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Abstract

In this paper we consider the problem of group classification of the generic second-
order evolution equation in one spatial variable. We construct all inequivalent evolution
equations whose invariance groups are either semi-simple or semi-direct products of semi-
simple and solvable Lie groups. The obtained lists of invariant equations contain both
already known equations and the broad classes of new evolution equations possessing

non-trivial Lie symmetry.

1 Introduction

Utilization of group properties of partial differential equations (PDEs) has already become a
universal and convenient tool for analysis of these equations. Clearly for this technique to work,
equations under study should actually have nontrivial group properties. Within this viewpoint
the whole class of differential equations splits into two subclasses of equations with nontrivial
symmetry, S, and without any symmetries. The whole history of exploration of symmetries of
differential equations is the sequence of attempts to extend the class S by modifying somehow
the classical concept of Lie symmetry.

As the paper title implies, we restrict our analysis to equations from S. Moreover, we
narrow the meaning of admitted symmetry by considering invariance with respect to Lie trans-
formation groups only. The basic facts and all the necessary information about group analysis
of differential equations can be found in [1]-[4].

In this paper we study the general evolution equation

up = F(t,z, U, Uy, Uy (1.1)
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in order to get an answer to the following seemingly simple question: Is it possible to describe
all possible functions F' such that Eq.(1.1) admits nontrivial Lie transformation group? By non-
trivial symmetry group we mean a Lie transformation group which is at least one-parameter.
Hereafter, u = u(t, z), uy = %—?, Uy = %, Ugy = g%, and F is an arbitrary sufficiently smooth
function.

The first paper on group classification of a subclass of linear equations from the class (1.1)
was published by the creator of the theory of transformation groups Sophus Lie as early as
in 1881 [5]. However, the real boom of interest in group classification of differential equations
was initiated by the Ovsyannikov’s paper [6]. It was followed by numerous publications (see
[9]-[20] and the references therein) analyzing various specific subclasses of the general class of
evolution equations (1.1). A detailed account of group properties of the equations considered
in the above papers can be found in [8; 21, 22].

Surprisingly, there is still no ultimate solution of the classification problem for the general
evolution equation (1.1). The main reason is that the class of equations (1.1) is too general for
the traditional Ovsyannikov’s classification method to be practical. This method is not very
efficient when the class of equations under study involves functions of several variables.

Recently, we developed an efficient approach to solving group classification problem for
low-dimensional partial differential equations. It enabled us to classify the broad classes of
heat conductivity [23, 21], Schrédinger [27], third-order evolution [28] and wave [29] equations
admitting nontrivial Lie symmetry. Note that some elements of this approach were utilized
earlier by Fushchych & Serov [24], Gagnon & Winternitz [25] and Zhdanov et al [26] in order to
perform symmetry classification of the nonlinear d’Alembert, Schrodinger and multi-component
wave equations, correspondingly.

In the present paper we apply the method of [21] to obtain exhaustive classification of
evolution equations that admit n-parameter Lie transformation group for all possible values of
n >= 1. As group classification of linear PDEs of the form (1.1) has already been performed
in [5], we consider essentially nonlinear evolution equations only. By ’essentially nonlinear’
we mean PDEs (1.1) that cannot be linearized by point transformations of the space of the

variables t, x, u.

2 Preliminary group analysis of Eq.(1.1)

It is a common knowledge, that the most general (in Lie’s sense) transformation group admitted

by (1.1) is generated by the infinitesimal operators
v =70 + £0, + n0,. (2.1)

Here 7 = 7(t,x,u),{ = &(t,x,u),n = n(t,x,u) are arbitrary smooth functions defined in the
space of V= R? x R! of two independent R? = (¢, z) and one dependent R' = (u) variables.



Constructing the second prolongation of the infinitesimal operator v we get
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We do not give the formulas for the coefficients !, ©!* since they are not used in the sequel.

Acting by v on Eq.(1.1) we arrive at the following invariance criterion:

(Spt - 7_-Ft - ng - nFu - SOxFuz - Spwaumz) ‘utﬂF(t,x,u,uz,uzz) = 0. (22)

The subscript formula in (2.2) means that one needs to replace uy, with D, F | u; with D, F
and u; with I’ in the expression within the parentheses.

If we construct the general solution of (2.2), then we obtain the most general (local) Lie
transformation group admitted by Eq.(1.1). Note that this group is also called the classical Lie
symmetry of nonlinear PDE (1.1).

Analyzing relations (2.2) we prove the following technical assertion.

Assertion 2.1 The most general invariance group of Eq.(1.1) is generated by the infinitesimal

operators
v = 7()0 + E(t, 2, w)D, + n(t, 2, u)Oh, (2.3)
the functions 7,&,n and F' satisfying the following equation:

Ny — Uxft + (nu — Tt — ngu)F - [77:0 + ux(nu - Sx) - uigu]Fuz

As the forms of unknown functions 7, &, 7 depend essentially on the function F', it is cus-
tomary to call (2.4) the classifying equation.

Now the problem of group classification of Eq.(1.1) becomes entirely algorithmic. It reduces
to constructing all possible solutions of a single partial differential equation (2.4). It is that
simple. The difficulty, however, is that we have to deal with the under-determined system of

partial differential equations that consists of one equation for three unknown functions 7,&,n.



