaction with electromagnetic field is discussed. Section 4
is dedicated to the problem of motion a particle in constant magnetic field. The condition is
found at which the problem of complex energy levels does not arise. Finally, in Section 5, we
retrieve the conditions the constants to which should satisfy of interactions in order that the
equation for particle in constant magnetic field be parasupersymmetric (It is worth to note
that parasupersymmetry of equations for spin-1 and spin-0 was considered by Beckers, Debergh,
Nikitin [5] and Sergeyev [6]). We also obtain corresponding parasupercharges.

2 Tensor bispinor equation for free particles with arbitrary spin

Let us consider in this section the description of motion of free particles with arbitrary half-
integer spin in terms of irreducible antisymmetric tensor-bispinor \11[7“ vvilluz,val-im o) [2, 3] of

rank n (n=s—1).

We suppose that the tensor-bispinor \Iliy“ vvillpzval-lunnl oo tisfies the following conditions

pluavllpevel- vkl [pavn] — _ylran]lpzve]-[vep]-[pnvn] ’

\I;[ltwl][M2V2}"'[Mk7/k]"'[ull’z]"'[unl/n] _ \I;[Mwl][M2V2]"'[Mle}"'[Mkl’k]"'[unl/n]’ (1)
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and
r}/ﬂf}/y\l}[u”}[“11’1]"'[/1%71an1} =0, (2)

[w1v1][pe vol - [pn,vn]

where 7, are the Dirac matrices. Moreover, ¥ satisfy the Dirac equation

(yap™ — m)wheawallnwnl — g, (3)

where p, = i%.
Commuting ~,7, and using (2), (3) with (yAp* — m) we come to the condition

pu%/\l;[lw][Nluﬂ"'[unfwnfﬂ —0. (4)

v lpz,vel - lin,vnl belongs to the carrier space of the representation

0) @D (0, 3)]

HeD(3,s—3)eD(s—1,000D(0,s—1).

The wave function \Il[y“ b

[D (s =3,0)@D (0,5 - 3)]®[D(3
= D(s,0) & D(0,s) @ D (s — 3,
of the Lorentz group. Thus, the wave function \II%I’VI][MQ’VQ]M[“"’V"] has 16s components. Con-
straint (2) removed the states which correspond to the representation D(s —1,0) & D(0,s — 1).
The secondary constraint (4) nullifies the remaining part of non-physical components and, as
a result, we have exactly 4(2s + 1) independent components, i.e. twice more than it is necessary
for describing particles with arbitrary spin. So equation (3) with additional conditions (1)—(2),
(4) describes two particles with arbitrary spin s, but these particles have opposite parity.
To introduce the interaction with electromagnetic field in equations (1)—(4) it is preferable to
write them as a single equation. For this purpose we present the wave function \IJL,“ vvallpzvel-[pn,vn)
in the form

plllanvn)  limval-lumval l<7[m Avllnava]-funvl
2

+ Ayluz gralliamllpsvs] - lunval 4o 4 fy[l‘nAVn][Mllfl]"'[lm—wm]>7 (5)

here v AV = A AV — A¥ Al Tensors Bl lunvn] and ANl lun—1vn-1] gatisfy the following
conditions

,Y“(I)[W][mm}-{unun] =0,

fy)\A/\[mVl]“-[unfanfl] — ,ymAA[mVl][Msz]'"[MnVn] =0,

ANl lpnvn] o g pnen] o qria]lenen] —

)

A)\[.ull/l]"'[,unl’n] _|_A/J'n[#11’1] _|_AV7L[,U‘1V1]"'[)\)U‘TL] = 0.

Moreover, tensors ®ltavilltnnl and ANmval-[in—1vn-1] gatisfy conditions (1). Then we can write
the single equation equivalent to (1)—(4) in the form

, v \P[M1V1][M2V2]"'[Nnyn] — L P, 1V
(wp” —m) 2(8n—11); ki)

n
n

T Z Py(pivi; pjvy) = 0, (6)
i,j=1(j>1)
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where

Pr(pivi) = [y Yo Jpa ANl lacvicallpivi - funvn]
Py(pivis pjvy) = Pi(pivy) — Pi(pipg) + Pr(vipg) — Pu(vivy). (7)

Contracting (6)—(7) with (pu, 7 — Pui V) We come to constraint (4).
It was shown [2,3] that equations (5)—(7) can be written in the Dirac-like form [6]

