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for Some Chiral-Type Three-Field Systems

Dmitry K. DEMSKOI

Oryol State University, 95 Komsomolskaya Str., 302015 Oryol, Russia
E-mail: demskoy@iname.com

The problem of construction of matrix zero-curvature representations for some chiral-type
three field systems is considered. The systems belong to the class described by the Lag-
rangian L = 2g;;(u)ulu] + f(u), where g;; is the metric of three-dimensional reducible Rie-
mannian space. The investigation is based on the analysis of evolutionary system u; = S(u),
where S is a higher symmetry.

1 Introduction

We consider here the systems belonging to the following class of two-dimensional fields

. . . . . Of
U + Tye(wugus = f'(u),  f'=g" 5%, (1)
where g% is the metric tensor and Fék are the Christoffel symbols of the configurational space

with the coordinates u’, the low indices = and ¢ denote the partial derivatives, also we assume
summation over repeating indices. The system (1) possesses the following Lagrangian

L= Sory(ui] + Fluw).

In the article [2] the systems with the Lagrangian

L= % (uruz + (v, w) (Viwg + vywe)) + f(u, v, w), @

were studied. There we found the systems possessing the nontrivial higher polynomial (with
respect to derivatives uf, = u’/dx™) symmetries of the 2nd, 3rd, 4th or 5th order. It was proved
that the non-degenerate symmetries exist if and only if ¢ = (vw + ¢)™1, ¢ = const, and f takes
one of the following forms

£ = aveV?" + bwe V2, (3a
f=av?e®™ + bw’e (3b
f = av?e®™ + bwe™,

f = ave" + bwe™,
f=(vw+c/2) [aeﬁ" + be V2|
f=a(vw+c/2) eV2u 4 be_ﬂ“,
f=a(vw+c/2) eV2u 4 pe2V2u
f = (v*w+2/3vc) V2,

/= ve\/%“7 (3i

where a and b are arbitrary constants. We assume that ¢ # 0, so the connection F; i is nontrivial.
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Evidently the simplest case for investigation is when function f is linear with respect to v
and w. Among the two-exponential functions (3a)—(3g) there are only two functions of that
kind, they are given by (3a), (3d). Hyperbolic systems (1) corresponding to these functions
have the following forms

Uty = \/ﬁ[aveﬁ“ — bwe_ﬁ“], Vg = bw_le_\/iu + Ywvgy,
V2w, (4)

Wiy = cu/)_le
and

U = ave® — bwe™ ¥, Ve = bl e + Yy, Wie = ath L e" + Yowpw,. (5)

It was shown in [3] that each system posessing Lagrangian (2) can be represented in an explicit
Hamiltonian form

0H
du’

0H

oH
v = etngleﬂalﬁ*l%? wy = 1/17167@17;1@0%7

Uy = D;l
which is possibly nonlocal. Existence of the Hamiltonian form gives us a hope that both sys-
tems (4) and (5) are the first nonlocal members of the corresponding sequences of integrable
Hamiltonian evolution systems

§H,
up, = Sp(u)=J! S (6)

where J~! is Hamiltonian operator, Sy is a corresponding nonlocal vector field, S1(u) = u,
and S,, n > 1 are higher order vector fields; H,, are the corresponding Hamiltonians.

2 Zero-curvature representations

If a nonlinear system can be represented as the compatibility condition of a linear system
U, =UV, ¥V, =VVU, ie. as

U —Vp+[U,V]=0, (7)

then the system is said to possess zero-curvature representation. In the equation (7) [U, V] is the
commutator of matrices. The matrices U, V depend on field functions, and finite set of theirs
derivatives, and on a parameter A, usually called the spectral parameter.

The zero-curvature representation can be constructed starting directly from equation (7). For
simplicity, one can choose the matrices U, V in the form

U = Us(u)u, + U(u), V = Vi(u)ul + V(u) (8)

(this choice corresponds to the solutions given below). Substituting (8) to (7), and requiring
the system (1) to be obtained, one can obtain a matrix system for U;, V;, U, and V involving
covariant derivatives:

VUi = ViV + [U;, V3] = 0, f{U-V))+[U,V]=0,
VZ‘U + [U, VZ] =0, VZ‘V + [V, Ui] =0. (9)

The direct computation of the matrices U and V' from the equations (9) is a fundamentally dif-
ficult problem, and we therefore use a different approach. Existence of the explicit Hamiltonian
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form allows expecting that the systems (4) and (5) are nonlocal terms of hierarchies of evolu-
tionary systems u; = Sy, (u). Adopting this assumption we can try to find the zero curvature
representation for any system (6) in the following form

U,t - Vn,m + [Ua Vn] =0. (10)

