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We prove that the natural action of permutations in a tensor product of type I factors is
free, and compute the von Neumann trace of the projection onto the space of symmetric and
antisymmetric elements respectively. We apply this result to computation of von Neumann
dimensions of spaces of harmonic forms (L2-Betti numbers) of N-point configuration spaces
of infinite coverings of compact manifolds.

1 Introduction

It is difficult to overestimate the role of the theory of von Neumann algebras and their traces in
different areas of mathematical and theoretical physics. One of the important applications is the
definition of regularized dimensions of certain infinite-dimensional Hilbert modules, in particular
of the spaces of harmonic forms over certain non-compact manifolds possessing infinite discrete
groups of isometries (L?-Betti numbers, see [3,7] and references given there).

Thus an important problem is construction of von Neumann algebras containing particular
operators, and computation of the corresponding traces of these operators. In this note, we
describe the structure of the von Neumann algebra {M®" U}” where M is a von Neumann
algebra acting in a separable Hilbert space H and U is the natural action of the symmetric
group S, by permutations in H®", ®n denoting the n-th tensor power.

It is clear that the answer to this question is spatial dependent, i.e. it depends on the choice of
the concrete M-module H. For example, if H = C™ is a module over the I,,, factor M = M,,(C),
then (for n = 2) M ® M coincides with the space of all linear operators in C" @ C"™. Therefore
the permutation operator U belongs to M ® M and {M @ M, U} = M ® M. On the
contrary, if the same I, factor M acts on its standard form H = C" ® C™ by operators
2(feg) =zf®g, x e M, f,g € C™, then U does not belong to M @ M. Thus U induces an
outer action « of the symmetric group S on the factor M ® M and the von Neumann algebra
{M @ M, U}’ is isomorphic to the cross-product M @ M x, Sa.

In Section 2, we consider the case where H is a separable module over a type II factor M.
We prove that the action « of the group S,, in M®" generated by the representation U is outer
and free and thus the von Neumann algebra {M®" U}” is isomorphic to the cross-product
ME™ %, S,,. We compute the von Neumann trace of the projection onto the space of symmetric
and antisymmetric elements of H®" respectively. In Section 3, we apply this result to computa-
tion of the von Neumann dimensions of the spaces of harmonic forms of the spaces of N-point
configurations in infinite coverings of compact manifolds (L?-Betti numbers of configuration
spaces).

In the particular case where M is the commutant of a free action of an infinite discrete group,
the results of Section 2 were obtained (by different methods) in [5] (n = 2) and [2] (n arbitrary).
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In the latter work, the L?-Betti numbers of infinite configuration spaces equipped with Poisson
measures were computed.

In what follows we denote by L(H) the algebra of all bounded operators in Hilbert space H.
We refer to [4,9] for general notions of the theory of von Neumann algebras.

2 Permutations in a tensor product of type II factors

Let L?(M) be the standard form of a finite factor M. Denote by Q the corresponding cyclic and
separating vector for M. Let 7 be a faithful normal trace on M. Since (M @ M) = M' @ M,
M ® M is a finite factor acting in Hilbert space L?(M) ® L?(M). Let U be the permutation
operator in L?(M) ® L?>(M). Denote by oy the corresponding automorphism of the factor
MM,

w@ey)=U@eyU"' =yoz,  zyecM. (1)

This automorphism generates a natural action « of the group Sy on M ® M. Recall that the
action of an automorphism 3 on M is called free, if each element © € M satisfying the equality
xy = B(y)z for all y € M is zero. It is well known that an automorphism of a factor is free iff
it is outer. If a : G — Aut(M) is a free action of a discrete group G on M then M X, G is
a factor (see, for example, [6, Proposition 1.4.4]).

We have the following statement.

Proposition 1. (i) The Hilbert space L*(M)®L?(M) is the standard form of the factor M@M;
(13) The action o of the group So on M @ M s free;
(1i1) There exists a natural isomorphism of the finite factor M @ M X4 So and the von
Neumann algebra {M @ M,U}".

Proof. Note that the vector Q1 = Q®Q is cyclic for both M@ M and ( M@ M) = M @ M.
Hence 25 is separating for M ® M (that is, 202; =0, z € M ® M implies z = 0).

