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A model of an abstract quantum system coupled to a multi-component Bose field is con-
sidered. Under suitable hypotheses, the model has a ground state even if the uncoupled
(zero-coupling) system has no ground state.

1 Introduction

A quantum system which has no ground states may be changed, through coupling to a quantum
field, to have a ground state. If such a change occurs, then we say that the coupled system
has enhanced binding with respect to ground state. The phenomenon of enhanced binding, if it
occurs, may be regarded as one of the evidences supporting the view point that quantum fields
are more fundamental objects underlying the material world.

From this point of view, as well as from a purely mathematical one, it is interesting to clarify
whether or not enhanced binding indeed occurs in models of a quantum system — typically
a system of nonrelativistic quantum particles — coupled to a quantum field.

The problem of enhanced binding was first discussed by Hiroshima and Spohn [11]. They
discussed the Pauli-Fierz model in nonrelativistic quantum electrodynamics in the dipole ap-
proximation and proved that, under suitable hypotheses, enhanced binding occurs for large
coupling constants. Hainzl, Vougalter and Vugalter [10] considered the Pauli-Fierz model with-
out the dipole approximation showing that it has enhanced binding for small coupling constants.
The results and the methods in [10] have been extended to the Pauli-Fierz model with spin [7,8]
(cf. also [9]).

In a previous paper [6] the enhanced binding problem was considered for a general class
of quantum field models, called the generalized spin-boson (GSB) model which describes an
abstract quantum system coupled linearly to a Bose field [3-5], and proved, under suitable
hypotheses, the existence of enhanced binding for a region of coupling constants. The GSB
model was extended to a more general one in [2], whose Hamiltonian is obtained by adding
quadratic self-interaction terms of the Bose field to the Hamiltonian of the GSB model, and it
was shown that results similar to those in [2] hold also in the extended GSB model.

In this paper we consider a slightly more general model than the extended GSB model in [2]
and show that, under suitable hypotheses, enhanced binding occurs in this model too.

The present paper is organized as follows. Section 2 is a preliminary section which recalls
basic objects and elementary facts in the theory of the abstract boson Fock space. In Section 3
we define quadratic operators acting in the abstract boson Fock space. In Section 4 we describe
the model considered in the present paper. The main theorems are stated in Section 5. The last
section is devoted to sketches of proofs of them.

2 Bose fields

We denote the inner product and the norm of a Hilbert space X by (-,-)x and || - || x respectively,
where we use the convention that the inner product is antilinear (resp. linear) in the first (resp.
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second) variable. We sometimes omit the subscript X in (-,-)x and | - ||, if there is no danger
of confusion.

For a linear operator T" on a Hilbert space, we denote its domain by D(T'). For a subspace
D c D(T), T|D denotes the restriction of T to D. If T is densely defined, then the adjoint of T’
is denoted T™. For linear operators S and 7" on a Hilbert space, D(S + T') := D(S) N D(T)
unless otherwise stated.

For each complex Hilbert space X', the boson Fock space F,(X') over X is defined by

Fp(X) = d®p2, @0 X,

where @7 X denotes the n-fold symmetric tensor product of X with ®°X := C (the set of complex
numbers).

The annihilation operator a(f) (f € &) on F,(X) is defined to be a densely defined closed
linear operator such that, for all ¢ = {1} € D(a(f)*), (a(f)*1)®) = 0 and

(@(F) )™ = Vs, (fov™V),  nx1,

where S, is the symmetrization operator on ®"X. The adjoint a(f)*, called the creation ope-
rator, and the annihilation operator a(g) (g € X') obey the canonical commutation relations

[a(f),a(9)"] = (f,9)x,  la(f);alg)l =0,  [a(f)" a(g)]=0
for all f,g € & on the dense subspace
Fo(X) := {4 € F,(X)| there exists a number ng such that 1™ = 0 for all n > ng},

where [X,Y] = XY - Y X.
We denote by Q :={1,0,0, ...} the Fock vacuum in F,(X). For a subspace D C X we define
a subspace

Fiin(DP) = LHEL, a(f1)"---al(fn) Q[neN, f;€D,j=1,...,n}),

where £({-}) means the subspace algebraically spanned by the set {-}. If D is dense in X, then
the subspace Fg,(D) is dense in Fp,(X).
Let

s o AU Falh)’

\/§ )
which is called the Segal field operator. It is shown that ¢(f) is essentially self-adjoint on

Fo(X) [13, § X.7]. We denote its closure by the same symbol ¢(f). The “conjugate momentum”
of ¢(f) is defined by

m(f)=o@f), feX.
We have
[6(f),m(9)] = ilm (i(f, g)x) -

For every symmetric operator S on X, one can define a closed symmetric operator dI'(.5),
called the second quantization of .S, by

dr(S) i= G225,
with $(© = 0 and S™ is the closure of

fed,

n Jth
Z]@...@S@)...@] ®7allgD(S)v
j=1

where I denotes identity and ®Zlg algebraic tensor product. If S is self-adjoint, then so is dI'(S).
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3 Quadratic operators

