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Abstract. We prove an analogue of the Sylvester theorem for the generator matrices of the
quantum affine algebra U, (gl,,). We then use it to give an explicit realization of the skew
representations of the quantum affine algebra. This allows one to identify them in a simp-
le way by calculating their highest weight, Drinfeld polynomials and the Gelfand—Tsetlin
character (or g-character). We also apply the quantum Sylvester theorem to construct
a g-analogue of the Olshanski algebra as a projective limit of certain centralizers in Ug(gl,,)
and show that this limit algebra contains the ¢-Yangian as a subalgebra.
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1 Introduction

The quantum affine algebras form an important family of quantized enveloping algebras. They
were introduced by Drinfeld and Jimbo in 1985 in the general context of quantum groups and
have since been studied by many authors; see e.g. the books by Chari and Pressley [4] or Klimyk
and Schmiidgen [13] for a detailed account of the origins and applications of the quantum
group theory. A particular RTT-presentation of the quantum affine algebras and their rational
counterparts (now known as the Yangians, due to Drinfeld) was originally introduced and studied
in the work of L.D. Faddeev and the Leningrad school of mathematical physicists in the late
70’s and early 80’s in relation with the quantum inverse scattering method (QISM); see e.g.
Reshetikhin, Takhtajan and Faddeev [30] for the basics of this approach. The representation
theory of the quantum affine algebras and Yangians, as well as various applications of the theory,
are discussed in the mentioned above book [4, Chapter 12]. Amongst other applications we note
a surprising connection of the QISM I and QISM II algebras with the hypergeometric functions
discovered by Kuznetsov and Koornwinder [16, 17].

By the results of Olshanski [27, 28], the A type Yangian is recovered as a certain projective
limit of centralizers in the universal enveloping algebras. In this paper, we develop a g-analogue
of the Olshanski construction where the role of the Yangian is played by the quantum affine
algebra. Let us now discuss this approach in more detail.

*This paper is a contribution to the Vadim Kuznetsov Memorial Issue “Integrable Systems and Related Topics”.
The full collection is available at http://www.emis.de/journals/SIGMA /kuznetsov.html
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Let n and m be integers such that n > m > 0. Denote by A,,(n) the centralizer of gl,_,, in
the universal enveloping algebra U(gl,,), where gl,,_,, is regarded as a natural subalgebra of gl,,.
Due to Olshanski [27, 28], for any fixed m there exists a chain of natural homomorphisms

Ap(m) —Ap(m—+1) — - —Ap(n) — - (1.1)

which respect the natural filtrations inherited from the universal enveloping algebra. So, one
can define the corresponding projective limit algebra

A, = limproj A,,(n), n — 0o (1.2)

in the category of filtered algebras. In particular, the algebra Ag is the projective limit of the
centers of U(gl,,) and it is isomorphic to an algebra of polynomials in countably many variables.
Moreover, for m > 0 one has the isomorphism [27, 28]:

where Y(gl,,,) is the Yangian for the Lie algebra gl,,. The algebra Y(gl,,) is a deformation of
the enveloping algebra U(gl,, ® C[x]) in the class of Hopf algebras; see Drinfeld [7]. A key part
of the proof of the decomposition (1.3) is a construction of algebra homomorphisms

Y(gl,,) = An(n), n=m,m+1,... (1.4)
compatible with the chain (1.1) which define an embedding
Y(gl,,) — A, (1.5)

A similar construction can be applied to the orthogonal and symplectic Lie algebras which
leads to the introduction of the corresponding twisted Yangians; see Olshanski [29] and Molev
and Olshanski [21]. A super analogue of the centralizer construction was given by Nazarov [24]
to obtain the Yangian for the queer Lie superalgebra. Moreover, the homomorphism (1.4)
gives rise to a representation of the Yangian in the homomorphism space Homg (L(,u), L()\))
which is called the skew (or elementary) representation. Such representations were studied
by Cherednik [5] (mainly in the context of the quantum affine algebras) and by Nazarov and
Tarasov [26]; see also [19].

In this paper we give a g-analogue of the centralizer construction where U(gl,,) is replaced by
the quantized enveloping algebra Ug,(gl,,). We follow the approach of [19] where an alternative
embedding (1.5) was constructed. It is based upon a version of the quantum Sylvester theorem
(see Theorem 3.6 below); cf. Gelfand and Retakh [10], Krob and Leclerc [15]. Here the Yangian
Y(gl,,) should be replaced with the ¢-Yangian Y,(gl,,) which is a natural subalgebra of the
quantum affine algebra Uq(g/;\[m). We prove that the ¢-Yangian is embedded into an appropriate
g-analogue of the Olshanski algebra A,, (see Theorem 5.4 below). In particular, this gives
a proof of the Poincaré—Birkhoff-Witt theorem for the ¢-Yangian, and the same method applies
to provide a new proof of this theorem for the Yangian Y(gl,,). We believe that a g-version of
the isomorphism (1.3) also takes place, however, we do not have a proof.

Using a homomorphism associated with the quantum Sylvester theorem, we provide an ex-
plicit construction of the skew representations of the quantum affine algebra Ug,(gl,). We
generally follow the approach of [19], simplifying the arguments with the use of some obser-
vations of Brundan and Kleshchev [2]. The construction allows us to easily identify the skew
representations by calculating their highest weights, Drinfeld polynomials and the Gelfand—
Tsetlin characters. In the Yangian case, the Drinfeld polynomials were calculated by Nazarov
and Tarasov [26]; see also [1, 5, 23]. In a more general context, the Gelfand-Tsetlin characters
were introduced by Brundan and Kleshchev [3] in their study of representations of the shifted
Yangians. They are analogous to the Yangian characters of Knight [14] and the g-characters of
Frenkel and Reshetikhin [9] for the quantum affine algebras.
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2 Definitions and preliminaries

We shall use an R-matrix presentation of the algebra U,(gl,,) following [11]; see also [13] for
more details. We fix a complex parameter ¢ which is nonzero and not a root of unity. Consider
the R-matrix

R=q) E;®Ei+Y Ei®E;;+(q—q ")) Ey;®Ej; (2.1)
i i#j i<y

which is an element of End C" ® End C", where the F;; denote the standard matrix units and

the indices run over the set {1,...,n}. The R-matrix satisfies the Yang—Baxter equation

R12 R13 Rog = Ro3 Ri3 Ri2, (2.2)

where both sides take values in End C™ ® End C™ ® End C™ and the indices indicate the copies
of EndC", e.g., R1s = R® 1 etc.

The quantized enveloping algebra Uq(gl,,) is generated by elements ¢;; and ¢;; with 1 < 4,5 <n
subject to the relations

tij:t_ji:O, 1 <1<y <n,
tiiti = tity = 1, 1<i<n, (2.3)
RTYT, = T5T1R, RT1 Ty =T>T1R, RTTy = ToT1R.
Here T and T are the matrices
T = Z tij &® Eij’ T = ZEU &® Eij’ (24)
i3 (2
which are regarded as elements of the algebra Uy(gl,,) ® End C™. Both sides of each of the R-
matrix relations in (2.3) are elements of Uy(gl,,) ® End C" @ End C" and the indices of T and T

indicate the copies of End C™ where T or T acts; e.g. Ty = T ® 1. In terms of the generators
the defining relations between the ¢;; can be written as

Q" tiatiy — v tiptia = (@ — g7 1) (Gyeq — bi<j) tia tiv, (2.5)

where 0, <j equals 1 if ¢ < j and O otherwise. The relations between the ti; are obtained by
replacing t;; by t;; everywhere in (2.5). Finally, the relations involving both ¢;; and ¢;; have the

form
Q5 ity — @ tiptia = (0 — ) (Opeq tja tis — i j Liativ)- (2.6)

It is well known that the algebra Ug,(gl,) specializes to U(gl,) as ¢ — 1. To make this
more precise, regard g as a formal variable and Ug,(gl,) as an algebra over C(¢q). Then set
A= Clg,¢!] and consider the A-subalgebra U4 of U,(gl,,) generated by the elements

tis tis
L for i>j, L for i<}, (2.7)
q—4q q—4q
and
tii 17 f“—l, (2.8)
q—1 q—1
for: =1,...,n. Then we have an isomorphism

Ua®4C =U(gl,) (2.9)
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with the action of A on C defined via the evaluation ¢ = 1; see e.g. [4, Section 9.2]. Note
that the elements (2.7) respectively specialize to the elements F;; and —E;; of U(gl,,) while the
elements (2.8) specialize to Ej;; and —FEj;.

