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The properties of geodesical extension of the Schwarzshild metric for the radial motion of
test particle are studied.

1 Introduction

The notion of the Riemann extension of non-Riemannian spaces was introduced first in [1]. Main
idea of this theory is to apply the methods of Riemann geometry for studying of the properties
of non-Riemannian spaces.

For example, the system of differential equations in form

d?z* p dt dad
—|- Y. -
ds? Y ds ds

=0 (1)

with arbitrary coefficients Hfj(:rl) can be considered as the system of geodesic equations of
affinely connected space with local coordinates z*.

For the n-dimensional Riemannian spaces with the metrics
nds? = gijd:cida:j

the system of geodesic equations looks similar, but the coefficients Hfj(xl) now have very special
form and depend on the choice of the metric g;;

. A 1 .
Iy, =T} = §gzm(gmk,l + Gmik — Jkl,m)-

In order for methods of Riemann geometry to be applied for studying of the properties of
the spaces with equations (1) construction of 2n-dimensional extension of the space with local
coordinates x* was introduced.

The metric of extended space constructs with help of coefficients of equation (1) and looks
as follows

ngs? = —QHZ(ZEZ)\I’deEidl‘j + 2d W da*, (2)

where ¥, are the coordinates of additional space.
The important property of such metric is that the geodesic equations of metric (2) consist of
two parts

i+ Tha'ed =0, (3)
and

62\1]19 I i

o+ Rl i =0, (4)
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where

5Oy, dy

= oo Fl'k‘l’l—j
ds ds J

ds
The first part (3) of the complete system is the system of equations for geodesics of basic
space with local coordinates 2 and it does not contains the coordinates ¥y,.
The second part (4) of system of geodesic equations has the form of linear 4 x 4 matrix system
of second order ODE’s for coordinates Wy,
>0 A o
— 4+ A(s)— + B(s)¥ =0 5
dSQ + (8) dS + (S) ( )

with the matrix
A= A(z(s),2(s)), B = B(z'(s),2'(s)).

From this point of view we have the case of geodesical extension of the basic space (x?).

It is important to note that the geometry of extended space is connected with geometry of
basic space.

For example the property of such space to be a Ricci-flat one keeps also for the extended
space.

This fact give us the possibility to use the linear system of equation (5) for studying of the
properties of basic space.

In particular the invariants of the 4 x 4 matrix-function

under change of the coordinates ¥y can be used for that.

The first application of the notion of extended spaces to study of nonlinear second-order
differential equations connected with nonlinear dynamical systems was made in paper of the
author [2-4].

Here we consider the properties of extended spaces for the Einstein-spaces in General Rela-
tivity.

2 The Schwarzschild space-time and geodesic equations

The line element of standard metric of the Schwarzschild space-time in coordinate system x, 6,
¢, t has the form

1

ds” = (1-2M/z)

da? + 2%(d6? + sin® 0dp?) — (1 — 2M /z)dt>. (6)

The geodesic equations of this type of the metric are given by

M M(2M — z)

Z+ 22N — 1) x)x + (2M — 2)0% + (2M — x)sin” 0¢ 3 t* =0, (7)

.2, .

0 + ~i6 — sinf cos Hp* = 0, (8)
x

2 . 0 ..

b+ Zid+ 20 =0, (9)
x sin 0

t—2——it = 0. (10)

x(2M — x)
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The symbols of Christoffel of the metric (6) look as

M
Iy = (@M —2)’ [y =(2M —z),  T33=(2M —z)sin®6,
M(2M — 1 0
I‘}A——(Tx), F%QZE’ I'2; = —sinf cos ¥, I‘%z%,
M 1
I, =- s, =~
14 x(2M — z)’ By
The equations of geodesic (7)—(10) have the first integrals
: L2
e'i? = Bt — (2 — 2Mx)(u?2® + L?), 2%0% = L% — — 75 (11)
sin
. L . E
N 12
?= e (1-2M/x) (12)

where a dot denotes differentiation with respect to parameter s and (E, u, L) are the constants
of motion.