In the boson Fock space Fy,(X), one can define, in a general manner, linear operators quadratic
in the annihilation and the creation operators. Let C' be a conjugation on &, i.e., C' is an anti-
linear, isometric mapping on X such that Cc?=1. Let K be a Hilbert—Schmidt operator on X.
Then there exist orthonormal sets {f,}M ;, {g,}*, in X and a sequence {\,}M ;| of positive

numbers (M < oo or M is countably infinite) such that Z A < oo and

n=1

M

K = Z )\n<fn> '>Xgn7

n=1

where, in the case M = oo, the sum on the right hand side converges in operator norm [12, Theo-
rems VI.17 and VI.22]. Using this representation of K, we define linear operators (a*|K|a*)y
and (a|K|a)ny (N € N) acting in Fp,(&X'), with domain Fg,(X), by

NAM NAM

(a*|K|a")n Z Ana(C fr) a(gn)”, (a|Kla)n Z Ana(fn)a(Cgp).

where N A M :=min{N, M} if M < oo and N AM := N if M = oco. It is easy to see that, for
all ¥ € Fgn(X), the strong limit

(¥ |K|a®)W :=s- lim (a¥|K|a")y¥
N—oo

exists, where a? denotes either a* or a. Moreover, the operator (a”|K|a™) with domain Fg, (&)
is closable and

(@”[Kl|a™)" > (a|K7|a),  (a|Kl]a)" D (a"[K"[a”).

4 Definition of the model

We consider a model of an abstract quantum system S coupled to an N-component Bose field
over R? (d, N € N). We denote the Hilbert space of the system S by H, which is taken to be
an arbitrary separable complex Hilbert space. In concrete realizations, S may be a system of
nonrelativistic quantum particles or a quantum field system.

The one-particle Hilbert space of the Bose field is taken to be

M = aNL*(RY),

the N direct sum of L? (Rd). Then the Hilbert space for the Bose field is given by the Fock
space F,(M) over M.

Let 4 be a Borel measurable function on R? such that 0 < u(k) < oo for almost every-
where (a.e.) k € R? with respect to the Lebesgue measure on R?. Then p defines a multiplica-
tion operator on L? (Rd), which is nonnegative, injective and self-adjoint. We denote it by the
same symbol. We define an operator

fi=aNp

acting in M.
The Hilbert space of the coupled system of S and the Bose field is given by the tensor product

Fi=H® Fp(M).
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Let A be a self-adjoint operator on H, which denotes physically the Hamiltonian of the
quantum system S.

We say that a densely defined linear operator on a Hilbert space is Hilbert—Schmidt if it is
bounded and its closure is Hilbert—Schmidt. We denote the closure by the same symbol.

In what follows, we denote by C' the complex conjugation on M. For a bounded linear
operator T on M, we define T by

To :=CTC.

Let S and T be bounded linear operators on M. We assume the following.

Hypothesis (I).
(I.1) The operators TfS* and Tf'/? are densely defined and Hilbert-Schmidt.
(L.2) The operator SuS* + Tl is densely defined.

Then we can define an operator Hy,(u,S,T) by
Hy(u, S, T) := dU(SuS* + TouTy) + (a|TrS*|a) + (a|TrS*|a)*
It is easy to see that Hy(u, S,T) is a symmetric operator with
D(Hy(p,5,T)) D Fon (D(SpS™) N D(TopIe)) -

We denote the closure of Hy(u, S, T) by Hy(u, S, T).
The Hamiltonian of the model we consider in the present paper is defined by

H:=A@I+1® Hy(p,S,T)+ ZB@MJ ZK@w

where B; (j =1,...,J; J € N) is a symmetric operator on H such that ﬂ‘] D(Bj) is dense in
H, K; (j=1,..., J) is a bounded self-adjoint operator on H and g;, h; € M 7=1,...,J.

Remark 1. (i) The operator H with T =0, hj = 0 (or K; = 0) and SiS* = & := &"w (w is
a nonnegative Borel measurable function on RY) yields

Hpapg = AQ T+ 1@ dT(® +ZB ® ¢(g;)-
7j=1

This is the Hamiltonian of the GSB model [3]. The existence of ground states of Hap with
N = 1 was discussed in [3] under the assumption that A has a ground state (cf. also [4] for
further extensions). The problem of enhanced binding in the GSB model was considered in [6].
For the absence of ground states of Ham, see [5].