To make things even more complicated, this equation contains unknown function F' of variables
t,x,u, Uz, Uyy, Which is to be determined as well.
To proceed any further we need extra information, either on the form of the function F' or

on the form of the functions 7, &, 7 which would narrow the class of invariant equations or the

df (u)
du

by the variables u,, u,, and obtain an over-determined system of partial differential equations

set of possible symmetries. Say, we may put F' = f(u)uz, + u?, split the resulting equation
for 7,&,7n. Solving the latter yields the classical Ovsyannikov’s classification result [6].

An alternative approach would be fixing a priori the symmetry group of Eq.(1.1) and solving
(2.4) for this specific choice of coefficients of the infinitesimal group operator, 7,&,7n. To this
end one can also use the popular nowadays technique called conventionally ”the method of
moving frames”. The latter can be used efficiently, if one succeeds in obtaining the explicit
form of the finite group transformations of the infinitesimal symmetry group whose differential
invariants are to be constructed (see, e.g., [7] and the references therein).

The problem with the above approaches is that some functions F' providing for extension
of symmetry group of Eq.(1.1) might be lost. To prevent this from happening, the classifying
equation should be the only source of constraints on the form of unknown functions 7, &, 7, F.
Another difficulty is that the method of moving frames is inefficient when the group under
consideration is infinite-parameter and this is exactly the case we are dealing with.

In [26] we suggested an elegant way to approach this problem based on the fact that the
general solution (7,&,m) of PDE (2.4) can always be represented as a linear combination of
its basis solutions, v, = (74,&4,7Ma), @ = 1,...,n, forming a Lie algebra ¢,. Consequently,
if we succeed in describing all possible subalgebras of the infinite-dimensional Lie algebra £
generated by operators (2.3) and solve for each of them the classifying equation (2.4), then the
problem of group classification of initial Eq.(1.1) will be completely solved.

So that we can re-formulate the problem of group classification of Eq.(1.1) in a purely

algebraic way. Namely, to solve the classification problem we need to
e construct all subalgebras of the infinite-dimensional Lie algebra /.., and
e select those subalgebras whose basis elements satisfy the classifying equation (2.4).

Saying it another way, we can replace (2.2) with the (possibly infinite) set of systems of PDEs

(

Equation (2.4)|,_,., a=1,...,n,

QiTj - QjTi = 22:1 C@kj Tk,

Qi€ — Q& = >4, CF &,

L Qimy — Qymi = ZL ij Mk s

where QQ; = 7;0; + &0, + 1;0y, ij are structure constants of a Lie algebra ¢,, 7,7 = 1,...,n
andn=1,2,3,....




If we solve over-determined system of PDEs (2.5) for all possible dimensions n > 1 of all
admissible Lie algebras /,,, then the problem of group classification of Eq.(1.1) is completely
solved. Consequently, group classification of the general evolution equation (1.1) reduces to
integrating over-determined systems of PDEs (2.5) for all n = 1,2, ..., nyax, where ny,y is the
maximal dimension of the Lie algebra admitted by the equation under study. Note that n,.x
may be equal to oco.

According to the Magadeev theorem [30], we have either np.,. <= 7 or np.x = co. And
what is more, in the latter case the corresponding invariant equation is mapped to a linear
PDE by a contact transformation. So to describe all essentially nonlinear evolution equations
(i.e., those inequivalent to linear ones) one needs, in fact, to consider all possible Lie algebras of
the dimension up to 7. However, combining our Lie algebraic classification approach with the
Ovsyannikov method it suffices to consider Lie algebras of the dimension n < 5 only. At this
point, the classical Mubarakzyanov results [37, 39] come into play. He described all inequivalent
abstract Lie algebras of the dimension n < 6. This means that the structure constants C’Z-kj in
(2.5) are already known.

Let us mention here the Reid’s procedure of calculating the Lie algebra admitted by PDE
without integrating determining equations [39]. The basic idea of his approach is investigating
compatibility of systems (2.5) thus deriving the admissible forms of the structure constants
Clkj In our mind a more natural approach is actually to integrate equations (2.5) so that the
compatibility conditions come as a by-product.

Summarizing we conclude that if we

1) construct all realizations of of all subalgebras of ¢, by operators, coefficients of which
satisfy Eq.(2.5), and

2) prove that these are maximal invariance algebras of (1.1),

then the problem of group classification of Eq.(1.1) is completely solved.

Thus it is clear what to do to achieve complete group classification of the generic class of
PDEs (1.1). However, there is still a question how to do this. Saying it another way, what is the
practical approach to classify all inequivalent subalgebras of the algebra /.7 Before introducing
the details of our approach to solving this problem we give a brief account of necessary notions
and facts from the general theory of Lie algebras.

Let the symbol L stand for a Lie algebra. Denote by the symbol [L, L] the Lie algebra
spanned by all the possible commutators of basis elements of L. Then the Lie algebra N is
called a subalgebra of L provided [N, N] C N. Next, if the relation [L, N] C N holds true,
then the Lie algebra N is called the ideal of L.

Given two ideals, N; and N, of the algebra L, the Lie algebra [N;, Ny] is also the ideal of

L. Consider the following sequence of ideals:

L[O} = L, L[l] = [L[O]yL]v e 7L[N] = [L[n_l}’L]V t



If LI" = 0 for some n > 1, then the Lie algebra L is called nilpotent. If, in particular, LY = 0,
then L is commutative or Abelian Lie algebra.

Now consider another sequence of ideals of L (the composition series of the Lie algebra L)
LO=pr O =[2O O] L0W=[L0D D)

The algebra L is called solvable if there is n > 0 such that L™ = 0. The Lie algebra R is called
the radical of L, provided it is the maximal solvable ideal of L containing any other solvable
ideal of L.