3 The Riemann extension of the Schwarzschild metric

Now with the help of the formulae (2) we construct the eight-dimensional extension of basic
metric (6)

2M 2 2 M
2o 2B pgp? = —2(2M — z)Pd§? — = p
ds TN — 1) dz xQd:ﬂd@ ( x)Pdf de:quﬁ + 2@M =) Vdxdt
M(2M —
- QZ?ngdgde —2((2M — z)sin2 0P — sin f cos 0Q)d¢” + Q%Pczﬁ
+ 2dzdP + 2d0dQ + 2d¢dU + 2dtdV, (13)

where (P, Q, U, V) are the set of additional coordinates.
The eight-dimensional space in local coordinates (z, 0, ¢, t, P, Q, U, V') with this type of metric
is also the Einstein space with the condition on the Ricci tensor

8Ri = 0.

The complete system of geodesic equations for the metric (7) is divided into two parts.

The first part coincides with the equations (7)—(10) on the coordinates (x, 6, ¢,t) and second
part forms the linear system of equations for coordinates P, Q, U, V.

They are defined as

P4+ ———aP——0Q — — -tV
+:L‘(3/:—2M)m x @ x¢U x(x —2M)
oM, (x—2M);, sin?0(z—2M) ., 2M(x —2M) .,
— 0 t=) P
<x2(a:—2M)gl3 x + x o x?
4 . 2cosf 4 .. 4cosf - 4M? .
S 2 Bl 0 e R—" V)
+(a:2m x ¢>Q+(m2x¢+xsin9 q[)>U+<$2(:E—27"n)2x> ’
O+ 2(a — 2m)0P — Z3Q) — 25 gu— 2@ =AM) ip
x sin 0 x

— 0
xQ(:c—QM)x x x x4

< 2w —3M) 5, 2(x—2M); (z—4Msin’ 9)€£2 N 2M (z — 2M)t.2> 0
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4cosf .  4cos?O ..
+(Gemlas s 2 o) v =0,
xsin 6 sin“ 6
.. .. .. 9 6. 2 . 24in20(x — 4M) .
U + 25in% 0(z — 2M)$P + 2sin 0 cos 0O — < S(:ls 0+ —g‘c> b (;” ) iép
B 4Sin90059i¢-)+29-¢-) O+ 22(:U -3M) , 4(3(.35«9%-)
x x?(x — 2m) xsinf
n 2(x cos? 0 —|— SM sin? 9) 02 2(z — 2M sin? 9)@2)2) U=o0,
x sin” 6
. 2M(x —2m) . . 2M . AM(z —2M) ..
_ tP — —qtP
v x3 x(x — 2M) oVt x? “
2M(2x —3M) ., 2M ., 2Msin®6 ., 2M? .,
ity t* |V =0.
<x2(x—2M)2x x x a x?
So we get the linear matrix-second order ODE for the coordinates U, V', P, Q
d>v av
—+ A — + B v = 14
d82 + ($7 97 ¢7 t) dS + (x7 97 (b? t) 0’ ( )
where
P(s)
_ | Qs)
YE =1 )
Vi(s)

and A, B are some 4 x 4 matrix-functions depending on the coordinates z(s), 0(s), ¢(s), t(s)
and their derivatives.

We shall study this system of equations at the conditions § = 7/2, L = 0, M = p and
¢(s) = const. This is simplest case and it corresponds to the radial motion of the test particle
in the Schwarzschild space-time.

With these conditions matrix A takes the form

— w(_g—%x 0 0 x(_gi%ﬂ)i 1
0 2i 0 0
0 0 2i 0 ’
] MM g 0 T |

and matrix B has the elements

(2 Ma? + 2Ma?3? — 8M?xi? + 8M3i?)

s B2 =0 B3 =0

! x4 (zr — 2M) ’ 12 =0, 13=0,
4M?it

14 .1‘2(33_2M)2’ 21 R

Boy — (2:E3j;2 78M2xt2+8M3t2+2M$2t2—6M$2x2) o .

22 = 334(95—2M) ) 23 = 0, 91 =0,

Ba; =0 Bay — 0 B —2(4M3£2+$3iﬁ2—3M3321‘2+Ma:t'2—4M2xt'2)

31 =0, 32 = U, 33 = +1(s — 201 ’

M(x — 2 M)it
Byu=0, By=aMEZ2MH 0 By=o,

T4
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(4M3i2 + 22332 — 3Ma?@? + Ma*t* — 4M?xt?)