The quantized enveloping algebra Uy(sly,) is defined as the associative algebra with generators
ki,..., kn_1, k:fl, e k';il, €1,...,en—1 and fi,..., fn_1 subject to the defining relations

kik; = kjki, kit =k Yk =1,
kiejki_l :qaijejv kifjk'i_l:qiaijfj’
ky — k!
[€i7fj] = 0ij ma
e?ej—(q—i—q*l)eiejei—i—eje?:O if |i—j] =1,
fzzfj*(quq_l)fifjfiJffjfiQ:0 if |i—j|l=1,

where [a;;] denotes the Cartan matrix associated with the Lie algebra s, so that its only nonzero
entries are a;; = 2 and a;; = —1 for |i — j| = 1.
We have an embedding U,(sl,,) — Ugy(gl,) given by

_ -

ki = tiitiy141, k" tiitip1 i,
tiit1 tis tii tit1,i

€ — — 1> f’L — _1-
q—dq q—dq

We shall identify U,(sl,,) with a subalgebra of Uy(gl,,) via this embedding.

We let U, I_J; and Ug denote the su_balgebras of Ugy(gl,,) respectively generated by the t;;
with i > j, the ¢;; with ¢ < j and the t;;, ;; with all 4. It is implied by [4, Proposition 9.2.2] that
multiplication defines an isomorphism of vector spaces

U, @ U) @ US =2 Ug(gl,). (2.10)
The products 7" - ¢/ with m; € Z form a basis of U). Moreover, the monomials

k‘n,n—l kng k32 knl k‘21
tn,n—l tn? t32 tnl e t21

with non-negative powers k;; form a basis of U, while the monomials

B3 B B B B
with non-negative powers k;; form a basis of U;.

Denote by Z, the center of the algebra U, (gl,,). Due to the isomorphism (2.10), any z € Z,
can be regarded as an element of U, ® US ® U;I". Denote by x(z) the projection of z to the
subalgebra Ug so that x(z) — z belongs to the left ideal of Uy(gl,,) generated by the elements ¢;;
with ¢ < j. The map

X :Zq— U (2.11)

is an algebra homomorphism called the Harish-Chandra homomorphism. This homomorphism
is injective and its image is the subalgebra of Ug generated by the symmetric polynomials in

22,..., 22 and the polynomial xl_l .-zt where 2; = ¢~"*!t;;. Moreover, those polynomials of
total degree zero in z1, ..., z, form the image of the center of the subalgebra U,(sl,) under the

Harish-Chandra homomorphism; see e.g. [4, Proposition 9.2.5] and [13, Section 6.3.4].
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Now consider the Lie algebra of Laurent polynomials gl,[A, A~ 17'in an indeterminate . We
denote it by g[ for brevity. The quantum affine algebra U (g[ ) is a deformation of the universal

enveloping algebra U(g[n). By definition, Uq(g[n) has countably many generators tl(-;) and t_i(f)
where 1 < 7,7 < n and 7 runs over nonnegative integers. They are combined into the matrices

Z t” Eij, Z tz] Eij, (2.12)

i,j=1 =1

where #;;(u) and #;;(u) are formal series in u~! and u, respectively:

(e 9]

ty(u) =S DU Eyu Zt . (2.13)

r=0

The defining relations are

tv(;?) t_iio = t_z‘z'o) tiiO) =1, SEANH

R(u,v) Th(u)To(v) = To(v)T1(uw)R(u, v), (2.14)

R(u,v) T1(u)T2(v) = To(v)T1(u)R(u,v),

R(u,v) Ty (u)Ty(v) = To(v)T1(u)R(u,v),
where we have used the notation of (2.3) and R(u,v) = R%(u,v) is the trigonometric R-matriz
given by

R¥(u,v) = (u—v ZEZZ@)EM—F(Q Lu — qu) ZE“®E“

itj i
+(@ ¢ uZEij®Eji—|— (¢'—q)v ZEZ-j@Ej,-. (2.15)
i>j i<j

It satisfies the Yang—Baxter equation
R12(’LL, U)ng (u, w)Rgg (U, ZU) = R23 (’U, w)R13 (U, ’U))RIQ (U, U), (216)

where both sides take values in End C™ ® End C™ ® End C™ and the indices indicate the copies
of EndC", e.g., Ri2(u,v) = R(u,v) @1 etc.; see e.g. [6, 8] for more details on the structure
of U (g[ ). Note that it is more common in the literature to use the notation U (g[ ) for the
centrally extended quantum affine algebra. In this paper, however, we are mainly concerned
with finite-dimensional representations of the quantum affine algebra where the central element
acts trivially, so that the notation should not cause a confusion. R

The quantized enveloping algebra Ug,(gl,,) is a natural subalgebra of U,(gl,,) defined by the
embedding

t,;j — tg;')), t_ij — LTZ(jO) (2.17)

Moreover, there is an algebra homomorphism Uq(g[n) — Ug(gl,,) called the evaluation homo-
morphism defined by
T(u)—T—-Tu?, T(u)—T—Tu. (2.18)

Now we recall the well-known construction of the quantum determinants for the algebra
U,(gl,); see e.g. [5, 11, 30]. Consider the multiple tensor product Ugy(gl,) ® (End C™)®" and use
the notation of (2.14). Then we have the following corollary of (2.16) and (2.14):

R(uy,...,up) Ti(uy) -+ - To(up) = Tr(uy) - - - T1(ur) R(ua, - . ., ur), (2.19)



6 M.J. Hopkins and A.I. Molev

where
R(uy,...,ur) = [ Rij(us, ), (2.20)
1<J

with the product taken in the lexicographical order on the pairs (i,j). The proof of (2.19) is
exactly the same as for the Yangians; see e.g. [20]. Furthermore, consider the g-permutation
operator P4 € End (C™ ® C") defined by

pP1 :ZEii@Eii+quij®Eji+qileij ®Eji. (2.21)
i i>j 1<j
For ¢ = 1 the operator P? turns into the usual permutation operator
2
The action of symmetric group &, on the space (C™)®" can be defined by setting s; +— Pyl :=
Pi(,]iJrl for i = 1,...,7 — 1, where s; denotes the transposition (i,i +1). If 0 = s;,---s; is
a reduced decomposition of an element ¢ € &, we set Py = Psqi1 . -Ps',f.]. We note some useful
formulas for the action of P,/ on (C™)®". Denote by e, ..., e, the canonical basis vectors of C".
Then for any indices a1 < --- < a, we have

Pog(eal ® e ® ear) = ql(a) ea0_71<1) ® e ® eaa—l(r)7

where [(0) denotes the length of the permutation o. This implies a more general formula: for
any 7 € G, we have

Paq(eafu) R ® ear(r)) — ql(ar—l)fl(‘r) e R---Qe

We denote by A} the g-antisymmetrizer

A=Y sgno-PL (2.22)

The above formulas imply that form any 7 € &, we have

Alleq, ) @ @ ea,,) = (—q) 7 Al(eq, ® -+ ®eq,).

We have the relation in End (C™)®":
RLg%. g = [ (¢%-q¥)as (2.23)
0<i<j<r—1
Now (2.19) implies

ATy (u) - Tr(qg 2 2u) = T (g2 2u) - - - Ty (u) AZ (2.24)

r

which equals
S I (W) @ Bapy © - © Eggy, (2:25)
a;;b;
for some elements ¢ ;' ;" (u) of Uq(g/;\[n)[[ufl]] which we call the quantum minors. They can be
given by the following formulas which are immediate from the definition. If a; < --- < a, then

E i () = S0 (=) Nty (W)t (672 H2), (2.26)
UEGT
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and for any 7 € G, we have

th(l)m T () = (—q)!7 )tal o (w). (2.27)

T

If by < --- < b, (and the a; are arbitrary) then

E e () = D (=)t (4770t (), (2.28)
0'667‘

and for any 7 € G, we have

b, () = (—g) O (). (2.20)

Moreover, the quantum minor is zero if two top or two bottom indices are equal.

As the defining relations for the generators fl-(;) have the same matrix form as for the tl(-;),

the above argument can be applied to define the respective quantum minors ¢ gj,'.‘.'g:(u) €

Uq(é\[n)[[u]]. They are given by the same formulas (2.26) and (2.28), where the t;;(u) are respec-
tively replaced with ¢;;(u). Indeed, we have the relation

AIT(u) - Tr(qg 7 2u) =T, (¢ 2u) - - Ty (u) AY (2.30)

analogous to (2.24) so that both sides are equal to

Z te )@ By, @ @ Eqp. (2.31)

aly 7

Furthermore, for any indices i, j we have the well known relations which are deduced from (2.19):

[tcidj (u)atzllfiz (U)] = 07 [tczd ( ) td d (U)] = 07 (232)

and the same holds with ¢, ; (u) replaced by £, d; (u).