(ii) The problem of enhanced binding in the model H with h; =0 (j = 1,...,J) was discussed
in [2]. The results presented below are extensions of those in [2] to the case where h; # 0.

Example 1. The Pauli-Fierz Hamiltonian in the dipole approximation [11] is a special case
of H with d =3, N =2, J = 3. In this sense our model is an abstract generalization of the
Pauli-Fierz model in the dipole approximation.
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5 Main results

For a self-adjoint operator L on a Hilbert space, we denote its spectrum (resp. essential spec-
trum) by o(L) (resp. gess(L)).

Definition 1. Let L be a self-adjoint operator on a Hilbert space bounded from below and set
Eo(L) :=info(L),

which is called the ground state energy of L. We say that L has a ground state if Ep(L) is an
eigenvalue of L. In that case, each non-zero vector in ker(L — Ey(L)) is called a ground state
of L.

To state the main results of this paper, we formulate additional hypotheses. For this purpose,
we first recall an important notion on commutativity of self-adjoint operators:

Definition 2. We say that two self-adjoint operators S; and S on a Hilbert space strongly
commute (or S strongly commutes with Sy) if their spectral measures commute.

A family of self-adjoint operators {.S; };L:l on a Hilbert space is said to be strongly commuting
if S; strongly commutes with S; for all j,l =1,...,n with j # [.

In what follows, we assume that A is of the form
A=A+ A

with Ag a nonnegative self-adjoint operator and Aq a symmetric operator on H.
We introduce gj,hj e M (j=1,...,J) by

gj = S*gj - T*ng, hj = S*hj - T*Chj,

where S, T and C' are operators introduced in the preceding section.

Hypothesis (I1). §;, §;/1*% hj, h;/p € M (j =1,...,J) and

<§j(k')7§l(k)>(CN7 <§J(k>7 hl(k'))(CN €R, ae ke R? (jvl =1,..., J)

Remark 2. Hypothesis (II) implies that (i) {¢(ig;/1) 3-7:1 is a family of strongly commuting

self-adjoint operators and each ¢(ig;/u) strongly commutes with each w(h) (.l =1,...,J);
(ii) [#(g;), 7(ha)] = (s, hu) m on Fo(M).

Hypothesis (III). The operator A; is Ag-bounded, i.e., D(Ay) C D(A;) and there exist
constants a,b > 0 such that, for all u € D(Ay),

[Avully < allAgullr + blwllx.

Hypothesis (IV). The operator Ay strongly commutes with each B; (j =1,...,J) and
D(Ag) C N1 D(B;By).

Moreover, there exist constants c;,d; > 0 such that, for all v € D(A(l)/ 2),
1Byullre < i1 A *ullye + dyllullze (=1, ).

Hypothesis (V). The set {B; }3-]:1 is a family of strongly commuting self-adjoint operators.
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Hypothesis (VI). D(4g) C N{_;D(B;jA;1) N D(A1Bj) and [Bj, A1]|D(A) is bounded (j =
1,...,J). We denote the operator norm of [B;, A1] by ||[B;, A1]]|.

We introduce an operator

and define
Aren i= A— Rp.

Under Hypotheses (II)-(IV), we have D(Ayen) = D(Ap).
Hypothesis (VII). The operator A, is self-adjoint and bounded from below.

Hypothesis (VIII).
(VIIL.1) The operator T is Hilbert—Schmidt.
(VIIL.2) The operators S and T satisfy the following relations:

S*S —-1T"T =1, SS* —TcTs =1, ST* =TcS¢, S*Te =T*Se.
One can prove the following fact:

Theorem 1. Assume Hypotheses (I)-(VIII). Then H is self-adjoint and bounded from below.

We set

:=ess. inf u(k),
Ho ke]Rd'u( )

where ess. inf means essential infimum.

Theorem 2. Assume Hypotheses (I)-(VIII). Suppose that

{n(k)|k € RY} = [0, 00) (1)

Then the following (i) and (ii) hold.
(i) If po > 0, then [Eo(H) + 10, 00) C Tess(H).
(ii) If o = 0, then o(H) = [Ep(H), 00).

To establish an existence theorem of a ground state of H without the assumption that A has
a ground state, we need additional conditions.

Hypothesis (IX). The function y is continuous on R? with

lim p(k) = o0

|k|—o0
and there exist constants v > 0 and c¢g > 0 such that

(k) = (k)| < colk — K7 (1 + p(k) + w(K)), kK € R™

For s > 0, we introduce constants Cs(§), Ds(R) (§:= (§1,--.,G7), h = (h1,...,hy)) by

h;
s

9i
s

J J
Cs(g) == \@ZH[ijAﬂH ; Dy(h) := \/§ZHKJ‘H
j=1 M j=1

M
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Provided that g;/u® € M and iL]’/MS e M (j=1,...,J) respectively. We define constants
F, (¢ =1,2,3) by

- N 1 ~ B -
Fr=Ci(g) + Do(h),  Fp:=Ca(9) + 5D1(h),  Fs:=Cyy(g) + Dija(h).
We set
Z(141*0n) = inf Oess (Arcn>-

Generally speaking, the existence of a ground state of H may depend on whether pg is positive
or zero [5]. We first state a result on the existence of enhanced binding in the case po > 0.