(Cppt —m)¥e =0, e=—1,1,
(Cup" +m)(1 + €il'y)[Sw S* — 4s(s — 1)|¥€ = 24m¥°. (8)

Here W€ are wave functions, which have 8s components; matrices I';, have the following form
Lp=7n1,

where 7, are Dirac matrices and I is (27 + 1) x (27 + 1) unit matrix (7 = s — 3). In the general

case ¥€ can be expressed in terms of tensor-bispinor \Illy“ e I e example, in the

case of spin % we have

1 _
(I)gzb = 5€abc ((I)Eycl) + (I)((ch))7 oo =

2 (@) —alY),  abe=1,23 a=0,1,23

Matrices S, can be represented in the form

S;uz = Ju + Tuv, Juv = Z[Fua FV}

and 7, satisfy the commutation relations
[Tuya Tpa] = i(guaTyp + GupTuo — GupTve — guoTup)7 [Tum Pp] = [Tuuajpa] =0,
and belong to the representation D(7,0) of algebra AO(1,3), i.e. satisfy the relations

Tab = EabcTes Toa = Tas a,b,c=1,2,3,

TaTa = T(T + 1), [Tas To] = 1€abeTe- 9)
Taking into account (9) we can write 7, as
To = 1® Tq, a=1,23,

where 1 is 4 x 4 unit matrix and 7, realize irreducible representation D(7) of algebra AO(3).

3 Interaction with electromagnetic field

The minimal interaction with electromagnetic field and anomalous interaction linear in electro-
magnetic field were considered in [2-4]. Using tensor-bispinor formulation we can introduce as
minimal as anomalous interaction with electromagnetic field and then we come over to Dirac-like
form [2]

p_ Lo Lo AR -
(r,m m+ (1 - il) (4(9 9)[[,,,T,] + gTW)F )w 0,
(Cumt +m)(1 4 i) [Su S* — 4s(s — 1)]¥€ = 24mP*. (10)
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Equations (10) can be generalized by introducing the anomalous interaction quadratic in
electromagnetic field

(F,ﬂ'r‘u —m+ 4i(1 — 6iT) (9w F™ + g1 (S F"™)?2
m

+ g™, — iFMF,,FW)>\IJ€ ~0. (11)

Equations (11) admit the Lagrangian formulation and include coupling constants g, g1 and gs.
We will see that the constraints g; and gs can be chosen such way that the known difficulties [2]
with complex energy levels will be overcomed.

4 Particle with arbitrary half-integer spin s
in constant and homogeneous magnetic field

In this section we consider the problem of interaction of a charged particle with arbitrary half-
integer spin with a constant and homogeneous magnetic field. We demonstrate that for g # %
this problem leads to the known difficulties with complex energies and demonstrate that these
difficulties are successfully overcomed using the generalized model (11) with bilinear in F),,
anomalous interaction.

Equation (11) can be expressed in the form of second order equation

€392

(Wuﬂ'“ —m? + %SWF“V + o (SWF“”)2 + -

2
1
(S S™ —15)W5 =0, W = —T,7iws,

F‘“’FW) T =0, (12)

where U€ can be obtained, using the expression
U =W 4 W,

For the case of the constant and homogeneous magnetic field the vector-potential A, and the
field tensor F),, are

Ao :A2 :Ag :0, A1 :Hﬂfg, Foa:Fgg :F31 :0, a = 1,2,3,
F]_QZHSZH; HZOa

H is the magnetic field strength.
The solution of equation (12) can be represented as [4]
@6

S

A~

0
Le+ 18,m,)®¢
m s~atal=s

1 s €
*%Kaﬂ'aq)s

v =

Here (K3)mm' = Omm V8% — m%; (K{)ymr £ 1(KS)mm: = £0mam/8(s — 1) Fm(m F 1) £ 2ms,
m,m = —s,—s+ %, ..., 8; 0 is zero matrix 1 x (2s — 1), s is value of spin of the particle, ®¢ is
a four-component spinor which satisfy the equation

[p? + e*H?x3 — eH (955 + 29155 H + 2goH + 229p1) | S = (2 — m?) DS, (13)

So the problem of describing the motion of particle with spin s reduces to solving equation (13).
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Using the eigenvectors Q5 (v = —s,—s + %, ...,8) of matrix S3 we can represent ®, in the
form