The quantum determinants of the matrices T(u) and T(u) are respectively defined by the
relations

qdet T(u) =t} "w),  qdetT(u) =117"(u). (2.33)
Write
qdet T'(u deu, qdet T(u) = dy, dy, di, € Uy(gl,,). (2.34)
k=0

Due to the property (2.32), the coefficients dy and dj, belong to the center of the algebra Uq(gA[n).
Furthermore, we have the relation dody = 1 which is implied by (2.14).
Note that for any nonzero constant «, the mapping

T(u) — T(au), T(u) — T(au) (2.35)

defines an automorphism of the algebra Uq(g[n).
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3 Quantum Sylvester theorem

Suppose that A = [a;;] is a numerical n x n matrix and let 1 < m < n. For any indices
i,7 = 1,...,m introduce the minors ¢;; of A corresponding to the rows i,m + 1,...,n and
columns j,m+1,...,n so that
_ _t,m4+l,...n
Cij = aj,erl,...,n'

Let Agg be the submatrix of A whose rows and columns are numbered by the elements of the
set @ ={m+1,...,n}. The classical Sylvester theorem provides a formula for the determinant
of the matrix C' = [¢;5]:

det C =det A (det Agg) ™.

We shall give a g-analogue of this theorem where minors of A are replaced by quantum minors
of the matrices T'(u) or T'(u). Following [15], for its proof we employ a certain g-analogue of the
complimentary minor identity.

We shall also be using the algebra Uqfl(é\[n). In order to distinguish its generators from

those of the algebra Uq(gln) we mark them by the symbol °. In particular, ¢5(u) and £(u) will

denote the corresponding generating series while 7°(u) and T °(u) will stand for the generator
matrices.

Proposition 3.1. The mapping
w, :T(u) - T°w)™",  T(u)—T (u)™?

defines an isomorphism w,, : Uq(gln) — Uq—1(§[n).

Proof. The matrix 7°(u) satisfies the relation
RT (u,0) T (u)T5 (v) = T (o) ()R ().

Multiplying both sides on the left by the product T°(u)"'Ty’(v)~! and on the right by the
product Ty (v) "1T°(u) ™1, then conjugating by P and swapping the parameters u and v gives

PR ' (v,u)PTC(w) T (v) "t = TP (v) T (w) ' PRY " (v, u)P.

Observing that PR‘fl('U,u)P = —R%(u,v), and applying the same argument to the two re-
maining matrix relations in (2.14), we conclude that w,, defines a homomorphism. This map is
obviously invertible with the inverse given by

wyt T (u) v T(u)™, T°(u) — T(u)~!
so that w,, is an isomorphism. |
Suppose now that the integer m is such that 0 < m < n. For any two subsets
P={i1,...,im} and Q={j1,...,Jm}
of {1,...,n} with cardinality m let
P={imi1,- - in} and Q= {Jmit,---,0n}
be their set complements in {1,...,n}. We assume that

1< <ty and J1 < <Jm, il < - <itp and Jmy1 <0 < Jn.
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For any n x n matrix X, we will denote by X, the submatrix whose rows and columns are
numbered by the elements of the sets P and Q respectively.

Each of the sequences i1, . ..,i, and j1, ..., j, above is a permutation of the sequence 1,...,n.
Denote these two permutations by i and j respectively. If A is a n X n matrix with complex
entries and B is the inverse matrix, then the following identity for complementary minors of A
and B holds:

det A - meLl f" =sgni-sgnj- aﬁ ;’7’; (3.1)
Here azll ;m is the minor of A corresponding to the submatrix Apg, and b]m+1 Zj " is the minor

+
of B corresponding to the submatrix Bg%. We now give analogues of the 1dent1ty (3.1) for the
matrices T'(u) and T(u).

Theorem 3.2. We have the identities
qdet T(U) . w;l (toj.‘mﬂ'"‘.j" (q_2n+2 u)) — ( ) 1G)-13) | t’Ll Am (U)

tm+1---tn J1-- ]m

qdet T'(u) -wgl(Eoimﬂ"?"(q*?nﬂu)) — (—g)! D) Firim ()

tm+1---In .71 ]m

where togmi f” (v) and t Ozmjll Z]"( ) denote the quantum minors in the quantum affine algebra

Uq*1 (g[n)

Proof. Both identities are verified in the same way so we only consider the first one. By the
definition of the quantum determinant,

qdet T'(u) Al = A3 Ty --- Ty, (3.2)

where T; = Tj(q~%*2u) for i = 1,...,n. Let us multiply both sides of (3.2) by T);!- Tn;+1
from the right. Then (3.2) takes the form

qdet T(u) AL Tt Tty = AL Ty - Ty, (3.3)
Now we apply both sides of (3.3) to the basis vector
€, ¥ - Qej, D€, & -e € ((Cn)®n (3.4)

The right hand side gives

A% Z taljl (u) e tamjm (q—2m+2 u) 6(11 ® e ® eam ® eim+1 ® e ® ein‘ (35)
A1,y

The summation here can obviously be restricted to the sequences ai,...,a,, which are per-

mutations of the sequence i1, ...,4,. Consider the vector A}(e; ® --- ® e,). The sum (3.5) is

proportional to this vector, with the coefficient
_ N\ lE) | pinim
( q) tjl Jm (U) :

We shall use the notation t{j(u) for the entries of the matrix 7~ (u). By applying the left hand
side of (3.3) to the basis vector (3.4), we obtain

A% Z ténin(q—2n+2u)..,t’ ) (q—2mu)€jl ® "'®€jm ®ebm+1 - Rep,.

bm+1tm41
bm+1:-~~7bn
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Here the coefficient of A%(e; ® --- ® e,) equals

—1(j —l(o - -
(—q) (J).Z(_q) ( )tj/'a(min(q 2n+2u)"'ty/;(m+1)im+1(q 2mu)’

o2

summed over permutations o of the set {m +1,...,n}. This coefficient can be written as

(_q)—l(.i) . w;l (to g:::;g: (q—2n+2 u) ) )
Thus the desired identity follows from (3.3). [

Corollary 3.3. We have the identities
qdet T'(u) - w, * (qdet TO(q 22 u)) =1,

qdet T(u) - w; (qdet T (g2 t2 u)) =1,

where qdet T°(v) and qdet T °(v) denote the quantum determinants in Uq71(§[n).

For any 0 < m < n introduce the homomorphism 1, ,
tmn : Ug-1(8bn) — Ug-a(aly) (3.6)

which takes the coefficients of the series ¢7;(u) and #£;(u) to the respective elements of U, @n)
with the same name. Consider the composition

zpm,n = W;I O lm,mn O Wy, (37)

which is an algebra homomorphism

¢m,n : Uq(g[m) - Uq(g[n)
The action of 9y, , on the quantum minors is described in the next lemma.

Lemma 3.4. We have
e Qp — —1 Gy 1... _
wm,n : tgll...l?r (u) — (tnmli%Z(QQn 2mu)) .tgll...l()lr,:nnrl...r?(QQn 2mu)’

where a;,b; € {1,...,m}, and the same formula holds with the minors in the t;;(u) replaced with
the respective minors in the t;;(u).

Proof. Due to (2.27) and (2.29) we may assume that a; < -+ < a, and by < --- < b,.. By
Theorem 3.2 and Corollary 3.3 we have

9

o G () o (=) @I g2 b Tl (22
where a,11 < --- < @y and by41 < --- < by, are respective complementary elements to the sets
{a1,...,a,} and {by,...,b.} in {1,...,m}, while a and b denote the permutations (a1, ..., an)
and (by,...,by) of the sequence (1,...,m). Now, applying the homomorphism %,,, we may
regard the quantum minors on the right hand side as series with coefficients in the algebra
U1 (g/;\[n) The proof is completed by another application of Theorem 3.2. The same argument
proves the corresponding formula for the minors in the ¢;;(u). |

In particular, we have the following explicit formulas for the images of the generators of
UQ(g[n)
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Corollary 3.5. For any 1 < i,j < m, we have

- -1 dim+1.. _
Y+t () > (BT R (@ 2 u)) T (@ T ),

and the same formula holds with the image of the t;;(u) where the minors in the t;;(u) are
replaced with the respective minors in the t;j(u).

The subalgebra of U, (3 [,,) generated by the elements ") and t_i(io) was studied e.g. in [5, 25, 30].

i
We call it the ¢- Yangian and denote by Y,(gl,,). For any 1 < ¢,j < m, introduce the following
series with coefficients in Y (gl,,)

b i,m~+1...
tij(u) = t;ZZLHZ(U)

and combine them into the matrix T°°(u) = [tzbj(u)] Let T'(u)gg be the submatrix of T'(u)
whose rows and columns are numbered by the elements of the set Q@ = {m +1,...,n}.
The following is an analogue of the Sylvester theorem for the ¢-Yangian.