The matrix U must be one and the same for all equations of the hierarchy, but the matrices V,,
are different. For the evolution systems such problems are usually solvable by the prolongation
method [4,5]. We assume that the matrix U for systems (4) and (5) has form (8). Replacing
in (7) u, v, and wy according to (6), we obtain matrices U, V in the form

U= sz(u)u;AZ + qu(u)Aj, vV, = Zgi(u,ul, ceyug) Ay, (11)
i j i

where k is the order of a higher symmetry S, (u), A; are some constant matrices which satisfy
commutation relations

[A;, Aj] = ijAk. (12)

Note, that table of commutators (12) is not closed. There are some ways to solve the systems
like (12). For example, one can choose one of the matrices in the Jordan normal form and try
to solve the equations directly. But this way leads to an excessive branching if the matrix size is
large. Therefore we applied a modification of the prolongation method by H.D. Wahlquist and
F.B. Estabrook [4,5] to close the table of commutators (12). There are two possibilities for any
unknown commutator [A;, A;]:

(i) [Ai, A;] is a linear combination of the known elements of the Lie algebra or (ii) [A;, A;] is
a new element linearly independent of the previous elements. In the first case we write [A;, A;]
as a linear combination of all elements A1, ..., A, which we have for the current step and try
to find the coefficients with the help of the Jacobi identity. In the second case we introduce
the new element A, = [A;, A;] of the algebra. Then using the Jacobi identity we try to find
the new commutational relations for A, 11 and so on. After a number of such steps we obtain
a closed table of commutators. The obtained algebra can possess a centre. To obtain an algebra
with the lowest dimension we construct a factor algebra, setting the elements of the centre as
zeros. As a result, the matrices U and V were always embedded into simple classical algebras.
To construct a representation of resulting algebra we use the standard algorithm: find a Cartan
subalgebra, construct a Cartan—Weyl basis, and build all the matrices explicitly.

Zero-curvature representation for system (4). The simplest higher symmetry of this
system is

utl = \/§¢wax7 Utl = Vg — QUQ;Z)/UQ?U)CE + \/iuxvza
Wiy, = —Wgg + 20V w, + \/iuxwx. (13)

Using prolongation technique of Whalquist—Estabrook we obtain the following matrices of the
zero-curvature representation for system (13)

0 —u~ (3w + c)be™V2u %v_lvxw
U= 0 §U*1Ux¢ AvaeV2e | (14)
%U‘lvxw v Lhe=V2u —%v_lvmzb
—Aab 3be~V2uw, 2% — Aab(3vw + ¢)
Vi = %aeﬁ“vzzp cg (1 — %ab) /\aeﬁ“vx ) (15)

g 0 —cg
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here
g = vilw(vx:c + ﬂvx“x)/?’ - 1/]27)9&1090/3-

Now we can obtain the matrix V; for original hyperbolic system (4). Substituting matrix (14)
to equation (10), one can easily find that the matrix Vj has the following form

Vo =wB1 + v_lvth + wyvy By 4+ By.

The constant matrices B; are of the form
Bi = V2/3(ex — e11 — e33), By = \"1(2ce1z + e3) — (ea1 + ceas) /3,
By = (e11 + ea2 — 2e33)/3 + ceis, By = (2e11 — ez — e33)/3 — 2ceqs,

here e;; are the Weyl matrices. Thus the matrix V' is given by

hi 27t vl — 2cwpvy
Vb = —1/3 hg — h1 —C/3 s (16)
0 A1 —hso

where hy = %(Uﬁlvt + 2w — /2uy), hy = %(20*11& + w4+ V2uy).
Zero-curvature representation for system (5). The simplest higher symmetry of this
system is

up = _%szx + 5% (VasWs — VaWas) + iui + §¢uxvxwz + ;szwx(vxw — vwy),
Ut = VUgga + gumvx + 3vzz (Uz — Yrwz) + %Uivx — 6Yuzvvwy + 3Pugw, (¢U2wx - %%);
Wi = Wozz — 5UsaWs — 3wez (ug + Yugw) + %uiwx + 69Uz U ww,

+ 3wy <¢w2vm — %wx> . (17)

The matrices U and V; of the zero-curvature representation for the system (17) is embedded
into si(4,C). The matrix U is given by

— %’LUI/JUl —Ae" 0 —we ¥
—p e Llwyu;  we 0
U= ? u 1 -1,—u (18)
0 —Ave'  swyvy —P~ e
—Ave? 0 e - %wwvl

The matrix V7 is too cumbersome, and we omit it. Let us consider now the zero-curvature
representation for the hyperbolic system (5). We take the matrix U in the form (18), and
moreover, we assume that the matrix Vj is linear with respect to us, v; and wy

Vo = fiug + fovr + fawg + f4.