The Lie algebra L is called semi-simple, provided it does not contain non-zero solvable
ideals. Finally, the algebra L is called simple if it contains no ideals different from 0 and L and
LM £ 0. Evidently, a simple algebra is semi-simple. On the other hand, every semi-simple Lie
algebra can be decomposed into a direct sum of simple Lie algebras.

The fundamental Levi-Maltsev theorem (see, e.g., [21, 32]) says that for any Lie algebra L

with radical R there exists a semi-simple Lie algebra S such that
L=S5&R.

This relation is called the Levi decomposition of the algebra L, and what is more, the algebra
S is called the Levi factor of L. The further details can be found, for example, in [21, 32].
Due to the Levi-Maltsev theorem the problem of classification of subalgebras of the algebra

ls can be divided into three subproblems:
1. Classification of semi-simple subalgebras.
2. Classification of solvable subalgebras.

3. Classification of subalgebras which are semi-direct sums of semi-simple and solvable Lie

algebras.

Remarkably, it is possible to complete all of the above classifications for the case of the very
general class of PDEs (1.1) starting with one-dimensional subalgebras and increasing step-by-
step the dimension of the algebras involved.

One of our principal results presented below is the analog of the Magadeev theorem for
transformation group acting in the space of variables ¢, x, u. Namely, we prove that the dimen-
sion of the maximal invariance algebra of (1.1) is either less or equal to seven or infinite. In
the latter case the invariant equation can be linearized by a point transformation of the space
of variables t, x, u.

Our algorithm for group classification in its present form has been suggested in [21, 23]. As
the first step, we compute the maximal equivalence group, &, of the class of PDEs (1.1). The

equivalence group consists of one-to-one transformations of the space V'

F=altyo,u), @=Bteu), ©=r(t ), %#o, (2.6)



which preserve the differential structure of equation (1.1). Note that we use a concept of
equivalence group which is different from that employed by Ovsyannikov. Indeed, the group £
does not involve the function F' as an extra variable, as it is customary within the Ovsyannikov’s
classification scheme [2].

Making change of variables (2.6) in Eq.(1.1) and requiring for the transformed equation to

belong to the same class of PDEs as the initial one, namely,
vr = q)(fa z,v, vz, Ufi)a
one gets the following result (see, e.g., [33])

Assertion 2.2 The mazimal equivalence group of the class of equations (1.1) is formed by the
transformations

_dr D(X,U)

7). (2.7)

t="TI(t = X(t =Ul(t T =—
()7 x (7x7u)7 /U U( 7‘7“7“)7 dt M D(x,u)

Note that the above group contains arbitrary functions, which means that it is the infinite-
parameter Lie transformation group.

The equivalence group splits the class of equations (1.1) into conjugacy subclasses, each
of them being uniquely characterized by a single representative. So it suffices to provide a
representative of each conjugacy class in order to get the complete description of invariant
equations. This property is used to simplify the form of infinitesimal operators forming the basis
of admissible realizations of Lie algebras. Classification of these realizations is thus reduced to
constructing inequivalent realizations of abstract Lie algebras by differential operators in three
real variables of the form (2.3). Note that the systematic analysis of realizations of Lie algebras
by differential operators in one and two variables was performed by Sophus Lie itself [34]—[36].

Consider, as an example, one-dimensional Lie algebras generated by operators (2.3). Change
of variables (2.7) reduces (2.3) to the form

V=1T'0; + (1X; + X, + 1 X,)0: + (U, + EU, + nU,) 0, (2.8)

If 7 # 0, then choosing a solution of equation 77" = 1 as T" and taking as X, U the fundamental

solution of the system of equations

D(X
Xy +EXe +0Xy =0, 71U + U + U, =0, M#Q
D(z,u)

we get vV = 0.
Now if 7 = 0, then £ # 0 or n # 0 (otherwise, operator (2.3) vanishes identically). In the

case when & # 0,7 = 0, making the change of variables

t=t, T=u, v=u,



which belongs to the group &, we reduce (2.3) to the form v = £(¢,z,v)0,. Consequently, we
can suppose that n # 0 without any loss of generality. Choosing as X and U non-vanishing

identically solutions of the system of PDEs
EXy+nX, =0, &U,+nU, =1,

we transform (2.8) to become v = 0,. We summarize the above reasonings in the form of

lemma.
Lemma 2.1 Operator (2.3) is equivalent to one of the canonical operators
V], = 8,:, Vo = 0u

Thus there are two £-inequivalent classes of realizations of one-dimensional Lie algebras by
operators (2.3). Consequently, there are only two inequivalent classes of PDEs (1.1) admit-
ting one-dimensional Lie algebras. They are easily obtained by integration of the determining

equations for the corresponding infinitesimal operators 9y, 0,.

Theorem 2.1 There are two inequivalent classes of invariant equations of the form (1.1) ad-
mitting one-parameter Lie groups. Below we give the representatives of these classes and the

corresponding one-dimensional invariance Lie algebras A,

u = F(1,u, Uy, Ugy) : A} = (0y);
Uy = F(t, 7, Uy, ugpy) 2 A2 = (D).

What is more, if the function F is arbitrary, then the algebras Al and A% are mazimal in Lie’s

sense invariance algebras admitted by the corresponding PDFEs.

As we noted in [31] the set of invariant equations (1.1) is naturally split into two classes, C;

and Cy. Let Ay = (vy,va,...,vg), where
Vi =TO + &0, +n0,, i=12,...,k (2.9)

be the maximal invariance algebra of Eq.(1.1). We say that this equation belongs to the first
class, Cy, if the functions 7 (i = 1,2, ..., k) are linearly independent. Otherwise, it belongs to
Co.