Theorem 3.6. The mapping

tij(u) — tz»bj(u), 1<i,j<m, (3.8)
defines a homomorphism Y ,(gl,,) — Yq(gl,,). Moreover, we have the identity

qdet T’ (u) = qdet T'(u) - qdet T(¢~2 w) oo - adet T(qg~ 2" 2u) g0
Proof. By Corollary 3.5, we have

Y+ g (g2 ) > (qdet T(u) o) ™ £ (u). (3.9)

Relation (2.32) implies that the coefficients of the series qdet T'(u)go commute with those of
the series tibj (v). Hence, since ¢, , is a homomorphism, we can conclude by the application of
the automorphism (2.35) that the mapping (3.8) defines a homomorphism. Furthermore, by
Lemma 3.4,

Y 137120 s (adet T(u) gg) - adet T(u).
On the other hand, expanding the quantum minor, we obtain from (3.9) that

Yo #1722 0) 1 (qdet T(w)gg -+ - adet T(g™ 2" u) g0) ™ - qdet T (u),

.m
completing the proof of the desired identity for qdet T (u). |

We shall also need a dual version of the quantum Sylvester theorem. Let m > 0 and n > 1.
Instead of the homomorphism 4,, , defined in (3.6), consider another homomorphism

Jm - Uqfl(g[n) - Uq*1 (é\[m—&-n) (3'10>

which takes the coefficients of the series ¢/ (u) and #;;(u) to the respective coefficients of the

series ¢ ;.\ i(u) and £ ;. (u). Consider the composition

Pm = Wiphn © Jm © Wy (3.11)
Then ¢, is an algebra homomorphism
(rbm : Uq(g[n) - Uq(g[m+n)‘

The corresponding version of Lemma 3.4 now takes the form
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Lemma 3.7. We have

—1 r
G 07 (u) 1 (] (P )Tty e (2m ),

where a;,b; € {1,...,n}, and the same formula holds with the minors in the t;j(u) replaced with
the respective minors in the t;;(u).

For any indices 1 < i, j < n introduce the following series with coefficients in the g-Yangian
Yq (g[m+n)7

+
tzﬁ]( )7t1 Zﬁé(u)

and combine them into the matrix T%(u) = [tfj(u)] Let T(u)pp be the submatrix of T'(u)
whose rows and columns are numbered by the elements of the set P = {1,...,m}. The following
theorem is proved in the same way as Theorem 3.6.

Theorem 3.8. The mapping

tij(u) = th(w),  1<i,j<n, (3.12)
defines a homomorphism Y (gl,,) — Yq(8l,4n). Moreover, we have the identity

qdet T#(u) = qdet T'(u) - qdet (¢~ 2u)pp - - - qdet T(q~ 2" 2 u)pp.

Remark 1. The obvious analogues of Theorems 3.6 and 3.8 for the subalgebras of Uq(g/;\[n)

(r)

generated by the elements fij and t;; can be proved by the same argument.

We also point out a corollary to be used in Section 4. It follows from Lemma 3.7 with the
use of the automorphism (2.35).

Corollary 3.9. The mapping

. -1 ,1..m, ;
tij(w) = (t1m(u) ™ -ty (u)
. 1 1 lem, et
tij(u) — (T17 0 (w)) 'H..%,ZE(U), (3.13)

defines a homomorphism Uq(g[n) — Uq(é\[ern). Moreover, the images of the quantum minors
under the homomorphism (3.13) are found by

e Uy -1 1. ) + +
toy oy () = (F1m(w) e, (),

where a;,b; € {1,...,n}, and the same formula holds with the minors in the t;;(u) replaced with
the respective minors in the t;;(u).

4 Skew representations of Uq(é\[n)

Consider the quantum affine algebra U, (gA[n) and suppose, as before, that the complex parameter
q is nonzero and not a root of unity. The irreducible (pseudo) highest weight representation
L(v(u),v(u)) of Uq(gA[n) with the (pseudo) highest weight (v(u),7(u)) is generated by a nonzero
vector ¢ such that

tij(u) ¢ =0, fij(u)CZO for 1<i<j<n,
tii(u) ¢ = vi(u) ¢, tii(u) ¢ = 7;(u) ¢ for 1<i<n,
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where v(u) = (vi(u),...,vp(u)) and v(u) = (v1(u),...,Uy(u)) are certain n-tuples of formal
power series in v~ and u, respectively.
Suppose that there exist polynomials Pj(u), ..., P,—1(u) in u, all with constant term 1, such
that
Vk?(u) _ qfdeng . Pk(uqz) _ Dk(u) (4 1)
Vi1 (u) Py(u) v (u) '

for any k =1,...,n — 1. The first equality in (4.1) is understood in the sense that the ratio of
polynomials has to be expanded as a power series in u !, while for the second equality the same
ratio has to be expanded as a power series in u. Then the representation L(v(u),7(u)) is finite-
dimensional. The Py (u) are called the Drinfeld polynomials of this representation. The families
of Drinfeld polynomials parameterize the type 1 finite-dimensional irreducible representations
of the subalgebra Uq(;[n) of Uq(g[n); see [4, Section 12] and [6, 8].

Let A = (A1,...,A,) be an n-tuple of integers such that A\; > --- > \,. The corresponding
irreducible highest weight representation L(\) of Ugy(gl,,) is generated by a nonzero vector £ such
that

El]fzo for 1<i<j<n,
tiiﬁquif for 1<i<n.

This representation is a g-analogue of the irreducible gl,,-module with the highest weight A. In
particular, these modules have the same dimension.

We shall need an analogue of the Gelfand—Tsetlin basis for the module L(\) [12]; see also [13,
Section 7.3.3] for more details. A pattern A (associated with \) is a sequence of rows of integers
Ay A1, ..., A1, where Ay = (Ag1,. .., A\kk) is the k-th row from the bottom, the top row A,
coincides with A, and the following betweenness conditions are satisfied: for k =1,...,n—1

Akt 1,itl $ A < Ay for i=1,... k. (4.2)

We shall be using the notation l; = A\y; — 7 + 1. Also, for any integer m we set

m

q" —q

pr— (4.3)

m] =

There exists a basis {{, } in L(\) parameterized by the patterns A such that the action of the
generators of Uy(gl,) is given by

k k-1
tréa =q" &y W= i — > Moty (4.4)
i—1 i1
k
(k11 = Ul - [erres1 — lig]
e = — : : , 4.5
k
U110 = U] [le—16—1 — lij]
_ : : o 4.6

where A £ dj; is obtained from A by replacing the entry Ap; with Ay; £1, and &, is supposed to
be equal to zero if A is not a pattern; the symbol A; indicates that the j-th factor is skipped.

The representation L(X) of Uy(gl,) can be extended to a representation of Uq(é\[n) via the
evaluation homomorphism; see (2.18). This U, (g1, )-module is called the evaluation module. Its
Drinfeld polynomials are given by

Py(u) = (1= g?M+u) (1 — #0420 - (1 — M 2u), (4.7)
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for k=1,...,n—1. We shall be using some formulas for the action of certain quantum minors
of the matrices T'(u) and T'(u) in the Gelfand-Tsetlin basis of L(A). Set

U tij — ! LTZ'j

T,
qg—q!

ij(u) = (4.8)

Clearly, (¢ — ¢~ ') T;;(u) equals u times the image of ¢;;(u?) under the evaluation homomor-
phism (2.18). We also define the corresponding quantum minors 7'y ""}'" (u) by using the for-
mulas (2.26) or (2.28), so that, in particular, if a; < --- < a, then

Tglll'.'-‘.;’l: (U) = Z (—q)_l(a) ’ Taa(l)bl (U) T Tao(ﬂbr (q_r+1u)' (49)
0'667‘

For any k =1,...,n we have in L()),
k

Tk én =11

i=1

uqlkz‘ _ u_lq_lki
q—q!

&y (4.10)

Indeed, the coefficients of the polynomial T' %jj: g(u) commute with the elements of the subalgebra
Uy (gl;) and so the relation is verified by the application of the polynomial to the highest vector
of the Ug(gl)-module L(Ay). Furthermore, for any k=1,...,n—1and j =1,...,k we have

Tiiiii_l,m(q*lkj) En = —[les1,0 = lejl - (D1 o1 — Ll Enpsy, (4.11)

and

TR gy ey = [leorn — lg) - [t — i) Ea—sy;- (4.12)

The formulas (4.11) and (4.12) appeared for the first time in [25] in a slightly different form.
For the proof of (4.11), it suffices to use the relation

Tilog g () = T 125 () ex — qer T (),

which can be deduced from (2.19), and then apply (4.5) and (4.10). The proof of (4.12) is
similar with the use of (4.6) and (4.10).