If one substitutes Vj into the equation (10) and substitutes therein wuy,, vy, and wy, from (5),
then this equation must be an identity. This implies, in particular

fi=0Cq, fo=Co, Ja=Cy, f3 = f3(v,w),
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where C; are constant matrices. The matrix f3 satisfies the system

9 0
% = cA1Y? + wy[Ay, f3], a—ﬁj’ = —vifs,

which has the following general solution f3 = ¢ (C3 + vA;), and we obtain
Vo = Ciug + Couy + 1“03 + vAl)wt + C4.

Now the equation (10) yields a considerable number of commutational relations for the constant
matrices C; and Aj. We solved these relations using (18) and found

b a
C1 = eqq — e, Cy = ey, C3 = ey3, Cy= 5(6’32 —ey) — 5(614 + e23),
and
—%1/}11),511 0 Ywy —a/(2))

0 —ug + Shww  —a/(2N) 0
‘/0 = 2 1 (19)

vt b/2 FYww 0

—b/2 0 0 Up — %wwtv

3 Conserved currents

To construct the conserved currents of the systems (4) and (5) we use the algorithm presented
in [1]. Let the vector function ¥ satisfy the system

U, =0V, U, =VU. (20)

Introducing the function ® = ¥/(C, ¥) where (C, ¥) is the Euclidean scalar product and C' is
a constant vector, one can easily check that

o, =Ud—d(C,UD), & =VO—dC, V), (C,&) =1 (21)

Multiplying (20) by vector C/(C, ¥) we obtain (log(C, V)), = (C,U®), (log(C,¥)); = (C,VP).
This implies the following conservation law

Dy(C,U®) = D,(C, V). (22)

Expanding now ® in a power series with respect to A, one can obtain an infinite sequence of
local conserved currents. Hence we may call the functions

R=(C,UD) and T =(C,Vpd) (23)

the generating functions for the conserved densities and the fluxes accordingly.

Conserved currents for system (4). Let us consider equations (21) with matrices (14)
and (16), where we set @ = 1 and assume that b # 0. In this case, we can choose ¢ = (0,1,0).
Then identity (¢,¢) = 1 implies that ¢ = (¢1,1,¢3), and the first system in (21) takes the
following form

e*\/iu e*\/iu

v

— Ave

o, — _c%w _3h CweVbps, oy = g—f}w +b V22 (24)

where ® = 1 — 2cp3. Generating functions (23) are then written as

z 1 1
p = \veY?ps + 2@0, 0=- (2\/§ut + o _ thw) —cp3 — =D. (25)
3v 3 v 3
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To obtain WKB-expansion for system (24), we set
A = k%/b, ® = gk v hexp(—v2u), @3 = hk v~ hexp(—v/2u),

then equations (24) take simpler form
he = (=2 +V2u, ) ht 35g + k(1= h2), go = (vewt) +V2u,)g — k(3¢ + gh).  (26)

It is now clear that the expansions for g, and A must be given by
e} o0
h=1+Y hk™, — g=-3""+> gk (27)
i=1 i=1
Substituting this expansions in (26), we get the recursion relations

hiv1 =

N | =

v 1 v 1 :
<\/§ux + 7“) hi — §thi + é¢gi 3 Z hjhi—jt1,
j=1

i
Git1 = 3 his1 + (V2uy + vawih)gi — Dagi — Z hjigi—jt1,
j=1

hi=uz/V2, g1 =3vw, —3/V2uzp7", (28)

where 7 > 1. Applying all the substitutions to (25), we obtain the series

p:k—l-ipikii, ineikiiy
=0 =0

which determine canonical conserved currents (p;, 6;) of the system (4):

\/5 CU,
= 5 Ux o i — 41, . > 17
po= 5 Ua 3vw pi = hit1 i
1
0y = 3 (2\/§ut + % - vaﬁ) , 01 = wbexp(—v/2u),
Ois1 = —v"'bexp(—V2u) (chi + g;/3), > 1. (29)

With the help of relations (28), and (29) one can easily obtain any number of conserved
currents. For example

V2 \/QD (1) 1
pL=—— W, p2 = —g-Dalw1) — gws,
3 2 1 1 V2
p3 = ZD:E(W3) 16 Hwr) — TeWl — qwaws, 02 = —bexp(—V2u) (wm - 7wum> )