Denote 71 = 7 ® 7. It is obvious that 71 is a trace on M ® M. Moreover the trace 7 is
faithful on M ® M. Indeed, since §; is separating for M@ M, forz =) . 2; ®y; € M@ M
we have

mi(z*z) =Y r(@lae) (i) = > (@R Q) (v (U7 Y Q) r2 ()

= (2201, Q) 2 (e L2m) = llz* # 0. (2)

Since

(7)) = (2, Q) 2 (Mmyer2(m)

for any * € M ® M we can conclude that L*(M) ® L*(M) is the standard form of M ® M.
Let us show that oy given by (1) is a nontrivial outer automorphism of M ® M, i.e. that
the operator U does not belong to (M ® M) U (M @ M)’. Suppose that U € M @ M. Rewrite
the equality UQ® Q = Q® Q in the form (U —1)Q; = 0. Moreover € is a separating vector for
M ® M, which implies that U = 1. Thus U ¢ M ® M. It can be shown by similar arguments
that U ¢ (M @ M)'.
Since M ® M is a factor, it follows from Proposition 1.4.4 of [6] that

(MM N(M®M xqS,) =C.

This implies in particular that the crossed product M ® M x, S is also a finite factor. We
conclude from the equality ay(z)Q = UzU~1Q; that there exists a natural homomorphism of
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MR M x4 Sz onto {M @ M,U}". Since a finite factor does not contain two-sided ideals, any
normal homomorphism of it is either identically zero or injective. Hence factors M @ M X, S
and {M ® M,U}" are isomorphic. [ |

Now we can consider the case where M is a type I factor. Let H be a separable M-module.
Denote by U the operator of permutation in H ® H and let oy be the corresponding (nontrivial)
automorphism of M ® M.

Theorem 1. The automorphism ay defines an outer action of the group So on the 1I-factor
M @ M, and there exists an isomorphism of factors

MM xq Sy~ {Mcx MU} (3)

Proof. Case Ily. Let M be a II-factor. Denote by K the standard form of M. Using the
theorem on the structure of normal isomorphisms of von Neumann algebras [9] we can conclude
that H as M-module is isomorphic to M-module

Hy =p(K ®l2) (4)

for some d € [0, 00|, where p € M’ ® L(l2) is a projection with Trp = d. Here Tr denotes the
natural trace in M’ ® L(l3), with the normalization Tr (1o ® ¢) = 1, where ¢ is a projection of
rank 1 in £(l2). The action of M on H, is given by

r(p(f®§)) =plaf ®¢), reM, feK, §cl.

Let us remark that the Hilbert spaces K ® o ® K ® lo and K ® K ® [, ® I3 are isomorphic. Thus
there exists a projection p such that M ® M-modules

Hi@Hy=(pop) (Kb K®l)
and
KK ®Il®l)

are isomorphic, where the action of M ® M on the latter space is defined by

(z@y)P(fegeian) =Dpafygemn),

r,y € M, f,g € K, &,n € ly. The operator U of permutation in Hy ® H_ is unitarily isomorphic
to the operator U; @ Us in p(K ® K ®ls ®13), where U is the operator of permutation in K ® K
and Uy is the operator of permutation in ly®1s. It follows from Proposition 1 that Uy ¢ M M.
Hence the operator U does not belong to M ® M and thus ay is outer (and consequently, free)
automorphism of M® M. Repeating the arguments from the proof of Proposition 1 we conclude
that the factors M @ M x Sy and {M ® M,U}" are isomorphic.

Case 11y. Let M be a Il factor. Fix an arbitrary finite projection p € M. Then there
exists [9] a spatial isomorphism of M and the Il factor M, ® L(l2), where M, = pMp (the
so-called “corner” of M) is a Il factor. Denote H, = pH. Then the Il factor M ® M is
isomorphic to M, ® M, ® L(la ® l3) and the permutation operator U in H ® H is unitarily
equivalent to the operator U; ® Us, where Uy is the operator of permutation in H, ® H,, and Us
is the operator of permutation in lo ® l3. Note that the operator U belongs to L(la ® l2).

It follows from the arguments presented above that the operator U; does not belong to
M, ®@M,,. Thus the operator U does not belong to M ® M and as above « is free automorphism
of M ® M. Therefore M @ M x, 52 is a Il factor. It follows from the arguments presented
in the proof of Proposition 1 that there exists a normal homomorphism of M ® M x, Sy onto
{M®M,U}". Since any normal homomorphism of a factor is either identically zero or injective
we have that {M @ M,U}" is also a Il factor isomorphic to M ® M x, Ss. [ |
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The following result is the extension of the theorem above to the case of the symmetric
group S, acting in M®" n > 2.