According to [31] any nonlinear PDE from the second class Co can be mapped into quasi-
linear evolution equations by a non-point transformation.

So if one constructs all £-inequivalent equations belonging to the classes C;, Co, then the
problem of group classification of the general evolution equation is solved. We provide full
calculation details for the first class C;. In the case of class Co we will give outlines of the proofs
of the corresponding theorems together with the lists of invariant equations and their maximal

invariance algebras.



The obtained list of invariant equations is too large to fit into a single paper. That is why,
in order to keep the exposition compact we split the material into two parts. The first part
deals with invariant equations from the class C; and those equations from Cy whose invariance
algebras are either semi-simple or semi-direct sums of semi-simple and solvable Lie algebras.
This paper contains exhaustive classification of these equations. Classification results for PDEs

(1.1) invariant under the solvable Lie algebras will be the topic of our subsequent publication.

3 Group classification of equations from C;

It is the direct consequence of Lemma 2.1 that one of the basis operators of the invariance
algebra of an equation from C; can always be chosen in the from 0;. Also according to Theorem
2.1 the most general equation from the class C; that admits one-dimensional Lie algebra is

equivalent to PDE
up = F(x,u, g, Uyy),  Fo,, # 0. (3.1)

The maximal invariance algebra of the above equation reads as A} = (9;).
Now we turn to equations admitting two-dimensional Lie algebras. It so happens that

equations from C; cannot admit two-dimensional commutative algebras.

Lemma 3.1 Class C; does not contain PDEs invariant under two-dimensional commutative

Lie algebras.

Proof. Suppose that the assertion of the lemma does not hold. Then one of the basis operators
of the symmetry algebra can be reduced to the form v; = 0;, while the second operator, vs,
is of the generic form (2.3). Inserting these operators into the commutation relation for the
two-dimensional commutative Lie algebra, [vq, Vo] = 0, yields that 7, =0, & = 0, 7, = 0. Hence
it follows that the equation under study belongs to the class Co. We arrive at the contradiction
proving the lemma.

It follows from the Levi-Maltsev theorem (see, e.g., [32]) that the set of finite-dimensional
real Lie algebras consists of solvable algebras and Lie algebras having nontrivial Levi ideal. That
is why we proceed now to studying equations from C; that admit solvable and semi-simple Lie

algebras of symmetry operators (2.8).

3.1. Invariance under solvable Lie algebras

There are two inequivalent two-dimensional solvable Lie algebras

Agq = (e1,e2) : [e1, 2] =0, (3.2)

Ao = (61,€2> : [61,62] = €2.



The case of commutative algebra A, has already been considered. Turn to the algebra
Ago. Without loss of generality we may choose one of the basis operators, say, e; to be equal
to 0; (Lemma 2.1).

Taking as e; an arbitrary operator of the form (2.3) with 7 # 0 and inserting e; into (3.2)
yields 7, = —1,& = n; = 0. Consequently, the operator e; has the form

er = =ty + &(x,u)0; + n(x,u)dy, (3.3)

where &, n are arbitrary smooth functions. If £ = n = 0, then we get the realization (—t0d;, d;).
Next, provided [£| + |n| # 0, there is a transformation from the group £ which does not alter
eo and reduce ey (3.3) to the form é; = —t0; — v0,.

Thus there exist two inequivalent realizations of the Lie algebra A,
(—t@t, 8t>, (—t@t — u@u, 8t>

that can be admitted by equations from C;.

However, if we insert coefficients of the first basis operator of the first realization into the
classifying equation (2.4), we get F' = 0. Consequently, C; contains no equations invariant
under the first realization of Aso.

A similar analysis of the second realization yields the following class of Ass-invariant PDEs:

w = F(r,w,w), w=u Uy, W=1u "Uy.

Consider now three-dimensional solvable Lie algebras. It is a common knowledge that any
solvable three-dimensional Lie algebra, A3 = (eq, eq, €3), is either equivalent to one of the two

decomposable
Azqr = A1 @A e,e] =0, 1,7=1,2,3;
Ass = Asa® Ay el e =€, [e1,e3] = e, e3] =0;

or equivalent to one of the seven non-decomposable algebras

Ass : [ez,es] =e1, [er,ea] =[er,e3] =0;

Asy ¢ [er,es] =e1, les,e3] =e1+es, e, e =0;

Ass : [er,es] =e1, [ea,e3] = e, [e1,e2] =0;

Aze 1 len,es] =e1, [ex,e3] = —ez, [e1, €] =0;

Asr o [enses] = e, [ea,es] =qea, fer,ea] =0 (0 < g < 1);

Asg 1 ler,es] = —ea, [eg,es] =e1, [er, €] =0;

Asg : [e1,e3] =qer —ea, [ea,e3] =e1+qes, ler,ea] =0 (¢ >0)
(see, e.g., [37]).

Each of the the above algebras contains a two-dimensional commutative subalgebra. By
force of Lemma 3.1 there are no equations from C; which admit one of the above three-
dimensional algebras. Since any n-dimensional solvable Lie algebra contains (n—1)-dimensional

solvable subalgebra, we arrive at the following assertion.
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Lemma 3.2 Any equation from Cy invariant under solvable Lie algebra of the dimension n >=
2 1s equivalent to PDE

u = F(z,w,w), w=u Uy, W=1u "Uy,.

If F is arbitrary, then the maximal invariance algebra of the above equation is the two-dimensi-
onal Lie algebra (—t0y — ud,, ;).

