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All the flows of an incompressible fluid, for which the vorticity of the velocity field is linear with respect to the spatial variables,
are described. © 1999 Elsevier Science Ltd. All rights reserved.

The condition for the fluid velocity field to be potential field is often used to classify flows in hydro-
dynamics. However, an arbitrary potential flow of an incompressible fluid is harmonic and is therefore
independent of the viscosity. The problem arises of describing classes of flows which generalize potential
flows and flows having a non-zero vorticity. This problem is considered below subject to the condition
that the vorticity depends linearly on the spatial coordinates.

1. FORMULATION OF THE PROBLEM

We will find all the particular solutions of the equations of motion of an incompressible fluid
u,+@u-V)u-vAu+Vp=0,divu =0 1.1
which satisfy the additional condition, or differential relation, (rotu),, = 0, that is
rotu = H(t)x + k(r) 1.2)

In formulae (1.1) and (1.2) and everywhere subsequently, u = {u°(t, x)} is the fluid velocity field,

= p(t, x) is the pressure, x = {x,}, d, = d/d¢, 9, = dfdx,, V = {d,}, A = V - V is the Laplacian,

= {H®(t)} is a certain 3 x 3 matrix-function and k = {k%(t)}. The fluid density is assumed to be
umty The coefficient of kinematic viscosity v is zero in the case of an ideal fluid and is now zero in
the case of a viscous fluid. The indices a and b vary from 1 to 3. Summation over repeated indices is
implied. The subscripts on the functions denote differentiation with respect to the corresponding
variables.

The problem can be reformulated in hydrodynamic terms as follows: it is required to describe all the
flows of an incompressible fluid for which the vorticity of the velocity field is linear with respect to the
spatial variables. This class of flows include flows with a velocity which is linear or quadratic with respect
to x as subclasses. When H = 0 and k = 0, Eq. (1.2) degenerates into the condition for the field u to
be a potential field. On integrating Eq. (1.2), we obtain the local representation for its solution

u=V<p+%(Hx)xx+%kxx (1.3)
where ¢ = @(t, x) is an arbitrary differentiable function.

Representation (1.3) enables one to give a further formulation of this problem: it is required to
construct all solutions of Eqgs. (1.1) for which the velocity field is a linear superposition of a potential
field and a field which is quadratic with respect to the spatial variables.

Remark 1. It is well known [1-5]% that the maximum algebra in the Lie sense of the invariance of system (1.1)
is the algebra
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if v = 0 or the algebra

@ Jasr D' + 3D% R(wm), 200) (15)
if v# 0. The following notation is used in formulae (1.4) and (1.5)
0, = /01, J gy = X0 — X0, + U0IOUP — uPOI0U (a < b)
= 10, ~ UPQIOU ~ 2pdidp, D* = x O, + U°0/0W® + 2pdidp
R(m) = m?(0)3, + m { ()Y - m y(t)x,HIdp (1.6)
Z(x) = x(1)dldp

where m® = m®(f) and y = %(¢) are arbitrary smooth functions (from C”((¢, ¢;), R), for example) and, moreover,
this requirement can be substantially relaxed [6].

Remark 2. Operators (1.6) generate the invariant transforms of system (1.1)
oW (I, x)=u(+¢,X), p’(t. X) = p(t + £, X)
(a shift with respect to the time )
J o W'(t, %) = Bu(t, B~'%), p'(t, x) = p(t, Bx)
(spatial rotations; here, B is an arbitrary orthogonal 3 x 3 matrix)
D" u'(s, x) = e2u(ett, ), p'(t, X) = e2p(e®t, x)
(scaling with respect to the time )
D*: u'(t, x) = e~u(t, €x), p'(t, X) = e 2p(t, €x)
(scaling with respect to the spatial variables)

R(m): u’(t, x) = u(t, x— m(?)) + m(t)
P, %) =p(t, x~m(®))-m, - x+/,m-m,

(transfer to an arbitrary translational moving system of coordinates; these transforms include shifts with respect
to spatial variables and a Galilean transformation)

Z(): u'(s, x) = u(t, x), p(¢, x) = p(t, x) + x(1)

(pressure changes).
In the case when v # 0, system (1.1) is not invariant with respect to scaling in the time or spatial variables but
admits of a grouping of these transforms which is generated by the operator D' + '/,D*

w(t, X) = efu(et, ex), p'(t, X) = e%Ep(e¥t, e°x)

Remark 3. The invariant transforms of system (1.1) are equivalence transforms [3] for a set of equations of the
form of (1.2) if the functions H*® and &° are assumed to be parameters.

2. PRINCIPAL RESULT

The following theorem describes the structure of the set of solutions of system (1.1), (1.2).