Theorem 3. (Enhanced binding in the case pg > 0). Consider the case pg > 0. Assume
Hypotheses (1)—(I1X) and that

1
2

Then H has purely discrete spectrum in the interval [Fo(H), Eo(H) + po). In particular, H has
has a ground state.

Y(Aren) — Eo(Aven) > po + ~F2 4 F. (2)

Remark 3. Condition (2) implies that Ey(Ayen) is a discrete eigenvalue of Ayen and hence Ayep
has a finite number of ground states. But A does not necessarily have a ground state.

Corollary 1. Under the assumption of Theorem 3 and condition (1),
ess(H) = [Eo(H) + po, 00).

Theorem 4. (Enhanced binding in the case pg = 0). Consider the case py = 0. Assume
Hypotheses (1)-(IX) with §;/u?> € M (j =1,...,J) in addition. Suppose that

E(Aren) - EO(Aren) > %F32 + . (3)
and
Iy 2F? ;
(S(ren) — Eo(H)P { S (Aren) — Eo(H)P 1} fr sl (4)

Then H has a ground state.

Remark 4. In Theorems 3 and 4, the existence of a ground state of A is not assumed.

6 Proofs of the main theorems

We give only sketches of proofs of the main theorems stated in the preceding section.

6.1 Proof of Theorem 1
Lemma 1. There exists a unitary operator W on F,(M) such that
(IoW)HI @ W)™ = Hi — || Th"?|ls,
where
J J ~
Hy=A®I+I1@d'(i)+ Y Bj®¢G)+ > K;@n(h))
j=1 j=1

and || - |lus denotes Hilbert—Schmidt norm.
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Proof. Similar to the proof of [2, Lemma 12]. [

We introduce a unitary operator

J
H ZBJ®¢ ZQJ/M)
7=1
Let
Hy = Aen @ I + 1 ®@dl'(p),
J
Vi=UA DU - A o1, Z (K; @ NU™Y) I @ 7(hj).
and

Hy := Hy+ Vi + Va.

Lemma 2. Assume Hypotheses (I)—~(VIII). Then UD(Hy) = D(Hyp) and, for all ¥ € D(Hy),
UH\U'W = H V.

Proof. Similar to the proof of [6, Lemma 3.7]. [ |

Using [6, Lemma 3.10] and the well-known estimates

NHvl < lar (@) 2w, llalf) ) < 14D () /2| + [1f a2

L. L.

holding for all ¥ € D (dF(ﬂ)l/z) and f, f/\/lt € M, one can easily see that Vi and V; are

infinitesimally small with respect to Hy. Hence, by the Kato-Rellich theorem, H is self-adjoint
with D(H,) = D(Hy) and bounded from below. By this fact and Lemma 2, H; is self-adjoint

with D(H;) = D(Hp) and bounded from below. Theorem 1 now follows from this fact and
Lemma 1.

6.2 Proof of Theorem 2
By the self-adjointness of H (Theorem 1), H; and Lemma 1, we have
o(H) = o(Hy) = [T |fis,  Gess(H) = 0ess(H1) — | TR fis.
In particular
Eo(H) = Eo(Hy) — |TA"?|fs.
On the other hand, one can show in the same way as in [1, Theorem 3.3],
[Eo(H1) + 10, 00) C 0ess(H1) (1o > 0)
and
o(Hy) = [Eo(H1),00)  (po = 0).

These facts imply Theorem 2.
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6.3 Proofs of Theorems 3 and 4

By Lemma 1 and Theorem 1, it is sufficient to prove that H; or Hj has a ground state. This is
done by using Lemma 2. Indeed, one sees that the methods developed in [6] work in the present
case too (in [6], H, with V5 = 0 is considered). This is due to the fact that the new perturbation
term V5 has properties similar to those of V7, e.g.,

I 1 ~
IVa¥ll < Dyjolll @ dU ()2 + 5Doll@)l, e D (Tedr @),
. J
1 ~
Vo, I ®a(f)]® = G > UK @ DU Nf,hj)m®, @€ DI N),
j=1

where Ny, := dI'(I) is the number operator on F,(M). It turns out that we need only to shift
the constants ¢s(g) (s = 1,3/2,2) used in Theorems 2.2 and 2.3 in [6], which yields conditions
(2)—(4) in the present context.
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