3.2. Invariance under semi-simple Lie algebras

The semi-simple Lie algebras of the lowest dimension read as [32]

s0(3) = (ez,e2,e3) :le1,e2] =e3, [e1,e3] = —eq, [ea, €3] = es;

sl(2,R) = (eq,eq,e3): [e1,e] =2ey, [e1,e3] = —2e3, [e2,e3] =e;.

The above algebras do not contain the commutative algebra A, ;[40]. However, semi-simple
algebras of higher dimension n > 3 do contain subalgebras equivalent to A (see, e.g., [32])
and, consequently, cannot be invariance algebras of PDEs from the class C;. Thus the only
semi-simple Lie algebras than may lead to new invariant equations are the algebras so(3) and
sl(2,R).

Consider first the algebra so(3). Inserting e; = 0y, e, ez, where the the latter two are
of generic form (2.3), into the first two commutation relations of so(3) and integrating the

equations obtained yield
ey = Ccostdy + (acost + Bsint)d, + (ycost + 0sint)d,, ez = [0, el

Here C' is an arbitrary non-zero constant, o = «(z,u), § = B(z,u), v = v(x,u) and § =
0(z,u) are arbitrary real-valued functions. Inserting the obtained expressions for ey, e3 into the
remaining commutation relation we get C? = —1. Since this equation has no real solutions, the
class C; contains no so(3)-invariant equations.

Turn now to the algebra sl(2,R). Let the operator es be of the form 0; and the operators
e1, e3 be of generic form (2.3). Inserting the expressions for e;, ey, e3 into the commutation

relations and solving the obtained equations we get four £-inequivalent realizations of si(2,R):

(2t8t, —t2at, 8t>, <2tat + l'aw, —t28t — tl'ax, 3t>,
(2t0y + 20y, —t20, — tx0y 4+ 220,,0,), (2t0; + 10y, —t20, + x(2> — )0y, 0,).

The first realization cannot be invariance algebra of an equation of the form (1.1).
Requiring invariance of (1.1) under the second realization yields the following system of

equations for F' = F(z,u, Uz, Uy ):

2F = —u, Fy, — 2u,, F, —txF,.

Uz

+aF,, zu, —2tF =tu, F,, + 2tu,, F,

Uz

11



As the function F' is independent of ¢, we have zu, = 0. Consequently, this realization cannot
be admitted by an equation of the form (1.1).

The third realization gives rise to the following system of equations for the function F"

Uz F,

Uz

+u.F, —aF, =2F, 2F

Uzx

+ 22F,, + 2?F, = zu,.
This system is compatible. Its general solution is
F =2 uu, — 22w + x’Qﬁ(w, W), w=2Upp —2u, W =2U— TU,.

Finally, the last realization yields the following system of determining equations for F =

F(z,u, Uy, Uy ):

Uy, F,

Ugx

+u,Fy, —xF, =2F, 6x(u; + tuy,)F,

Uz

+ 3:U2uxFuz — 23F, = —zu,,

whence

-1 -3, —1F —2 -1, -1
F=—o"u,+27u, Flu,w), w=u, Uy +3z u, .

4
Summarizing the above reasonings, we conclude that the class C; contains only two inequiva-

lent classes of PDEs which are invariant under semi-simple Lie algebras of symmetry operators.

In both cases the maximal invariance algebras are isomorphic to si(2,R).

3.3. Finalizing group classification of equations from C;

To complete group classification we have to consider equations from C; invariant under the Lie
algebras ¢ having nontrivial Levi factor and non-zero radical. It is a common knowledge that
these Lie algebras should be decomposable into semi-direct sums of semi-simple ¢; and solvable
{5 Lie algebras. Structure of Lie algebras having the Levi factor si(2,R) is studied in [41].
Since the solvable algebra, /5, is either one-dimensional or isomorphic to As s, it follows from
the results of [41] that there are no algebras ¢ that are invariance algebras of equations (1.1)

belonging to the first class C;.

Theorem 3.1 There are, at most, four inequivalent classes of PDFEs from Cy that admit non-
trivial invariance algebras. The representative of the first class is (3.1), its maximal symmetry
algebra is (0;). The representative of the second class is given in Lemma 3.2, its mazximal

invariance algebra being isomorphic to Aso. Two other classes of PDEs are presented below

w = x luu, —x 2u® + x’zﬁ(w, W), W= 2 Uy — 22U, W=2U— TUy :
sI'(2,R) = (20, + x0,, —t*0, — tx0, + 2°0y, 0,);
1 ~
u = —Zx_lugc + U P (u,w),  w o= uy U, + 37

slI*(2,R) = (2t0; + 20, —t°0; + x(x* — )0y, 0;).

The algebras si* (2, R) and sl*(2,R) are mazimal invariance algebras of the corresponding PDEs,

provided the functions F are arbitrary.
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4 Invariance of equations from C; under Lie algebras hav-

ing nontrivial Levi factor

As we mentioned above, to describe equations (1.1) invariant under Lie algebras having non-
trivial Levi factor we need to construct equations, which are invariant under semi-simple Lie
algebras. That is why we begin group classification of equations from C, by considering real-

izations of semi-simple Lie algebras by operators (2.3).

4.1. Invariance under semi-simple Lie algebras

It follows from the definition of class Cy that one of the basis operators of an equation from Cy
can be chosen as d,. Consequently, any invariant equation from Cy can always be transformed

to become
up = F(t,x, Uy, Uyy), Fu,, #0. (4.1)

Consider first the semi-simple algebras of the lowest dimension, namely, so(3) and sl(2,R).