Suppose now that m is a non-negative integer and let A = (A1, ..., Aj4n) be an (m+n)-tuple
of integers such that \; > --- > A\,4+p. Furthermore, let © = (p1,..., 1m) be an m-tuple of
integers such that g1 > -+ > py,. Regarding Ug(gl,,) as a natural subalgebra of Ug(gl,, ,)
consider the space HOIIqu(g[m)(L(,U,),L()\)). This vector space is isomorphic to the subspace
L(\)} of L(A) which consists of Uy(gl,,)-singular vectors of weight s,

LN ={neL)|tyn=0 1<i<j<m  and
tin=q""n i=1,...,m}.

Note that L(A),} is nonzero if and only if

Ai 2 i = Nign for i=1,...,m;
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see e.g. [4]. We shall assume that these inequalities hold. In that case, L(\),} admits a basis {(, }
labelled by the trapezium Gelfand—Tsetlin patterns A of the form

)‘1 )‘2 )‘3 U )‘m-‘rn—l A

m-+n

)‘m+n—1,1 )‘m+n—1,2 e )‘m—i-n—l,m-‘,-n—l

)‘m—i-l,l )‘m+1,2 e )‘m—‘rl,m—i—l
H1 Ha T Hm

These arrays are formed by integers A\g; satisfying the betweenness conditions
Medlitl S A < Appng

fork=m,m+1,...,m+n—1and 1 <i <k, where we have set
Api = iy, 1=1,...,m and Atng =Ajs J=1,...,m+n.

Observe that L(A);} is a natural module over the subalgebra Uy (gl,,) of Uy(gl,,;,,) generated
by the elements t;; and ¢;; with m + 1 < ¢,5 < m 4 n. Consider the trapezium pattern A% with
the entries given by

A es = min{ i, pi—g}, k=1,....n—1, i=1,...,m+k, (4.13)

where we assume p; = +oo if j < 0. Then

P p—1
tppCAOqupCAO, wpzz)\gi_z)‘gfl,iv p=m+1,7m+n
=1 =1

The weight (W41, .-+, Wmtn) of (po is maximal with respect to the standard ordering on the
set of weights of the Uy (gl,,)-module L(\)}.

We now make L()\);} into a module over the quantum affine algebra Uq(gln) by taking the
composition of the homomorphism (3.13) with the evaluation homomorphism Uq(gA[m n) —

Uy(gl,,4p) given by (2.18). Thus, we can write the formulas for the action of Uq(g/;\[n) on L(A)}
in the form

_ -1 _
tij(u) — (qdet (T — Tufl)AA) -qdet (T" — Tuil)AiAj,

_ — -1 _
tij(u) — (qdet (T — Tu)AA> ~qdet (T = T'u) 4,4,

where A ={1,... 771}} and A; = {1,...,m,m+i} while T and T denote the generator matrices
for the algebra Ug(gl,,,). The subspace L(A),} of L(A) is preserved by these operators due to
relations (2.32).

Theorem 4.1. The representation L(N),} of Uq(g[n) is irreducible.

Proof. By Corollary 3.9, for the action of quantum minors on L(A)} we can write

1

r _

2 1. —1plemmtar--m+ q9—4q

t?f...z?f(u ) = le(u) Tl...ﬁ,m_Fle...;n_«_;:(u) W7
=1
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where a;,b; € {1,...,n}. Note that the coefficients of the polynomial 717 ™ (u) act on L),
as scalar operators found from

Tiimw) =]

i=1

2 -1
ugqt —u g ,
— (s b= —i+1
q9—4q

On the other hand, by the formulas (4.11) and (4.12), each of the operators

1.-mm+1--m+k _1 ki 1---mm4+1--m+k—1,m+k+1, —] y
T 1--~m,m+1~-vm+k—1,m+k+1(q " l) and T 1---m,m+1--- m+k (q m 1)
takes a basis vector ¢, of L(/\);r to another basis vector with a nonzero coefficient provided the

respective array A + ¢ or A—9§ is a pattern. |

m—+k,i m+k,i

Remark 2. The above proof actually shows that L()\):[ is irreducible as a representation of the
g-Yangian Y, (gl,,).
Moreover, as the coefficients of the quantum minors

1er—1,r41
), ), T )
and
7l 1l 71lr—1r+1
tlm:(u)v tl--~:71,r+1(u)a tl---; ' (u)

with » > 1 generate the algebra Uq(é\[n), Corollary 3.9 together with the formulas (4.10), (4.11)
and (4.12) provide an explicit realization of the Uy(gl,)-module L(\)}.

Our next goal is to calculate the highest weight and Drinfeld polynomials of the Uq(g/;\[n)—
module L()\):{. As we have noticed above, (o is a unique vector of maximal weight with respect
to the standard ordering on the set of weights of the Uy (gl,)-module L(/\);[. By the defining

relations of Uq(gln), we have

t](]q) tia(u) = ¢®is % tiq(u) t}?) and tj(j(-)) tia(w) = ¢%ii %a T4 (u) tj(](-)).
This implies that (jo is the highest vector of the Uq(gln)—module L(\),;. The following theorem
provides an identification of this module; cf. [19, 26]. Given three integers i, j, k we shall denote
by middle{s, j, k} that of the three which is between the two others.

Theorem 4.2. The Uq(gA[n)—module L(\)} is isomorphic to the highest weight representation
L(v(u),v(u)), where the components of the highest weight are found by

I B e IR U A B

Vk(u) - (q J2 5 R— q*#l u*l) e (q#m — q*ﬂm+2m72u71)

and
_ (1) (1) _(m+1) (m+1) _

iy = = gy

k - (q_Ml — qu u) . (q_Mm — qM?n_2m+2 u) ’
where k =1,...,n and

l/]gl) = middle{ui_l, i, >\k+i—1} (4.14)

assuming fhm+1 = —00, and g = +00.
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Proof. Due to Theorem 4.1, we only need to calculate the highest weight of the Uq(é\ [,,)-module
L(\)}. As Cpo is the highest vector, we have for any 1 <k < n

175 (w) Cho = v (w) va(g 2 u) - (g2 w) Cpo.
On the other hand, by Corollary 3.9, the action of this quantum minor can be found by applying
the evaluation homomorphism (2.18) to the following series with coefficients in Ug(gl,, 1, ),

-1 1...m, m+1...m+k
(t%Z(U)) 'h..ﬁ,ﬁﬂ...%k(u)v

and then applying the image to the vector (jyo. This yields the relation

vi(u) va(q 2 u) - v (g 22 w)

© © © ©
(q)‘m+k,1 _ q_)‘m+k,1 u_l) . (q M kmdk q_)\m+k,m+k+2m+2k_2 u_l)

(qul —q M u—l) - (qum _ q—um+2m—2 u—l)

-2

Hence, replacing here k by k — 1 and u by ¢**2u, we get
(0) (0) (0) (0)
(q Akl — q_>‘m-s-lc,1_2k"'2 u—l). . .(q/\m+k,m+k _ q_>‘m+k,m+k+2mu_1)
vp(u) = — © O

(0) ’
(q>‘m+k71,1 —q m+k71,1_2k+2u—1). . .(qu+k71,m+kf1 —q m+k71,m+k71+2m_2u—1)

By the definition (4.13) of the pattern A°, we have

A0 O

ki m—‘,—k—l;i:)\i for 1=1,...,k—1

while for any 1 < 7 < m we have
(0) (0) .
(q )\m+k,k+j71 _ qi)\m+k,k+j71+2]72u_1)

(0) (0) .
(q A k=1 ktj—1 — q_)‘m+k—l,k+j—1+2]_2u—1)

(gl — g Ty

_ <q l/]ij) o q—V,ij)+2j—2u—1)7
completing the proof of the formula for vy (u).
Similarly, using Corollary 3.9 again, we find that

1 (u) va(g 2 w) - vy (q )
(qi)\irozl»k,l — q)\g‘r?zl»k,l u) - (qi)\g‘r?l»k‘,r‘n«kk — q)\islk,m+k72mi2k+2 u)

(q_ﬂl —qM U) . (q—/tm _ qu_2m+2 U) )

and then proceed in the same way as in the calculation of v (u). [

In the case where the components of A\ and p are nonnegative we may regard them as parti-
tions. Consider the corresponding skew diagram A/p and denote by ¢(«) the content of a box
a € \/p so that ¢(a) = j — i if @ occurs in row ¢ and column j.