03 = bw exp(—v/2u) <—\/T§w1 + (vxww)_lc%) ;

where the functions w; are given by

wi = (V2us — uf — 201w19) /6, wy = vy !+ uy /V2 — v,
w3 = Yoy (wa — viwhw — vV 2uqwy). (30)
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Conserved currents for system (5). To construct the conserved currents for the sys-
tem (5), let us simplify the matrix U with the help of the gauge transformation U = S~1(US —

Sz), Vo = S~1(VoS — S;). We choose the matrix S in the following form

1 0 0 0
0 e™ 0 0
0 0 0 e

where ¢ = D Lpwwy is the quasi-local variable: Dyp = Yvwy — uz. Then the transformed
matrices are

0 -2 0 —w
~ —c Ywvy + ug w 0
U= —chuy 0 Ywvy  —c |’ (31)
0 0 A —uq
Yowg — %ut 0 Ywy  —gxet
~ —gxet Ppowy — %ut —g5€" 0
Vo = 0 be—u —iy aweu |7 (32)
2 29t 2X
—ge*“ 0 0 —%ut

Let us set C' = (0,0,0, 1), then the first of the systems (21) takes the following form

(I)l,:p =u1P1 — APy —w — AP P3, @2’1 = —cP; + (2U1 + 1/)11)1}1)‘1)2 + wd3 — APy D3,
(13373; = —cypu1 P + (u1 + 1bwv1)(1)3 —Cc— )\(I)g. (33)

The generating functions (23) take now the simplest form

R = \®3 — uy, T = —(be @1 + uy)/2. (34)
To obtain the local conserved densities we set A = —k2/c and adopted the following formal series
for ®;:
By = 1 et By (S i) ey " puk
1=z w+Zi » P2= 03 T‘FZ% » Py= 1+sz‘ . (35)
i=1 i=1 =1
Substituting these series into the equations (33) we found that p; = —u,/2 and the first conser-

vation law is trivial D;u, = D, u;. The next conservation laws are given by

b
Dyp; = Dmie*“hi_g, 1> 2, (36)

where p; and h; satisfy the following relations
1 1 1 14 ,
Pit1 = §¢U1hi - 5(”1 + Ywvy)p; + §Dmpi —3 ZP;’HPF]‘, i >1,
§=0

1 —1 '
hiv1 = Dzh; —wpiy1 —urh; — 9~ Zopj+1hi—j7 i >1,
‘7:

c 1 1 c
Jit1 = Z5io(w2 — 2uiwy — Yvwwr) + ligi — CWpPiy2 — <U1 + iwwm) 9i = W1Pi+1
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i—1 7
C .
-5 ij-‘rlgz -it5 D chiv1 — Ulhi—i—l —3 > pishizi, >0,
23 =0
p1 = —u1/2, g0 =0, ho = w, hi = (w1 —u1w)/2. (37)

Using relations (37) we found in particular
pp=wi/4,  p3=Di(p2)/2,  ps=(dwp —wi +2D3(w1))/32,
w1 = u%/Q + Yviwy — ue,
wo = —thviws + Yusviwy + P2v1veww + 3huyviws + 2% viww,
— 3?uviww, — 20udviwy + epPviwd + v odw? /2 — 23 viwtw . (38)

It can be seen that wy/8 — wl/ 32 is not a total derivative, hence the densities p; and p3 are
trivial, and p2, p4 are non-trivial.

It is easy to see from (29), and (36) that if we set b = 0, then all conserved densities of the
systems (4), and (5) become pseudo-constants and the systems become Liouvillian ones. To prove
this statement we must present three independent pseudo-constants along each characteristic
(see for instance [6]).

Obviously, functions (30) constitute complete set of pseudo-constants for system (4) along the
characteristic Dyw = 0. Lorentz invariance x «— t of the system allows us to obtain the pseudo-
constants along the characteristic D,w = 0 simply by the substitutions u, — s, Ugpr — Uy, - - .
from wq, wo and ws.

The two obvious independent pseudo-constants of the system (5) are w; and wo given by (38).
To find the third pseudo-constant let us rewrite the second equation of (5) under the condition
b = 0 in the following form

Dy log v, = Yuw.

This implies Dy (Dilogv, + ur) = Dy(vYvsw + ug). Using the conservation law Dypow, =
D, (Yvpw + ug) we find Dy(D, log v, + uy — pvw,) = 0. Thus, the function

w3 = Dylog v, + uy — Yow, (39)

is the third independent pseudo-constant along the characteristic D;w = 0 for system (5).
In the case when a = 0 (and b # 0), the complete set of the pseudo-constants can be obtained
with the help of the discrete symmetry of the system (5) v «— w, u — —u.

4 Conclusion

We believe that the modification of the Wahlquist and Estabrook method applied here may be
used for construction of the zero curvature representations for other hyperbolic systems too.
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