Algebra so(3). Let e; = 0, and let the operators ey, e3 be of the form (2.3). Inserting these

operators into the first two commutation relations of so(3) and solving the PDEs obtained we

get within the equivalence relation £ the following formulas for e; and es:
ey = at, x) cos ud, + (ﬁ(t, x)cosu + (t, x) sin u) Ou, €3 = 1[0, e€a).
The remaining commutation relation yields

aB=0, ay—3-+=1 (4.2)

If « =0, then % +~2 = —1 and system (4.2) has no real solutions. In the case o # 0 we have
[ = 0. Making the change of variables from &£

t=t, z=X(t,z) (aX,=1), v=u

we get

ea = cosud, + (¢, x) sinud,, e3 = [0}, ea],

where the function v = (¢, x) is a solution of PDE ~, = 1++?, i.e., v = tan(z + ¢(t)). Making

the equivalence transformation
t=t, T=x+¢t), v=u

we reduce vy to the form tanz. Consequently, there is only one realization of the algebra so(3)

by operators (2.3), namely,

50 (3) = (0, cos ud, + tan  sin ud,, — sin ud, + tan x cos ud,).

13



Inserting the coefficients of the above operators into the classifying equation (2.4) yields the

following system of PDEs for the function F' = F(t, x, g, Uy ):

2

u, F — (sec? z + u2)F,, — (2tanzsec’ ¥ — u? tan x + 3uytiy, ) Fo,, =0,
up tan v F,, + (2ugy sec? o + u? 4+ ug, tana)F,,, + F, —tanaF = 0.
The general solution of the above system reads as
F = \/sec?z + u2F(t,w), (4.3)

w o= (um cosz — (2 + uZ cos® r)u, sin a:) (1 + u?cos?z)™%/2,

What is more, the algebra so(3) is the maximal invariance algebra of the corresponding equa-

tion, provided Fis arbitrary.
Lemma 4.1 Any so(3)-invariant equation (4.1) from Cy is equivalent to PDE

u = \/sec?x +u F(t,w), w= (um cosz — (2 + uZ cos® x)u, sin :L‘) (1 + u?cos? )73/,
Its maximal symmetry algebra is

50" (3) = (O, cos ud, + tan x sin ud,, — sin ud, + tan x cos ud,).

Algebra sl(2,R). Let e3 = 0, and ey, ez be of the form (2.3). In order to satisfy the com-

mutation relations of the algebra sl(2,R) the operators ey, 3, €3 have to be of the form

er = (qu+ B3)0, + (—u® +yu+0)0,, e1 = —[0u, 2], e3=0y,
where oo = a(t, x), = B(t,x), v = v(t,x), 6 = 0(t, ) are solutions of the system of PDEs
28 = —af, — ay + Bay, 40 = —ab, — 2 + .. (4.4)
If the function « does not vanish identically, then using the transformation
t=t, T=X(t,z), v=u+U(tu2),
where X, U are solutions of PDEs a X, = X, XU = X, we simplify e, es
ey = 2udy + (—u? +yu+0)0,, €1 = —[0u, €], e3=0,.

In this case, system (4.4) takes the form zy = 0, 46 = —x60, — 72, whence it follows that
v =0, 0= pu(t)z™% Provided u = 0, we have the following realization of the algebra sl(2, R):

(2ud, — 10y, —u*0y + 1Udy, D,).
If 4 # 0, then making the transformation
t=t, T= |:u|

14



we arrive at the two realizations of the algebra si(2,R):
(2ud, — 10, (x7* — u?)0, + 7ud,,0,), (2u0, — x0,, —(x~* + ) + 2ud,, 0,).
Given the condition a = 0, we get from (4.4) the following realization of sl(2,R):
(2udy, —u?0y, D).

However, this realization cannot be invariance algebra of an equation of the form (4.1), while

the preceding ones give rise to the three classes of si(2, R)-invariant equations.

Lemma 4.2 There are only three inequivalent classes of equations from Co whose invariance
algebras are isomorphic to sl(2,R). Below we present the canonical forms of these equations

together with their maximal invariance algebras.
u = ruF(t,w), w=z"

sI*(2,R) = (2ud, — 20,, —u*0, + 1ud,,0,);

-3 6, —2
Uy “Upg + 22U, "

xT

- 1
u = x72\/4+ 102 F(t,w), w=(4+ 25u2)73? (:c%m + 5aPu, + §x9u3> :
sI*(2,R) = (2ud, — 20, (v~* — u*)0, + 2udy, 0,);

~ 1
w = 73/ |%u2 — 4| F(t,w), w= (%2 —4)7%? (x4um + 5, — §x9u2> :
slI’(2,R) = (2ud, — x0,, —(x~* + u*)0y, + 7ud,, D).

Semi-simple algebras of the dimension higher than 3. According to the general classification

of semi-simple Lie algebras [32] the next possible dimension of a semi-simple Lie algebra is six.
There are four non-isomorphic semi-simple algebras of the dimension six, so(4), so(3, 1), so(2, 2)
and so*(4).

It is well-known that so(4) = so(3) @ so(3), so*(4) ~ so(3) ® sl(2,R). Consequently, we can
utilize the results of classification of realizations of so(3) and sl(2,R).