Corollary 4.3. The Drinfeld polynomials Py(u),...,P,_1(u) corresponding to the Uq(gA[n)-
module L(\)} are given by

m+1
(%) ; (%) ; (1) _o;
Pul) = J[ (1= @402 201 = A2ty 1 22,
i=1
fork=1,...,n—1. If X\ and p are partitions then the formula can also be written as
Py(u) = [J(1 = ),
e

where a runs over the top boxes of the columns of height k in the diagram of \/p.
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Proof. The formulas follow from (4.1) and Theorem 4.2. [

Note that if m = 0 then L())} may be regarded as the evaluation module L(\) over Uq(é\[n).
Clearly, the Drinfeld polynomials provided by Corollary 4.3 coincide with those given by (4.7).

Remark 3. The arguments of this section can be applied to produce simpler proofs of the
Yangian analogues of Theorem 4.2 and Corollary 4.3; cf. [19, 26].

Finally, we calculate the Gelfand-Tsetlin characters of the skew representations. Following [3,
Section 5.2], introduce the set P, of all power series of the form a(u) = ai(uy) - - - an(uy), where
the uq, ..., u, are indeterminates and each a;(u) is a power series in u~!. We shall denote by agr)
the coefficient of ™" of this series. Consider the group algebra Z[P,] of the Abelian group P,
whose elements are finite linear combinations of the form ) m,)[a(u)], where m,,) € Z.

We shall be working with the ¢-Yangian Y,(gl,). Let us introduce the series h;(u) with
coefficients in Y,(gl,,) by the formulas

hi(w) = 171 (@ Pw) T @ ), i=1

Due to (2.32), the coefficients hzm of all the series form a commutative subalgebra of Y,(gl,,).
Now, if V' is a finite-dimensional representation of Y,(gl,) and a(u) € Py, the corresponding
Gelfand-Tsetlin subspace V,(,) consists of the vectors v € V' with the property that for each

i=1,...,nand r > 0 there exists p > 1 such that (hl(r) —alm)p v = 0. Then the Gelfand—Tsetlin
character of V' is defined by

chV= > (dimVyu)[a(u)];
a(u)EPn

cf. [9, 14]. By analogy with [3, Section 6.2], introduce the following special elements of the group
algebra Z[Py] by

qa+i o q—a—z‘ u._l
[ )
q

1
i— —a—i -1
a+i—1 g i+1 u;

N

Tia = 1<n, aecC.
We make L(/\);r into a module over the g-Yangian Y,(gl,) by taking the composition of the
homomorphism Y,(gl,,) — Y4(gl,,1,) given by the first relation in (3.13) with the evaluation

homomorphism Y(gl,,.,,) — Uq(gl,,+,) given by

T-Tu!

T(u) — T

1—u~
This additional factor, as compared to (2.18), will ensure the character formulas look simpler.
For the same purpose, we shall also assume that the components of A and p are non-negative
so that we can consider the corresponding skew diagram A/u. The formulas in the general case
will then be obtained by an obvious modification. A semistandard A/u-tableau T is obtained by
writing the elements of the set {1,...,n} into the boxes of the diagram of A/ in such a way that
the elements in each row weakly increase while the elements in each column strictly increase.
By 7 («) we denote the entry of 7 in the box a € A/ pu.

Corollary 4.4. The Gelfand—-Tsetlin character of the Y 4(gl,,)-module L()\)} is given by

w
ch LN =>" ] TT(a),c(a)’

T ael/p

summed over all semistandard \/p-tableaux T .
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Proof. First, we consider the particular case m = 0 so that L()\);r coincides with the evaluation
module L(\). The coefficients of the quantum determinant of Y,(gl,) act on L(\) as scalar
operators found from

ngh - g2y

adet T(u)| iy = [ | 1= ¢2 2y
i=1

-1

Observe that, regarding A as a diagram, we can write the product here as
H qc(a)-‘rl _ q—c(a)—lu—l

S qc(oc) _ q—c(a)u—l
[0

Note also that the quantum determinant can be factorized as
adet T(u) = hi(u) ha(g™>u) - by (g~ 2" u).

Now we employ the well-known bijection between the patterns associated with A and the semi-
standard A-tableaux. Namely, the pattern A can be viewed as the sequence of diagrams

Al C A T CAy =

where the Ay are the rows of A. The betweenness conditions (4.2) mean that the skew diagram
Ak /Ak_1 is a horizontal strip; see, e.g., Macdonald [18, Chapter 1]. The corresponding semi-
standard tableau is obtained by placing the entry k into each box of Ay/Ai_1. By the above
observation, for any basis vector {, € L(\) and any 1 < k < n we have

cla)+1 _ s—c(a)-1,,—1
m()ha(q2u) - h(a ) €5 = [T =
q —4q U
aEN
so that
cla)+1l _ g—cla)=1,,—1
N CaanIIEE | ! 3 (4.15)

c(a) _ g—cla)y,—1

a€Ag/Ag—1 q 9 Y

Thus, the element of Z[P,] corresponding to the eigenvalue of hj(uy) on £, coincides with the
product

H Tke(a):

a€Ag/Ag—1

This proves the claim for the case m = 0.

In the skew case (m > 1) we use Corollary 3.9 which implies that formula (4.15) remains
valid when the action is considered on the basis vector ¢, € L()\);L instead of £,. Here we denote
by Ay the row (Apik1s-- - Mmtkmtk) Of the trapezium pattern A and use a natural bijection
between the trapezium patterns and the semistandard \/pu-tableaux. |

Remark 4. The Gelfand-Tsetlin character of the corresponding skew module L()\): over the
Yangian Y(gl,,) is given by the same formula as in Corollary 4.4, where z; , is now defined by
Tig = [1+ (u; + a+1i—1)71]; see [3, Section 6.2]. The skew representations of the Yangians
and quantum affine algebras were studied in the literature from various viewpoints providing
different interpretations of the character formula of Corollary 4.4; see e.g. [1, 5, 19, 23, 26]. For
the evaluation modules, a calculation similar to the above can be found e.g. in [8, Section 4.5],
[3, Section 7.4].
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One can easily extend the definition of the Gelfand—Tsetlin character to representations of
Uq(é\[n) by considering the commutative subalgebra generated by the coefficients of the se-
ries h;(u) together with the coefficients of the h;(u) which are defined in the same way with the
use of the quantum minors of T'(u). However, by the results of [9], the eigenvalues of the h;(u)
on finite-dimensional representations are essentially determined by those of h;(u). In particular,
the character formula for the U,(gl,)-module L());} will have the form given in Corollary 4.4.

5 Olshanski algebra associated with Ug,(gl,,)

In this section we consider ¢ as a formal variable so that the quantum algebras are regarded as
algebras over C(g). Denote by U,(gl,,) the subalgebra of U,(gl,) generated by the elements

Tij = tijfjj, 1> and 7_'1'3' = Eijfjja 1< J. (51)
Since in the algebra U,(gl,,) we have

Cintiaty;=qtjtia  and  ¢etiat; = q" T tia,

we may regard I~Jq (gl,,) as an associative algebra generated by the elements 7;; with i > j and 7;;
with 7 < j subject to the defining relations

5,46, 5. 46 1y 6.

q I T Tiy — ¢ i 0ab Tjb Tia = (@—a )q “’(5b<a - 5z'<j) Tja Tib

5, .46, — = S046 , ~ = —1\ 5. -

q i e Ty ij —q ibT0ap ij Tia = (q —q )q ra (5b<a - 5@<]) Tja Tib,

5 .48, — 5,46 - N - -

g0 Tiq Ty — @000 Ty Ti = (@ — 47 1) @% (Spea Tia Tib — Sicj Tia Tib)
where

Tij = Tj = 0, 1<i<j<n, and 7 =1, i=1...,n.

For any positive integer n the algebra ﬁq(g[n_l) can be identified with a subalgebra of ﬁq(g[n)
generated by the elements 7;; and 7;; with 1 <1¢,5 <n — 1.

Fix a nonnegative integer m such that m < n and denote by ﬁq(g[n’m) the subalgebra of
ﬁq(g[n) generated by the elements 7;; and 7;; with m + 1 < 7,5 < n. This subalgebra is
isomorphic to ﬁq(g[n_m). Let A,,(n) denote the centralizer of 6q(g[n7m) in ﬁq(g[n). Also, let
A(n)Y denote the centralizer of the element 7, in ﬁq(g[n) and let I(n) be the left ideal in ﬁq(g[n)
generated by the elements 7;,, ¢ = 1,...,n. Then the Poincaré-Birkhoff-Witt theorem for the
algebra U, (gl,,) implies that I(n)? = I(n) N A(n)° is a two-sided ideal in A(n)? and one has
a vector space decomposition

A(n)’ =1(n)" & Uy(gl,_,).

