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The differential first-order invariants for all non-splitting subgroups of the generalized
Poincaré group P(1,4) are constructed.

1 Introduction

The differential invariants play an important role in geometry, group analysis of differential
equations, theoretical and mathematical physics, mechanics, gas dynamics, etc. They have been
studied in many works (see, for example [1-14]). In particular, the papers [12-14] are devoted to
the construction of the first-order differential invariants for the splitting subgroups [15-17] of the
generalized Poincaré group P(1,4). The group P(1,4) is a group of rotations and translations of
the five-dimensional Minkowski space M (1,4). This group is very useful in the theoretical and
mathematical physics [18-20].

The objective of this paper is to present some of the new results concerning the differential
first-order invariants for the non-splitting subgroups [17,21,22] of the group P(1,4).

For this purpose, we have to consider the Lie algebra of the group P(1,4).

2 The Lie algebra of the group P(1,4)
and its non-conjugate subalgebras

The Lie algebra of the group P(1,4) is generated by the 15 basis elements M,, = —M,,
(v =0,1,2,3,4) and PL (n=0,1,2,3,4), satisfying the commutation relations

[P;uPL]:O» [M/ Pl]:g#UPL—gVUPL,

puvrt o

[M;un M/’)o’] = gupMz//o + guaMl/Lp - ngM;w - guUle/pv

where goo = —g11 = —g22 = —933 = —gaa = 1, g = 0, if u # v. Here, and in the following:
M, =iM,.
Let us consider the following representation of the Lie algebra of the group P(1,4):

0 0 0 0
P = __ p=___ f— I _
0 a:Bo ’ ! 8.%1 ’ 2 (91'2 ’ 3 8.7}3 ’
0
Pl=—-—— M), = — (z,P, — x,P)).

8.%’4 ’
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Next, we will use the following basis elements:

G= MZLO? Ly = Mé27 Ly = _Méh Ls = Mélv
Pa:MZ/La_ c,LOv Ca:Mia_‘_M(;O (a:1a273)7

(P +Pj).

N =

1
X0=§(P5—P4), Xy =P (k=1,2,3), X4 =

We used the method proposed in [23] to study the subgroup structure of the group P(1,4).

Non-conjugate subgroups of the group P(1,4) have been described in [15-17,21,22]. The
conjugation was considered under the group P(1,4).

From the results obtained it follows that the Lie algebra of the group P(1,4) contains, as
subalgebras, the Lie algebra of the Poincaré group P(1,3) and the Lie algebra of the extended
Galilei group G(1,3) [20]. The Lie algebra of the group G(1,3) has the following basis elements:
Ly, Ly, Lz, Pi, Py, Ps, Xo, X1, X2, X3, Xy4.

3 The differential first-order invariants
of the non-splitting subgroups of the group P(1,4)

The functional bases of the differential first-order invariants have been constructed for all non-
splitting subgroups of the group P(1,4). Since it is impossible to present here all the results
obtained, only some of them are given in this section.

Below, for some of the non-splitting subalgebras of the Lie algebra of the group P(1,4)
we write their respective basis elements and corresponding functional basis of the differential

invariants.
One-dimensional subalgebras
1. (Ps + X)),
Ji=x9, Jo=mo+mry, J3= (5'3(2)—1%—33421)1/27 Jy=z1+ s ,  Js =,
To + 24
Jo = (zo + 4)uz + (uo — ug)rs, Jr=wu1, Jg=wu2, J9=ug— us,
0
J1o :ugfug fui, Uy = —u, pw=0,1,23,4;
Oz,
2. (G+cXy, c<0),
Ji=z1 —cln(xg +x4), Jo=2x2, J3=uz3, Ji= (:1:% — mi)1/2, Js = u,

Jo = (xo +x4)(uo +us), Jr=u1, Js=uz, Jg=u3, Jio=u}—ui;

3. (Lg — P34+ apXp, ag < 0>,

x
Ji= (23 +23)V2, Jo = (w0 +21)? + 20003, J3 = agarctan — — g — 4,

1)
Jy=2 546 3o (zo — Js = Jo = —
4 = 2(x0 + x4)° + 6apx3(xo + x4) + 3ag(z0 — 4), 5 = U, 6 = T1U2 — T2U7,
u3 2 2 2 2 2
J7=560+:E4—Oéou e Jg =ug —ua, Jg=ui+uy Jio=uy—uz—uj;
0 — Ug

4. (L3 +d(Xo + X4), d < 0),

1/2 = T1
Jy=x3, Jo=mz4, J3= (:B% —i—w%) / , J4y=darctan — —xg, Js=u,
x2

2, 2
Jo = vug — wou1, Jr=wg, Jy=wu3, Jog=1u4, Jio=uj+us.
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Two-dimensional subalgebras
1. <L3 — Xy, P+ hXo, h > 0>,