®f = exp(i(p1z1 + p33)) Z fo(@2)$2,

where f(z2) are unknown functions, Q2 are 4 components spinor eigenvectors of Sz, S35 =
v§23. The functions f;; satisfy the equation

d2
(d—y2 ; y2> W) = nf* ),

2 2 2
where 1 = E?Tps’ +v(g+2g1vH +2g2H), x9 = GLH(Pl +VeHy).
Requiring that f*,(y) — 0 when y — 00 we have
n=2n+1, n=20,1,2,3,....
Then the energy levels are

2 =m?+pi+eH?2n+1—v(g+201vH + 292 H))

and eigenfunctions f;(y) take the form

Hxo — Hxo —
£5(2) = exp Gw) h, <w> ,

2eH VeH
where h,(y) = %, H,(y) are Hermitian polynomials. If g; = 0 such values of H exists for

which €2 < 0. In order that €2 > 0 for all H, g and g; must satisfy the following condition

(sg—1)%

>
|Sgl+92‘ — 8m82

5 Parasupersymmetry

In this section the parasupersymmetry of equations for particle with spin % in magnetic field is

discussed. Let us start with the supersymmetry of Dirac equation for particle with spin % in
homogeneous magnetic field. The related equation (13) takes the following form

(62 — (p1 — eHaxo)* — p3 — p3 — m? + 2e3H) &1 = 0. (14)

1
2

Here o3 is the Pauli matrix and we put in (13) g1 = go = 0 and g = 2. Substituting
®1 = exp(i(pra1 + p3w3))o(z2)

into (14) we come to the equation
e"%¢(w2) = H*¢ (),

where
d2
H? = 02 + (p1 — eHxo)? — 2e03H
2

and €2 = ¢2 — p3 —m?2.
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Following [7] we can build the supercharges, which are related to extra degeneracy of energy
levels

Q=Ayt, QT =Aly. (15)
A and A" are bosonic creation and annihilation operators, which have the following form
1 d 1 d
A= — — —|—eHa:>, AT:—<——— —I—eH:L‘>, 16
vVeH <dx2 pL 2 veH dxo b ? 16)

and satisfy the conditions
[A, AT] =1, [N, A] = —A, [N,AT]= AT, N =ATA

Operators 1 and ¢! are fermionic creation and annihilation operators, which have the form

1 , 1 )
1[}:0+:§(01—|—102), Yh=o_ 25(01—202).

They obey the anticommutation relations
ot =1, {ohoh ={y,v} =0,
as well as obeying the commutation relation
[, 9" = o3.
The operator which plays the role of SUSY Hamiltonian is
H? = QQ"+Q'Q.
Now let us consider the spin—%. In this case the equation (13) has the form

2_m2) 6§7
2

[—p? — p3 — P2 + €2 H?23 — geHS3 — 2eHaop1|®G = (&
2
where S3 belongs to the irreducible representation D(%) of algebra AO(3) and we put g1 =g2=0,
g=2.
Substituting
(I)G% = exp(i(p121 +p3x3))¢%(x2),

we come to the equation

e?¢(xg) = H§¢(ﬂ?2),

where ¢/2 = 2 — p2 — m? and
2 & 2
H§:—W—|—(p1—€H:L‘2) —2653H.
2 1'2

Here Sj is the spin matrix belonging to the irreducible representation D(2) of algebra AO(3).

Let us show that we obtain N = 2, p = 3 parasuperalgebra with parasupercharges (15),
where bosonic creation and annihilation operators A, At (16) and parafermionic creation and
annihilation operators take the following form

Y=, =5(Si+iS), v =S5 = (S-S (17)
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Here 51, S2 and S3 are spin matrices for spin % It can be verified that operators 1, ¢! satisfy
the double commutation relation

W, [yl =20, [0 =20

as well as satisfying the commutation relations

W, d}T] = S3-

Operators Q, Qf and H % satisfy the double commutation relations typical for p = 3 parasu-
persymmetry ’

[H3,Q) = [H3,QT =0, [Q,[Q",Qll = 2QH3.

We notice that the mentioned parasupersymmetry appears only for g # 0.

It is possible to show that in the case of arbitrary half-integer spin s = n + % we have
the p = n parasupersymmetry, where the parasuperchages have the form (15) with bosonic
creation and annihilation operators A and AT (16) and parafermionic creation and annihilation
operators (17). The related matrices S1, S2 and S3 belong to the irreducible representation D(s)
of algebra AO(3).
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