Theorem 2. Let M be a type I1 factor and H be a separable M-module. Let U;; (i,5 =1,...,n)
be the operator in H®™ permuting i-th and j-th components. Then the family of operators
{Uij}ij=1,..n defines an outer action of the symmetric group S, on the factor MO and there
exists an isomorphism

Mn X Sn ~ {Mn7 {Uij}i7j:17_._7n}ll. (5)

Proof. It follows from Theorem 1 that the operator U;; does not belong to the factor M®"
and therefore determines the outer automorphism ag,; of M®". Since automorphisms ay,,,

i,7 = 1,...,n generate the action of the symmetric group S,, on the factor M®"  we conclude
that this action is free. Therefore the factors M,, xSy, and {My,, {U;;}i j=1,..n}" are isomorphic
(see the proof of Theorem 1). [

Let P, and P, be projections in H®" onto the symmetric tensor power H &n and the anti-
symmetric tensor power H”\" respectively,

P=1 30, (6)

gGSn
and
1 )
_ - _ (9)
Py=— > (1 )y, (7)
gESH
It is obvious that Ps; and P, belong to M,, X4 Sy.
Denote
M = {M®n, Ps}”a M, = {M@m’ Pa}” (8)

Proposition 2. Let M be a Il factor. Then
Ms :Ma, :M®n Xa Sn (9)

Proof. The inclusion My C M®" xS, is obvious. For the inverse inclusion it suffices to show
that the operators P;; = %(1 +Uij) i,j =1,...,n belongs to M. Since M ~ M, @ L(lp),
the factor M contains an isometry V such that (V*)™ — 0, m — oo strongly (for example
V =1® W where W is unilateral shift in lo: Wej = ep41 for a standard basis {e;}72; in lp).
Since (V*)™V™ =1 we have strong convergence

2
(1®1®(V*)m®--.®(V*)m)P5(1®1®Vm®---®Vm)—>EP12,

m — oo. Thus Pj3 € M. Similar arguments show that P;; € M for any 4,5 =1,...,n.
The case of M, can be treated in a completely similar way. |

In what follows we denote by Tras the faithful normal semifinite trace on a Il factor N.
Corollary 1. For any A € M we have

TrpA)"™

Trag, (A®"Py) = Trpg, (A®"R,) = ( (10)

n!
Proof. According to the Proposition 2 we will use the trace on a factor M®" xS,,. It is obvious
that ay(A®") = A®" for any g € S,,. Therefore for any g € S, we have Treny g, (A®"U,) =
Oe,gTr pqen (A®™) (here d,p, is the Kronecker symbol). Then (10) follows from (6) and (7). M
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3 L2-Betti numbers of N-point configuration spaces

In this section, we apply the results described above to computation of L?-Betti numbers of
the spaces of configurations of N points in the universal covering of a compact manifold with
infinite fundamental group. We start with the discussion of the structure of the spaces of
square-integrable differential forms over configuration spaces.

Let X be a smooth connected Riemannian manifold. Consider the N-point configuration
space

XN = (ay,...,an} C X}, (11)

the set of all N-point subsets of X. Clearly,

XN =X x-- x X/Sy, (12)

where X XX X is the Cartesian product of N copies of X without coinciding components.
XN) is a Riemannian manifold equipped with the Riemannian structure induced from X.

For a Riemannian manifold R, we denote by L?QP(R) the space of square-integrable (w.r.t.
the Riemannian volume) p-forms on R. We let A, be the Hodge-deRham Laplacian in L?QP(R),
and HP(R) := Ker A%, the space of square-integrable harmonic p-forms on R.

For a Hilbert space K, we use the notation

ngs _ K®s, k is even, (13)
KM,k is odd.

The following result is a symmetrized version of the Kiinneth formula.

Theorem 3.

1 d

HP(X(N)) _ @ (HI(X))<>81 ® - ® (Hd(X))osd (14)
S81y...,8¢0=0,1,2,...
s1+ 82+ F+sg=N
s1+2s2+4--+dsqg=p

where d = dim X — 1.