1/2
Jp = (:L‘1 + 2) / , Jo= (13() —|—£L‘4)2 — 2hxs,
Js = 2(xg + x4)> — 3h(2x3 — h)(x0 + x4) + 3h% arctan R 6h%xy, Jy=u,
€2
_ _ hug _ _ .2 2
Js = x1us — w2u1, Jo = (zo +T4) + , Jr=up —uy, Js=ui+uj,
Uug — U4
ngug—ug—ui;
2. (G—i—an, L3, a < 0),
Ji=z3—aln(xg+x4), Jo= (x% T )1/2, J3 = (93% +x%)1/2, Jy = u,

2 2 2., 2
Js = x1u2 — wour,  Jo = (wo + x4)(uo +ua), Jr=wus, Js=uj—uy, Jo=ui+uj;

3. (G—i—aX1, P, CL<0>,

1/2 xo+ T
Ji=x1—aln(xg +x4), Jo =29, ng(xg—l‘%—xi)/, Jy = u, J5— 0 4

Uug — U4q
X + X4

4. (G, L3 +dXs, d<0),

2 2 ,
Jo = x3+us, Jr=wu1, Jz=uz, Jg=uj—uz—ug;

J1:$3+darctan%, ng(x% x)l/Q, ng(x+ )1/2
2

2 2 2
Js = zug — wouy, Jg = (xo + x4)(uo + u4), Jr=1us, Jg =ug —uy, Jg=uj+uj.

Three-dimensional subalgebras
1. <L3 4+cG+bX3, P, P, c>0, b< O>,

Ty + T4 o + 2
Jy = , Jy= <ZE1 + ) <:E2 + 2> )
Ug — U4 ug — ug — Uq

ui(xo + 24) + x1(uo — uy)
ug(zo + x4) + z2(up — ug)

2 2 2 2.
Js = up —uy —uy — ug;

Ji = cxs — bln(]}o + 1‘4), Jo = ,  J3=u,

Jg = carctan < > +In(xo + z4), J7 = us,

2. <L3 + eG + k3X3, Xg, X4, >0, k3 < 0>,

1/2 I
J1 = (27 + 23) / . Jo=wu, J3=mzus—mrou;, Jy=In(ug+ uy)— earctan e
2

Js = K3 ln(uo + U4) +exs, Jg=u3, Jr= u% — UZ, Jg = u% + u%;
3. (L3 +d3X3, Xo, X4, d3 <0),
)1/2

z
, Jo=wu, J3=xouy —x1U2, J4 = dzarctan— + x3,

Jl ( 1+ 2 s

Js =uo, Jo=us, Jr=us, Jz=ui+u3;
4. <L3 +dX3, Ps+ Xp, Xy, d< 0),

)1/2 , Jo = 2darctan o (zo + 934)2 +2x3, J3=wu, Jy=z1U9 — ToU1,

J1:($1+ 5 o
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2, 2 2 2 9
Js = (w0 + z4)(up —wa) +us, Jo=up—ug, Jy=uj+us, J3=uf—uz—uj.

Four-dimensional subalgebras

1.

(G+a3Xs, L3+ dsXs, P, P», a3 <0, d3 <0),

2 2 2 o 1/2 Ty + T4
J1:(x0—x1—$2—x4) , Ja=wu, J3= ,
Up — U4
2 2
xo + T4 xTo + x4
Jy=(z1+w + | 22 + u2 ;
Up — U4 Up — U4

(xo + zg)ur + (ug — U4)x1>

Js = x3 —azIn(xg + x4) + d3 arctan <
( ) (w0 + wa)uz + (uo — ug)T2

9 92 .2 9
Jo =wu3, Jr=wup—ui —uy —ug;

(G +a3X3, L3 +d3X3, P3, X4, a3 <0, d3 <0),
2 o\1/2 Ty + T4
Ji=(zi+a3)"", Ja=u, J3= , Ja = z1U2 — T2UY,
ug — U4
Js = dg,:’:urctanﬁ + a3 —agIn(ug — uyg) —|—U3x0 +$4, Jg = u% —|—u%, Jr = ug — ug
T2 Ug — U4

(L3 — Xy, P, P, X3),

zo + x4\ zo + x4\
Ji=x0+x4, Jo=u, J3= <a:1+u1 ) +<:c2+uQ >
Ug — U4 Up — U4

x1(ug — u ui(xg +x
J4—x%—x%—m%—xi%—(:):(ﬁ-m)arctan( 1(uo —ua) + (o + 4)>

xg(u() — U4) + UQ(xo + 374)

2 2 2 2.
Js =uz, Jeg=up—us, Jr=1uy—uy—uy;—ujg

. (L3 — P34+ o9 Xo, X1, Xo, X4, a9 <0),

u3

2
J1 = 21‘3040 + (iL'() + 1‘4) N JQ = u, J3 = — Ty — T4, J4 = Uup — U4,
Uug — U4g
ul us
J5:u%—|—u%, ngu%—ug—ui, J7; = arctan — — .
U2 Ug — U4

Five-dimensional subalgebras

1.