To classify so(4)-invariant equations (1.1) we need to construct all realizations of so(3) by
operators (2.3), which commute with the basis operators of the realization so'(3). It is straight-
forward to verify that such realizations do not exist. Similarly, to classify so*(4)-invariant equa-
tions (1.1) we have to construct all realizations of sl(2,R) by operators (2.3), which commute
with the basis operators of the realization so'(3). The only realization of sl(2,R) obeying the
above constraint is equivalent to (2t9;, —t?0;,0;). The latter cannot be invariance algebra of
an equation from Cy. Consequently, there are no equations belonging to the class Cy, which are
invariant under the algebras isomorphic to so(4) and so*(4).

The same assertion holds for the algebra so(3,1). Indeed, the algebra so(3,1) has the Car-
tan decomposition (ey, ey, e3) 4+ (N1, No, N3), where (e, €9, e3) = s0(3), [es, Nj] = o0, €V,
[Ni, Nj] = — Z?:l e, 4,7,0 = 1,2,3, and g;5; is the anti-symmetric third-order tensor with
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€193 = 1. Taking so(3) = so'(3) after simple calculations we get the forms of operators
N17N27N3

N; = cosud,, Ny = —secucoszd,+ sinusinzd,, N3 = secusinxd, —+ sinwu cosxd,.

Inserting the coefficients of the operator N; into the classifying equation (2.4) yields F,,, =0,
whence it follows that it the realization obtained cannot be invariance algebra of PDE (1.1).

In order to classify realizations of the algebra so(2,2), we make use of the fact that so(2,2) ~
sl(2,R) & sl(2,R). So that we can choose (e;,€;|i =1,2,3) as the basis of so(2,2). Here
(e1,e2,e3) = sl(2,R), (€1,€2,€3) = sl(2,R) with [e;,€;] = 0, (4,7 = 1,2,3). Choosing as
e; (i = 1,2,3) the basis operators of one of the realizations si*(2,R) (k = 1,2,...,5) and
analyzing the commutation relations of so(2,2) we come to the conclusion that the class of
operators (2.3) does not contain realizations of the algebra so(2,2) which are admitted by a
nonlinear equation of the form (1.1).

The same assertion holds true for the semi-simple algebras sl(3,R), su(3) and su(2,1),
which are eight dimensional (there are no seven-dimensional semi-simple algebras). Actually,
this is true for any semi-simple algebra of the dimension n > 3. Indeed, there are four basic

types of classical simple Lie algebras over the field of real numbers

e Type A,_1 (n > 1) contains four real forms of the algebra sli(n,C) : su(n),sl(n,R),
su(p,q) (p+q=n,p = q),su"(2n).

e Type D, (n > 1) contains three real forms of the algebra so(2n, C) : so(2n), so(p, q) (p+q =
2n,p > q), so*(2n).

e Type B,(n > 1) contains two real forms of the algebra so(2n+1,C): so(2n+1), so(p, q)
(P+g=2n+1p>q)

e Type C,(n > 1) contains three real forms of the algebra sp(n,C): sp(n), sp(n,R), sp(p, q)
(p+ag=n,p>q.

As su*(4) ~ so(5,1), and furthermore the algebra so(5,1) contains so(4) as a subalgebra,
the class of operators (2.3) does not contain realizations of the algebras A,_; (n > 1) and
D,, (n > 1), which differ from si*(2,R) (k= 1,2,...,5).

The same assertion holds for the algebras B,, (n > 1) and C,, (n > 1), as well. Indeed,
algebras of the type B,, with n >= 2 contains so(4) and so(3,1). What is more, sp(2,R) ~
s0(3,2) and so(3, 1) is the subalgebra of so(3, 2), sp(1,1) ~ so(4, 1) and so(3, 1) is the subalgebra
of so(4,1), sp(2) ~ so(5) and so(4) is the subalgebra of so(5).

It remains to analyze the exceptional semi-simple Lie algebras G4, Gs, Fy, Eg, E7, Es. We
consider the case of the algebra G5 only, the remaining algebras are handled in the same way.

A Lie algebra of the type G5 contains the compact real form g and the non-compact real

form g¢5. Since go N g5 ~ su(2) & su(2) ~ so(4), the class of operators (2.3) does not contain
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realizations of the algebras go and g5, which would be invariance algebras of Eq.(1.1). The same
assertion holds true for the remaining exceptional semi-simple Lie algebras G, Fy, Eg, Er, Es.

Let us summarize the above reasonings in the form of theorem.

Theorem 4.1 Any equation from the class Co, whose invariance algebra is semi-simple, is

equivalent to one of the equations given in Lemmas 4.1, 4.2.

4.2 Invariance under the algebras having nontrivial Levi factor

Now we utilize the results of classification of inequivalent equations (1.1) admitting semi-simple
symmetry algebras to describe PDEs (1.1) whose symmetry algebras admit Levi decomposi-
tion. The class of Lie algebras that admit Levi decomposition splits into two non-intersecting

subclasses

e subclass of Lie algebras which are decomposable into direct sums of semi-simple and

solvable Lie algebras, and

e subclass of Lie algebras which are semi-direct sums of a Levi factor and non-zero radical.

4.2.1. Invariance under direct sum of semi-simple and solvable Lie algebras

To describe equations whose symmetry algebras are direct sums semi-simple and solvable Lie
algebras we can utilize the explicit forms of realizations of semi-simple algebras constructed
in the previous subsections. What is more, we need to consider realizations of semi-simple
algebras belonging both to the class C; and to the class C,.