Proof. Let us first remark that the space L?QP (X (N )) is unitarily isomorphic to L2081, (X N ),
N
m——
the latter being the space of square-integrable p-forms on X~ :=X x --- x X which are sym-
metric w.r.t. the permutations of variables. It is easy to see that there exists a natural unitary
isomorphism

L2QP (X(N)) — @ (LQQO(X))gSO R ® (LQQdJrl(X))délSdJrl. (15)

sym

80,.+-,844+1 =0,1,2,...
s0+- - +8441 =N
s1+2s2 4+ (d+1)sqgp1 =p

It has been proved in [1] that the restriction (A% v )sym of A%y onto L2Q%m (XT) is essentially
self-adjoint on the space of smooth forms with compact support. Thus (Ag( ~ )sym coincides with

the Hodge-deRham Laplacian on X (V) and we have

HP(XN)) = Ker (AI;(N)sym = Ker (AL ) N L*Q2 (X)), (16)
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By the Kiinneth formula,

Ker(A )= € (X))@ o HY(X)), (17)
sy

(remark that H°(X) = H4T!(X) = 0), which together with (15) implies the result. |

Corollary 2. If all spaces Hk(X) are finite-dimensional, then all spaces HP(X(N)) are $o.
Their dimensions are given by the following formula:

dime(X(N)) — Z 5551) . c(lSd)7 (18)

S$1,...,84 =0,1,2,...
si1ts2t--+sg=N
s1+2s2+---+dsg=p

where
(™). F=13. .,
(s)
L= B (19)
(ﬁk—i—ss 1>’ h—2.4.. .

s # 0, and ﬁ,(:) =1 for s = 0. Here B := dimH*(X), k = 1,...,d. This case occurs for
instance when X is compact or has finite number of ends.

An important example of a manifold X with infinite dimensional spaces H®) (X) is given by
an infinite covering of a compact Riemannian manifold (say M). In this case, the fundamental
group G = m1(M) acts by isometries on X and consequently on all spaces L?QP(X). The
orthogonal projection

P, : L2QP(X) — HP)(X) (20)

commutes with the action of G and thus belongs to the commutant 4, of this action which is
a semifinite von Neumann algebra. The corresponding von Neumann trace b, := Tr 4P, gives
a regularized dimension of the space H®)(X) and is called the L?-Betti number of X (or M).
L2-Betti numbers were introduced in [3] studied by many authors (see e.g. [7] and references
given there). It is known [3] that (because of the elliptic regularity of A%) b, < occ.

It is natural to ask whether the notion of L?-Betti numbers can be extended to configuration
spaces over infinite coverings. It particular, is formula (19) valid in this case (with §j replaced
by br)? In what follows, we use the results of the first section for constructing a von Neumann
algebra containing the projection

P, : L2QP (X M) — 1P (X)), (21)

and computing its von Neumann trace.
In what follows, we assume that G is an ICC group (that is, all non-trivial classes of conjugate
elements are infinite). Under this condition we have that the von Neumann algebra A, is a I
factor.
Let us define the operator
731(;”) _ { Pi:Ps, D %S even, (22)
Py Pa, pisodd
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and the von Neumann algebra

A . {AS, Ps},ll/, p is even, o
’ {AS" Py}, pis odd,

generated by Af?” and projections P; and P, respectively. Thus, Pé”) is the orthogonal pro-

jection (LQQP(X))Q% — (HP(X))gn, n =1,2,.... Obviously, P,S”) € A](gn). It follows from the
Proposition 2 that A](gn) = AS" x4 Sy. We will use the convention Az(go) =CL
Further, we introduce the von Neumann algebra

AP = I1 AV @0 AFY, (24)
S$1,...,84 =0,1,2,...
sits2+--+sg=N
s142s+ - +dsg=p
d =dim X — 1. Since all algebras A,(f’“) are I -factors, so is AP with the trace given by the
product of the traces in AS’“).

Theorem 4. We have P, € AP gnd

(b)™  (ba)*
TrawPy = Z sil sg! (25)

S81,...,8¢4=0,1,2,...
s1+s2+---+sg=N
81 +2s2+ - +dsqg=p

where by, are the L?-Betti numbers of X, k=1,...,d, and by = 1.
Proof. It follows from Theorem 3 that
P, = Z P, (s1) .. p,(sa), (26)

S81y...,8¢0=0,1,2,...
s1+sa+-+s4=N
s1+2s24---+dsqg=p

with the convention P,go) = 4d. The result follows now from Corollary 1. |

We will use the notation b, = Tr, (,» P, and call b, the p-th L?-Betti number of I'y.

Remark 1. It is easy to see that formula (25) can be rewritten in the form

b, = — > by - Doy (27)
1<ki,....,kn <d
ki+--+kn=p

or, according to the Kiinneth formula (17),
1

~N!
where P is the orthogonal projection L?§P (XN) — HP (XN).

b, Tr yon P,

Example 1. Let X = H¢, the hyperbolic space of dimension d. It is known that the only
non-zero L? Betti number of HY is b, /2 (provided d is even). Then

k
(bap2)” | kd
b, = B 2’ (28)
g kd
0, pF#F —.
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