(L3, P+ Xo, Py — X1, Ps+h3X3, Xy),

Ji=x0+x4, Jo=u, J3= (up—us)zs+ (z0+zs)u3 — ushs,
Jy = (a:l(u[) — U4) + ug + Ul(x() + 114))2 + (CCQ(UO — U4) —ul + UQ(JZ() + x4))2,

2 2 9 o o
Js =ug —usg, Jg=up—uj—uy—u3z— uy;

AG + a2 Xo+a3X3, P, Po, X1, X4, a2 <0, a3 <0),
lexg—agln(xo—l—:m), Jo=u, J3= x0+x4,
Uug — U4q

Ty + T4
Up — Ugq

2 2 2 2.
ug, Js=wuz, Jg=uy—uy—uy—uy;

Jy =19 — ay 111(:130 + 174) +

. <L3+dG+O&3X3, P3a le X?) X4a d>0) % <0>7

To+ T U
Ji=u, Jy= 0 4, J3 = d arctan 2 In(zg + z4),
ug — U4 U

2

— Uy,
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To+x
Jy =dxs — azln(xg + x4) + du;z,uo u4’ Js = u% —i—u%, Jg = ug — u% — u?l;
0 — Uqg
4. <L3 +d3X37 P17 P27 P37 X47 d3 < 0))
T Uq 2 x9 u2 2
Ji=x0+x1, Jo=u, J3:< + > +< + ) ’
To+ T4  UY — U4 To+ T4 U — U4
Jy= 25+ xo + £U4u3 _ ds arctan <932(U0 — ug) + ug(xo + 964))
Up — Uq x1(ug — uq) + ui(xo + x4)
Js = ug — uy, Jﬁzugfu%fugfugfui.
Six-dimensional subalgebras
1. <G7 L3+dX37 P17 P27 PS) X47 d<0>7
To + x4 Up — Uq 2 Ug — Ug 2
J=u, Jp=—— J3=< .1'1+U1> +< x2+u2> ,
Uy — U4 To + 24 To + x4
Ji = x3 + o + x4U3 + d arctan (xl(uo — ua) +un(zo + 1‘4))
Up — Uq zo(ug — uq) + uz(xo + 24)
Js = up — ui —uj —ui — uf;
2. <G+C~L2X27 Pla P21 P37 Xla X47 a <0>7
o+ x ro+x -
Ji=u, Jy= 0 4, J3 = x9 + 0 4UQ—a21n($C0+x4),
Uug — U4 ug — uUg
To+ X
Jy = 13+ ug 0 4, J5:u%—u%—u§—u§—ui;
Uy — U4
3. (L3 — P3 +apXo, P1, P, X1, Xo, Xy, a9 <0),
Jl = 20&01’3 + (l’o + 1'4)2, J2 = u, Jg = Qpus — (SL‘Q + IL‘4)(U0 — U4),
Jy = up — uy, J5:u%—u%—u§—u§—ui;
4. <G—|—CLX3, L3+ dX3, Xo, X1, Xo, X4, a <0, d< 0>,
Ji=u, Jy=1x3—darctan e +aln(ug +uq), J3 = us,
U1
Jy=ud —ui, Js=ul+ud
Seven-dimensional subalgebras
1. <P1—|—X0, PQ, Pg, Xl, XQ, Xg, X4>,
Ji=u, Jo=wu+ (xo+x4)(up —ug), J3=1up— uy, J4:u3—u%—u§—u3—ui;
2. <L3+d3X37 Pl) P27 P3+X07 Xla X27 X4a d3 <0>7
Ji=u, Jy=(xo+z4)(uo —us) +us, J3=up—us Ji=ud—ul—ud—ui-ut;
3. (G+asXs, L3, P, Po, X1, Xo, X4, a3 <0),
Ji=u, Jo= x0+x47 J3 = x3 —azln(ug — uq), Jy = us, J5:u%—u%—u2—uﬁ;
Uug — U4

4. (G, Lg+d3X3, Pi, Py, X1, X9, X4, d3 <0),

Uug — U4g
IL‘0+1'4’

2 2 2 2

Jl = u, JQZ
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Fight-dimensional subalgebras

1.

(G+aXs, L3, Pi, P5, P3, X1, X9, X4, a <0),

To + X4 XTo + T4
——, Jy=aln(up — uy) — ——uz — 3,
Uy — U4g ug — uUg

2 2 2 2 2.
Jy = uj — uy — uy — uz — uy;

Jl = u, JQZ

. (P1, Pa, P3+ Xo, L3+ X0, X1, Xo, X3, X4, <0,

2 .2 .2 2 2
Ji=u, Jo=wup—ug, J3=uj—uj—u;—uz—uy;

. <G7 L3+bX37 P17 P27 P37 Xlu X27 X4) b<0>)

To + T4 2 2 2 9 9
Ji=u, Jo=—", Jyg=uj—uj—up—uz—ug;
Ug — U4

. (L3, P1, Po, P3+ Xo, X1, Xo, X3, Xu),

us
Ji=u, Jo=z0+x4+—""", J3=1g— U4,
Upg — U4g

2 2 2 2 2
J4:U0—U1—U2—U3—U4.

The results obtained can be used, for example, to construct the first-order differential equa-
tions in the space M(1,4) x R(u) with non-trivial symmetry groups. In particular, among them,
there will be equations, which are invariant under the non-splitting subgroups of the Poincaré
group P(1,3), as well as equations which are invariant under the non-splitting subgroups of the
extended Galilei group G(1,3).
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