Therefore, the projection of A(n)° onto ﬁq(gln_l) with the kernel I(n)° is an algebra homomor-
phism. If m < n then its restriction to the subalgebra A,,(n) defines a homomorphism

on:Ap(n) — Ap(n—1). (5.2)
Note that the algebra A,,(n) inherits the filtration of ﬁq(g[n) defined by
degmij =0, @>j, and deg7ij =1, <]

Clearly, the homomorphism o,, is filtration preserving.
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Definition 5.1. The Olshanski algebra A,, is defined as the projective limit of the sequence of
the algebras A, (n), n = m, with respect to the homomorphisms

Ap(m) <& A (m+1) &2 0 A (n)
where the limit is taken in the category of filtered associative algebras.

An element of the algebra A,, is a sequence of the form a = (am,@m+i1,.-.,an,...) with
an € Ap(n), on(ayn) = ap—1 for n > m, and

dega = sup dega, < oo, (5.3)
n>=>m
where deg a,, denotes the degree of a,, in ﬁq(g[n). Ifb = (bpm, bmt1, - - -, by, . .. ) is another element

of A,, then the product ab is the sequence

ab = (ambm, @m+10m41s- -« by, .. .).

We define the algebra [~Jq(g[00) as the inductive limit of the algebras ﬁq(g[n) with respect to
the natural embeddings Uy(gl,,) — Ug(gl,41),

Uy(als) = | Uglaty)

n>1

Note that the algebra Ay(n) coincides with the center of ﬁq(g[n). The elements of the algebra Ag

can therefore be regarded as virtual Casimir elements for the algebra Ug(gl,,).
Let us apply the evaluation homomorphism

Y,(al,) — Uglgl,),  T(u)—T—-Tu ', (5.4)

see (2.18), to the quantum determinant qdet 7'(u). We get the polynomial in u =1,

qdet (T —Tu™") = Z (—q)7@ (to(y1 — to(in uh)
€6y
X (t0(2)2 - 50(2)2 q2 u_l) T (ta(n)n - Z?J(n)n q2n—2 u_l)v (55)

whose coefficients are central in Ugy(gl,). Applying the Harish-Chandra homomorphism (2.11)
to the coefficients (see Section 2), we find

x :adet (T —Tu™Y) — ¢"™ D2 (2 — a7 u™) o (2, — 2 tu™h).

Hence, the coefficients of the polynomial (5.5) generate the center Z, of Uy(gl,,).
The product

dp(u) = qdet (T —Tu™b) - t11 - o

is a polynomial in u~! with constant term 1 whose coefficients belong to the center of the
subalgebra U, (gl,,). Explicitly, this polynomial can be written as

dn(u) = Z (_Q)il(g) qind(a) (Ta(l)l - 77—0'(1)1“71) e (Ta(n)n - 7Ta(n)n q2n72u71)7 (56>
O’GGn

where ind(o) = #{i=1,...,n | o(i) < i}. Write

dp(w) =1+dPu™ + . Wy,
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@,

Proposition 5.2. The elements d ..,d,(Ln) are algebraically independent and generate the

center of the algebra ﬁq(g[n).

Proof. Any central element z of Gq(g[n) must commute with 7q1,...,7n,. Using the isomor-
phism (2.10), and writing z as a linear combination of the corresponding basis monomials, we
conclude that z must also commute with #11,...,¢,,. Therefore, z belongs to the center Z,
of Uy(gl,). Hence, z is a polynomial in to,tal,dfll), .. .,dy(Ln), where t, = t11---ty,. However,
such a polynomial does not belong to the subalgebra ﬁq(g[n) unless it only contains non-positive

even powers of ¢,. Since t; 2 coincides with dT(Ln) up to a nonzero constant factor, this proves

that the center of ﬁq(g[n) is generated by dy(Ll), e ,dT(Ln).

Finally, the image of d,,(u) under the Harish-Chandra homomorphism is given by

X dp(u) — (1= 2w (1 — 2, %u™h),

n

thus proving the algebraic independence of dél), . ,dén). |

Applying the homomorphism (5.2) with m = 0 to the coefficients of the polynomial d,,(u)
we find immediately that

On t dp(u) — dp—1(u).

Since the degree of the element d,sk) does not exceed k for all n > k, we may define a virtual

Casimir element d*) € Ay for any k > 1 as the sequence
d® = (@® | n>0),

where we set d,(Lk) = 0 for n < k. In order to get an alternative expression for the virtual Casimir
elements d®), denote by G4 the group of finite permutations of the set of positive integers, so
that for any p € G we have p(l) = [ for all sufficiently large I. Define the wvirtual quantum
determinant as the formal power series

Using the expression

d(u) = Z (—q) (@) gindl®) (To()1 — To(i)1 U_l)(Ta(2)2 — To(2)2 FCu )
UEGOO

we can regard the coefficients d*¥) as certain formal series of elements of ﬁq(g[m).
The following description of the algebra Ag is implied by Proposition 5.2.

Proposition 5.3. The elements dV,d® ... are algebraically independent and generate the
algebra Ag.

We are now in a position to establish a relationship between the Olshanski algebra A,, and
the ¢-Yangian Y,(gl,,). It will be convenient to work with the subalgebra Y,(gl,,) of Y,(gl,,)
generated by the coefficients of the series

Tii(w) =ty () ), 1<ij<m. (5.7)

As with the algebra ﬁq(g[m), using the relations

e tia() B = 0 0 tia(w)  and g¥ fia(w) £ = ¢ F Tia(u), (5.8)
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it is easy to write down the defining relations of ?q(g[m) in terms of the coefficients Ti(;) of the
series 7;;(u).

Now we use the quantum Sylvester theorem (Theorem 3.6). Taking the composition of
the homomorphism (3.8) and the evaluation homomorphism (5.4), we obtain a homomorphism
Y,(gl,,) — Ug(gl,) which can be written as

tij(u) — adet (T = Tu ') 5., (5.9)

where we use the quantum determinant of the submatrix of T'— Tu~! corresponding to the
rows B; and columns B;, where B; denotes the set {i,m+1,...,n}. By the relations (2.32), the
image of the series t;;(u) under the homomorphism (5.9) commutes with the elements tz; and ¢y
with m + 1 < k,1 < n. Introduce the matrices 7 = [r;;] and 7 = [7;;] with 1 < i,j < n and set

qdet (T —Tu™)g,p, = adet (T —Tu)g 5, - £j tnt1mt1 -~ ban-

An explicit formula for this quantum minor in terms of 7;; and 7;; can be written with the
use of the parameter ind(c) as in (5.6). Since the product 41 m41---tnn commutes with
qdet (T — Tufl)BiBj -tj; (see (2.32)), the mapping

on : Tij(u) — qdet’ (T _7U71)B»B

2]

(5.10)

defines a homomorphism ?q(glm) — INJq(g[n). Furthermore, the same relation (2.32) implies
that the image of the homomorphism (5.10) is contained in the centralizer A,,(n) so that we
have a homomorphism

on  Yo(aly) — Am(n).

Using the explicit formula for qdet’(7 — 7 u™?!) B,B; 8 in (5.6), we find that the diagram

SOmJ/ 90m+1J/ L)O’VLJ(
Ap(m) —— A,(m+1) Ap(n) —— -
Om+1 On On+1

(r)

is commutative. Note that the image of the generator 7;;” of ?q(g[m) under ¢,, has degree < r for
any n. Hence the sequence of homomorphisms (¢, | n > m) defines an algebra homomorphism
¢ : Yq(gl,,) — Ay, which can be written in terms of the virtual quantum determinants by

¢ : 7ij(u) — qdet’ (T — 7u_1)32_3j,
where B; now denotes the infinite set {i,m +1,m +2,...}.
Theorem 5.4. The homomorphism @ is an algebra embedding of {’q(g[m) into the algebra A,,.

Proof. We shall use a weak form of the Poincaré-Birkhoff-Witt theorem for the algebra XN’q (gl,,)
which can be verified by a direct argument; see e.g. [22, Lemma 3.2] where a similar result is
proved for a twisted version of the g-Yangian. By this theorem, the ordered monomials in the
generators TZ»(;) span the algebra ?q(g[m). It will be sufficient to prove that the images of these
monomials under the homomorphism ¢ are linearly independent.

As in Section 2, set A = C[q,q '] and consider the A-subalgebra Uy of ﬁq(g[n) generated

by the elements 7;; and 7;;. Denote by P, the algebra of polynomials in independent variables
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x;; with 1 < 7,7 < n. By the Poincaré-Birkhoff-Witt theorem for the algebra Uy(gl,,), we have
an isomorphism

Ua®aC =P, (5.11)
given by
Tijx for i>j  and 7o my for i<,

where the action of A on C is defined via the evaluation ¢ = 1.