Theorem. Any solution of system (1.1), (1.2), apart from equivalence transforms, locally belongs to
one of the following families

1L.LH£ 0

a) ul = (' +P')x, + (B2 —%u)xz

u’ =(B? +%N)xl +' -BHx,
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W= ——;-l(xlz +x3)+ —;—(xf ~ x2)usin @+ x, xpp cos 8 — 28 x, 2.1)
1{1 _ 1 1
= —5(;u 207+ G+ -4 00 +c:)<x.’ +x1) = B + 26 - ) -
~B7 + 2B x; + (& - 25" — 2vAx
where %, A, j, |31, Bz, Cl, Cz, 0 are smooth functions of the variable ¢ for which the relations

R>0, up, = A0, A = 2u
%, +20'%=0, 8, =227"¢% - %

B! =%:Tsin6+§2 cos8, p? =2'—;lcos(-)—§2 sin®
b)u=—py’e® + F%y,e® +Be' (22)
p=2u(el ')y -2 G®y,y, —| B, +| L £ B |y —2vpys
3 2- U0

are satisfied, where y, = €” - x, the vectors €” form an orthonormal basis which depends smoothly on ¢,
1 2 . . . . .
u, x', x5, , B are smooth functions of the variable ¢ which satisfy the relations

k>0, B=u"(1x'u2 -x!(e} -e’)—xz(e?-ez))
2 2.3)
%! = 20! +2x! =0, 2(ed - e')x! ~20x? —%? =0

F and G are smooth 3 x 3 matrix functions of the variable f which are defined according to the formulae
(8,5 is the Kronecker delta)

1 -
B S AU AL
F=le? e +x2 —;-u,u"+§ -e>-e?
e e —e)-e?+x' 2

G=F+F -F+F-E—E-F-2pp[5,:5,|} E-—.He}’-ebn

1 1 o % n 1
c)u =x|(;¢,-2—;)+n(—z°m~—z-5“

r r
1 x, (x n 1 )
u =x e D, -5 —-—
2( 2) * _rT )

3_ 12 %
u —¢w—-2—r +;'-X3 (24)
p=—d>1+(x,<bw—n,)arctgx—2—(i'—) (lx§—1r2)+‘l‘-lu-u+

X ® J\2 4 2

+lr4——’£’—r2x3+nxlnr+-l-(xr)2—2Vx3

8 2% 4

where T = t, r = (&3 + x3)"%, @ = x° — xarctg(xy/x;), N and x are smooth functions of the variable
t, xx": = 0 if x = 0 and the functions ® = &(t, r, ®) and ¥ = ¥(1, r, w) satisfy the system of
equations

o, =¥, () r? +)rd, =-¥,
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2H=0,k= 0
u=®, e +® e’ +[k| (k- xk, +[K/*(k, 2k - 25
Lk, Kok 0k - S, KX+ kX x
2 2 2
1 1 2 1p,2
p=-9, ——u-u—|kl‘P+zlkxx| +§lkl (k- x)(k, x k,x)
where 7 = t,y, = € - x, € = €/(t) (i = 1, 2) are smooth vector functions for which the conditions
le] =1,e! e = 0 ¢ k=0are satlsﬁed and the vectors €', e? and k form a right triplet
" 1
@ =0+ (k, - x)(k-x)- Z|k|'4(k, KK + (k- x)?) (2.6)
and the functions ® = ®(1, yy, ;) and ¥ = ¥(1, y;, y,) satisfy the Cauchy-Riemann system @, =¥,
Dy, = - 'y,

3.H= O k = 0 (potential flows)
1
u=Ve, p=-9,--Vo-Vo
where ¢ = ¢(z, x) is an arbitrary harmonic function.

Remark 4. All of the non-potential solutions of Eqs (1.1) which have been mentioned in the theorem, are Lie
solutions, that is, each of them is invariant with respect to a certain subalgebra of the maximum algebra in the Lie
sense of the invariance of Eqs (1.1). For instance, solutions (2.1), (2.4) and (2.5) are invariant with respect to the
one-dimensional algebras

(R0, 0, exp(-2[Cds)) — Z(2vAexp(-2J¢1dr)))
(/12 + R(0, 0, x) - Z(n, + 2vx)) and (R(k))
respectively and solution (2.2) is invariant with respect to the two-dimensional algebra
(Rm') + Z(x"), Ram?) + Z((D)
12

where m' = al'e? + o¥e’, ' = —2ua¥ (i = 1, 2) and (a¥, %) (i = 1, 2) are linearly independent solutions of the
system of ordinary dlfferentlal equations

ol =(BL oot -2, of =l 2007

The Lie solutions of the Navier-Stokes equations have been investigated earlier [6].

3. AUXILIARY ASSERTIONS

The following assertions are used in the proof of the theorem.

Lemma 1. The action of an arbitrary linear operator in the space R> can be represented in the form
Hx=(m-x)m-(n-x)n+yx+1xx 3.1

where ye R, m,n, 1 R3, m - n = 0 and H is the matrix of the operator. In representation (3.1), the
number ¥ and the vector 1 are uniquely defined, and the vectors m and n are defined apart from the
factor of %1.