By =2M
a x4 (x — 2M)2

The equations for the coordinates of x and t are
ati? = p?at — (2? — 2Ma) (pPa?) = 2M pPa?,

I

P= (1—2M/z)

They have the solutions

122/3 (1 M2 (s — Cy) V2)

=1/4 1
z(s) =1/ % (15)
and
_ pV/3v2M |,
1 /3923 Mp?
+ [ =4 u M3 arctanh [ = 22X 2Y 8 80 ) 4+ Oy VM p2 | —, 16
( p 5 i Vs 2 jz T (16)
where C}; are parameters.
Now we will solve our matrix system of equations (14) with a given matrix A and B.
The second and third equations of the system are given by
d? id (6Ma2i? 4+ 8M2at — 22°3% — 8M31? — 2M x?i?))
el —9Z — =0, (17
TQ() — 2 Q) P Qls) =0, (17)
d? i d 6Mx%i? + 8M2at — 223i% — 8M3{? — 2Ma{?
-—U@—Qf—m@—( T i ’ »w@:o(m)
ds? xds xzt(x —2M)

The first and fourth equations of the given system have the form of 2 x 2 matrix system of
linear second order differential equations with the variable coefficients

d? 2Mi  d oMt d
L ps)+ 2L Cpg . 2 Dy
ds? () + x(x —2M) ds () z(x — 2M) ds ()
(2 Mz + 2M 2@ — 8M2xt® + 8M34?) () + AM it
x4 (x —2M) s x2(x —2M)?

and

d? 2M (—2M +z))t d 2Mi  d 4M (z — 2M)it
—V(s) — — -V

ds? () a3 ds () x(z —2M) ds () + x?
2M (—3Mx?i? + 22242 — AM?wi® + Ma*t? + 4M31?) v

x4 (z — 2M)?

+

To integrate the equation (17) we transform it with the help of substitution
Q(s) = x(s)T'(s).
As a result we get the equation for the function T'(s)

d*T N (2%% — 2M 2?3 — 2Ma?@? — 8M?wi* 4+ 8M3E% + 2Ma*t?))
ds? x4 (z — 2M)

T(s)=0
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which takes the form
d? Mp?
after substitution here the relation (15) and (16).
In the simplest case

2(s) = (OMi2/2) /323

the solution of equation (21) is
T(s) = C152/3 + Cys'/3,

where C; are the parameters.
As a result we get solutions for the coordinates Q(s) and U(s).
They look as

Q(s) = (OIMp?/2)'/3(Crs + Cas™?), (22)
U(s) = (OMp?/2)'3(Css + Cys*/?). (23)

To integrate the equations for the coordinates P(s) and V(s) we use the relation
s

i(s)P(s) + 0(s)Q(s) + d(s)U(s) + i(s)V(s) — 5 = const, (24)

which is consequence of the well-known first integral of geodesic equations of arbitrary Riemann
space

k

gikd't" = const.

In our case the relation (24) takes the form

@P(s) + iV (s) — g =0 (25)
(const = 0) and with the help of this condition the system (19), (20) can be reduced into the
two independent equations.

In fact, from the equation (25) we get

B 2tV (s) — s

P(s) = -

(26)
and after substitution of this expression into the equation (20) we get one second-order differen-
tial equation for the function V (s).

In fact, with the help of relations (11), (12) we have

2 2
v LB iy B L

. 22(s)3/2 23@(3)38_

Now we put here the expression
z(s) = (IMpu?)2)1/3%3
for the function x and as a result we get a simple equation

d? 2 d 2

v 2 Y ys) - 2
ds? (S)+3sds (5) 352

for the coordinate V (s).

V(s)=0
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Its solution is defined by

Cs
V(s) = Cas + 7. (27)

Now from the relation (26) we get the expression for coordinate P(s)

6/ 12 MsP/3Cs + 6/ u2MCs — 35%/3 3/ 12 M + 2\3/3\3/55]\4)
32 (s 3/ ZN32/392/3 — 4{“/5M>

So the formulae (22), (23), (27), (28) present the solutions of geodesic equations for coor-
dinates (Q, U, V, P) of Riemann extension of the Schwarzschild metric for the radial motion of
test particle in basic space with coordinates (z,0, ¢, t).

The generalization and the interpretation of these solutions will be done later.

$2/3
P(s) = —1/2 ( . (28)
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