Suppose now that the image under ¢ of a nontrivial linear combination of the ordered mono-
mials in the generators Ti(f) is zero. We may assume that all coefficients of this linear combination
belong to A. Moreover, we may also assume that at least one coefficient does not vanish at ¢ = 1
so that the image of this linear combination under the isomorphism (5.11) yields a nontrivial
linear combination of the corresponding elements of P,,. Observe that the image of the quantum
determinant qdet’(7 — 7 u™1!) B,B, occurring in (5.10) under the isomorphism (5.11) coincides
with the usual determinant det(X — Xu 1) BB} where X denote the lower triangular matrix

with entries z;; for ¢ > j and with all diagonal entries equal to 1 while X is the upper triangular
matrix with entries x;; for ¢ < j. Write

det (X — Xu )5, = AEJO-) — /\S)u*1 ot (—1)”’m“)\§;_m+1)uf”*mfl.

The proof will be completed if we show that given any positive integer p, there exists a sufficiently
large value of n such that the polynomials )\g) with 0 <r <pand1<i,j<m (assuming i > j
for r = 0) are algebraically independent. This will lead to a contradiction with the assumption

that the ordered monomials in the TZ-(;) are linearly dependent.

We shall be proving that the corresponding map
A, : C"° — cpmiHmim=1)/2 1)
given by
(2 | 1<ij<n) > A [ 1<k i<m, 0<r<p)

with k& > [ for r = 0, is surjective. We need two auxiliary lemmas. For any r > 1 we let
er(21,...,2) denote the r-th elementary symmetric function in variables z1, ..., z; with [ > r so
that

er(21y...,21) = Z Ziy " Zie

1<i1 < <ir <l

We also set eg(z1,...,2) =1 and e.(21,...,2) =0 for » < 0. Let [ be a positive integer and let
a1, ...,qp be distinct complex parameters. For each i =1,...,1 set
Erg = 67’(0417 R 7ai7' . .,Oél),

where the hat indicates the symbol to be omitted. For any 1 < p <[ consider the matrix
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Lemma 5.5. All p x p minors of the matriz £ are nonzero.

Proof. Introduce the polynomials Q1(t),...,Q;(t) by

!
Qi(t) = eoit' Vet 4+ €l-1; = H (t + az).
k=1, ki

They are linearly independent for if ¢; Q1(t) + - - - + ¢;Q;(t) = 0 then taking t = —a; gives ¢; =0
since the parameters «; are all distinct.

Suppose now that columns i1, ..., %, with i; < --- <4, of the matrix £ are linearly dependent.
This implies that a certain nontrivial linear combination Q(t) = d1Q;, (t) + --- 4+ dpQ;, (t) is
a polynomial in ¢ of degree not exceeding [ —p—1. However, Q(t) has [ —p distinct roots t = —q;
with j € {1,...,1}\ {i1,...,4p}, and so Q(t) = 0. This contradicts the linear independence of
the polynomials Q;(t). |

Suppose now that &, ..., En_1 are given non-singular p X p matrices with complex entries.
Lemma 5.6. For any distinct complex numbers 31, ..., Bm the block matriz

& P& o BTHEmo
& (& - BT Ema
S e (5.13)
& Bmér - BT ema

18 non-singular.

Proof. Suppose that a certain linear combination of the rows of the matrix with coefficients
€1,C2, ..., Cpm is zero. Since the rows of each of the matrices £; are linearly independent, for any
index 1 < ¢ < p we have the linear relations

6lkci +62kcp+i + e +B'r’zc(m—1)p+i =0, k=0,1,...,m—1.
As the (; are distinct, for each i the system has only the trivial solution ¢; = ¢y = -+ =
C(m—1)p+i — 0. |

Now we shall show that the map (5.12) is surjective for any n > (p + 1)m. In fact, we show
that this map is surjective even when the variables x; with m 4+ 1 < k < n are specialized in
the following way:

i = Bri, for [=1,....,m
and

Tl = OOk, for l=m+1,...,n
where a1, .., q, are distinct complex numbers and the [ are certain complex numbers to
be chosen below. Under this specialization, for each fixed value of the index i € {1,...,m}

consider the following restriction of the map (5.12)

AW . Ccn — il (5.14)

n
given by

\O @ 0 NN N N NN ()

(:cﬂ,xig,...,xm)H( AL s s N s N s N1 N A e Ny e im)7
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so that the functions )\Z(;) are defined by the expansions

txij xi,m+1 $i,m+2 e Tin

tBm+1, t+ amg 0

t/BerQ,j 0 t+ amy2 - 0 _ tnferl)\Z(?) 4ot t)\g;lfm)’
tﬁn,j 0 0 e t4ap,

forj=1,...,i—1,

U+ i Zim41 Timt2 - Tin
tBm+1i t+ Qi 0
thnizi 0 tdampp o 0 o geemtl pgnemy () \(emed)
tﬂn,i 0 0 ety
and
Lij Li,m+1 Tim+2 0 Tin
tBm+1,; t+ amg 0
oy 0 o o 0| gm0,
tﬁn,j 0 0 e t4ap,
for j =i+ 1,...,m. More explicitly, we have
n
)\E;) = zijer(Qmgt, ..., 0n) — Z Brj Tik €r—1(Cm1, -+, Qs - - ., Q)
k=m+1

forj=1,...,i—1and r >0,

AEZ) = Tiier—1(Qm1, ..., )
n
- Z Bkixiker—l(am-i-la sy aka e ey an) + eT(am+17 ey an)
k=m-+1

for r > 1, and

n
(r) ~
)\U = xl] er—l(am+1a L 7an) - Z ﬂijikeT—l(am+17 ey Oy e 7an)
k=m+1
forj=14+1,...,m and r > 1. Since the )\g) are linear functions in the variables z;1, ..., Z;,, in

order to establish the surjectivity of the map (5.14), it will be sufficient to demonstrate that the
rank of the corresponding coefficient matrix is maximal, that is, equal to pm 4 ¢ — 1. Writing

down the matrix in an explicit form and using the observation that )\E?) =wmjforj=1,...,1—1
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we conclude that the claim will follow by proving that the matrix

_/Bm—i—l,leo,m-l—l te _ﬁnleo,n
—Bm+11€1m+1 0 —Bniein
_Berl,lepfl,erl T _ﬁnlepfl,n
(5.15)
_ﬁm—l—l,meo,m—l—l T _ﬁnme(),n
_ﬁm—i-l,mel,m—i-l T _Bnmel,n
_ﬁm+1,mep71,m+1 T _ﬁnmepfl,n
has rank pm, where e, = e,(m41,...,0k,...,a). Now, we use the assumption n —m = pm

and Lemma 5.5. Giving appropriate values to the parameters Jx;, we may choose a submatrix
of (5.15) of size pm x pm of the form (5.13), where all the p x p blocks &; are non-singular and
the parameters [3; are distinct. Thus, the claim follows by the application of Lemma 5.6.

Finally, by allowing the index i in (5.14) to vary and by choosing the parameters [ in the
same way for each value of i € {1,...,m}, we get a surjective map

cmn o, (Cpm2+m(m—1)/2
given by
(2 [1<i<m, 1<j<n)— ) [1<il<m, 0<r<p)
with ¢ > [ for » = 0, thus completing the proof. |

The argument used in the proof of Theorem 5.4 provides a proof of the Poincaré-Birkhoff-
Witt theorem for the algebra Y,(gl,,) and hence for Y,(gl,,).

Corollary 5.7. Given any ordering on the set of generators of the algebra Y,(gl,,), the ordered
monomials in the generators form a basis of Y4(gl,,).

Proof. As we showed in the proof of Theorem 5.4, given any finite family of ordered monomials
in the generators TZ-(;) of the algebra {’q(g[m), we can choose a sufficiently large value of n such
that the images of the monomials under the homomorphism (5.10) are linearly independent.
As the ordered monomials span ?q(g[m), we may conclude that they form a basis of ?q(glm).
The corresponding statement for the algebra Y,(gl,,) is now immediate from the relations (5.7)

and (5.8). [

We believe an analogue of the tensor product decomposition (1.3) for the algebra A,, takes
place. Namely, denote by Ao the commutative subalgebra of A, generated by the coefficients
of the virtual quantum determinant qdet’(7 — Tufl)BB with B={m+1,m+2,...}.

Conjecture 5.8. We have the tensor product decomposition
A = Ao @ Yy(al,), (5.16)
where the Yangian ?q(g[m) 1s identified with its image under the embedding .

Remark 5. A slight modification of the proof of Theorem 5.4 yields an alternative method
to prove that the Yangian Y(gl,,) is embedded into the Olshanski algebra A,,; cf. [19, 28].
Moreover, as with the g-Yangian, this also provides a new proof of the Poincaré-Birkhoff-Witt
theorem for the Yangian Y(gl,,); cf. [2, 20, 24].
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