Proof. Suppose H” is the transpose of H. If (3.1) is satisfied, then

(m-x)m-(n-x)n+yx =5x, S: ——-(H+HT)
(3.2)

l=}/2(H32—H23, HI3-H31, HZI_HIZ)T
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Since the matrix § is symmetric, it can be reduced to diagonal form by orthogonal transforms, that is, an orthogonal
matrix O exists such that

0SO™ = diag{y1, Y2 3. N 2227

Then, the vectors m, n and the number v, which are defined by the formulae

m =107 (,/y; -72,0,07, n=207(0,0,/y -v3)T. Y="7,

(and only these) satisfy the requirement of the lemma.

Lemma 2. 1f H*® € C'((t,, t1), R), then 1 € C!((t,, t;) R®) in Lemma 1, and m®, n® vy are continuously
differentiable functions in the set of those values of ¢ for which m(¢) # 0 and n(z) # 0.

Proof. The assertion of the lemma regarding the vector-function I is obvious by virtue of the second relation of
(3.2) and, in the case of the functions m®, n® and v, it is a consequence of the implicit function theorem. Actually,
these functions satisfy the equations

mana =0' (mb)Z _(nb)Z +,Y=th
(33)
m®m® - n®n® =-§-(H"b +H™), a<b

(Summation over the index b is not carried out here). The determinant of the derivatives of the left-hand sides of
Eqs (3.3) with respect to m®, n° and y has the form —4(|m|? + |n|%)|m x n|? and is therefore non-zero when
m x n # 0. By virtue of the orthogonality of the vectors m and n, it is sufficient for this thatm# 0 andn = 0.

4. PROOF OF THE THEOREM

We shall use the representation of the matrix H in the form of (3.1). The relations m - m = n - n and
Y = 0 are a necessary condition for the compatibility of equations (1.1) and (1.2).

We now consider the possible cases.

A.m# 0,n# 0. Thenl = om x n, where ¢ = 6(f). We introduce the notation

H=m-m=n-n,zg=m-X,2;=Nn"X,23:={(mXn,X)

From the overdetermined system, which is obtained by substituting (1.3) into Eqgs (1.1), we find the
following expression for the function ¢

1 c 1 ; 1
9= ant -a(z.2 +22)z3 +oh 30,,mxn)zz, - (n7, ‘m-—p 2m . k)z,2; —

- 1 _ 1 1
7, n+Zp”n Ky +E(Cl +£)z] "E(;l ~8925 - 40z, +0°

where C_,’, Cz, "%, 'r]o are smooth functions of the variable ¢.

- If 6 = %1, then m X n = pe, | = Ae, where e = const, [e| = 1, A: = op and, therefore, A # p, p, =

AA,. By virtue of Remark 3, it can be assumed that the relations
e=(0,0,1))m-k=n-k=0,1n*=0

are additionally satisfied.
Then, k = xe, 111 = n2 = 0 and

e .0 Y Y
m= J]I(cos;,—sm > ,O) , = ﬁ(sm —2-,cos > ,0)
where 0 and x are smooth functions of the variable ¢ for which

0, =2Au7'C% — 2, %, +20'x =0

On making all of the substitutions and integrating Eq. (1.1) with respect to the function p, we obtain
solution (2.1).
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Since, according to Lemma 1, the vectors m and n are determined, apart from the factor +1, then,
in the case when ¢ = *+1, we may put 6 = —1. The equivalence transforms enable one to satisfy the

following further conditions
m-k=n-k,n'=1n3,13=0

If the notation

—n! ,=m+n 2_=m—n 3:::‘_
B.n\/fﬁ,e.th—,e. @,e pm X n

is introduced, then, in a similar manner to the preceding case, we obtain the solution (2.2).

B.m =n = 0,1 0. In this case ], = 0, that is 1 = const. Using rotations and scale transforms, we
reduce I to the vector (0, 0, 1). By virtue of Remark 3, it can also be assumed that I - k = 0 and therefore
k = (0, 0, x(¢))”. We now integrate the overdetermined system, obtained by substituting (1.3) into (1.1),
with respect to the function ¢. We obtain

1 %(0)( 1 1 X
¢ =d(1, r,(n))—gx3r2 +-i(—t7(5-x32 —Zr2)+n(t)arctg—é-

The variables 7, r and @ are determined as in (2.4) and the function @ satisfies the equation

2
o, +lo +((3°-(l)) +1)¢m =0
r

r

On substituting the expression for ¢ into (1.3) and integrating the first equation of (1.1) with respect
to the function p, we obtain the solution (2.4).

C.H = 0,k # 0. In this case, the expression for the function ¢ is reduced by means of equivalence
transforms to expression (2.6). Consequently, the corresponding solution of Eqgs (1.1) has the form (2.5).

D. The case when H = 0, k = 0 is obvious.
The proof of the theorem has been completed.
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