Consider the case of the sl*(2, R)-invariant equation. We look for possible extensions of the
realization sl*(2,R) by operators (2.3) which commute with its basis operators. Analysis of the

commutativity conditions yields the general form of the additional symmetry operators
VvV = leﬂax + (02 + 201U)8u, (45)

where (', Cy are arbitrary constants. So we need to describe all possible solvable Lie algebras
that have basis operators (4.5). Skipping intermediate calculations we formulate the final result.
The list of isomorphic solvable Lie algebras realized by operators (4.5) is formed by the two one-
dimensional algebras (0,), (xd, +2u0d,) and one two-dimensional algebra Ly = (0, 0, 4+ 2ud,,).
Note that the latter is isomorphic to A .

Inserting the coefficients of the above operators into the classifying equation and solving the
resulting equations yield the forms of the unknown functions F' in the corresponding invariant

equations

1. Algebra sl*(2,R) @ (9,)

up = Zui + 272 F(w), W= T Upy — TUy;
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2. Algebra si'(2,R) & (x0, + 2ud,)

w = x 7wy — 2720 4 27 2u — 2wy 2 F (W), w = (22U, — 2u)(2u — zuy) 7Y

3. Algebra sl'2, (R) & (0, 20, + 2ud,)

1
Uy = mx%ix — 2mauythy, + <m + ZL) ui, m # 0.
Under arbitrary F the given algebras are maximal in Lie’s sense invariance algebras of the
corresponding equations.
Analogously we prove that the basis operators of a solvable Lie algebra which commute

with the basis operators of s/?(2,R), are necessarily of the form
v =n(u)0y. (4.6)

Further computations show that the maximal dimension of a solvable Lie algebra having
basis operators (4.6) is two. There are two inequivalent realizations, one-dimensional L; = (0,)
and two-dimensional Ly = (—udy,0,) with Ly ~ Ass. Solving the corresponding classifying

equations yields the forms of the rand-hand sides of invariant equations (1.1).

1. Algebra si*(2,R) @ (9,)

1 n 2

up = —Zm_lux +o3u F(w), w=u, !

-1 —
Ugy + 3T U, ;

2. Algebra sl?(2,R) @ (—udy, 0,)

1
up = —Zx_lux +mau (u] g + 327 )T m £ 0.

Under arbitrary E and m the given algebras are maximal in Lie’s sense invariance algebras of
the corresponding equations.

The most general form of operators (2.3) commuting with the basis operators of si3(2,R) is
v="1(t)0; + £(t)x0,. (4.7)

Our analysis shows that there exist only four £-inequivalent realizations of solvable Lie algebras
by operators (4.7), which are invariance algebras of equations of the form (1.1). Namely,
there are two one-dimensional realizations, (0;), (tz0,), and two two-dimensional realizations,

(—t0y — mx0y, Or) (m € R), (t0, tzd,). Below we list the corresponding invariant equations.

1. Algebra sl3(2,R) @ (0;)

n 5, -3

u = zuF(w), w=az"u, 2

-6 —
Uy + 227U, %
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2. Algebra si*(2,R) @ (tzd,)

x:: In (27°u; gy + 2275, %) + 2u, F(1);

Ut =

3. Algebra si*(2,R) & (—td; — mzd,, O)

3
Uy = AUy (272U Uy + 225U H)YA N A0, m #0, iz;
4. Algebra si*(2,R) @ (t0;, tx0,)

TUyg,

4t

AT Uy

. AER.
t

(2 %u, Uy + 207 %0 %) +

Ut =

Under arbitrary £, m and A the given algebras are maximal in Lie’s sense invariance algebras
of the corresponding equations.

A similar analysis of extensions of the realizations algebras si*(2,R), sl°(2,R) and so'(3)
yields three more invariant equations. Below we give the right-hand sides of invariant equations

and their maximal invariance algebras.
sIH2,R) @ (9,) : uy = 272/ + 26u2 F(w),
w=(4+ x6ui)_% (:134%;;,; + 5adu, + %xguz) :
SIP(2,R) @ (0)) : uy = 272/ |2bu2 — 4| F(w),

x

3 1
w = |2%u2 — 4|2 <x4um + 5 u, — §x9u3) ;

501 (3) @ (D)) : uy = \/sec? x + u2F(w),
w= (um cosz — (2 + u2 cos® x)u, sin x) (1 + u?cos?z)3/2

4.2.2. Invariance under semi-direct sum of semi-simple and solvable Lie algebras

To perform classification of equations from Cy whose invariance algebra are isomorphic to semi-
direct sum of semi-simple and solvable Lie algebras we need to apply a more sophisticated
strategy. It is based on the well-known fact of the group analysis of differential equations, which
is, the higher dimension of the invariance algebra admitted by PDE (1.1) the less arbitrary is
the function F'. So at some point, instead of an arbitrary function of five variables t, z, u, u,, Uz,
equation (1.1) would contain an arbitrary function of one variable or even arbitrary constants.
When this is the case, we apply the Ovsyannikov classification method [2], since the determining
equations split into over-determined systems of PDEs that can be effectively integrated.

So our approach to classification of equations invariant under semi-direct sum of semi-
simple and solvable Lie algebras consist of the two major steps. Firstly, utilizing the results of
classification of lower dimensional Lie algebras that can be decomposed into semi-direct sum

of Levi factor and solvable radical [41] we describe all invariant equations containing arbitrary
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functions of four, three, two, one arguments and/or arbitrary constants. The second step
is utilizing the Ovsyannikov’s approach to classify those equations that have either arbitrary
functions of one variable or arbitrary parameters. This will provide complete classification of
Eq.(1.1) within the considered class of Lie algebras.

We prove that in order to implement the first step of our method it suffices to consider

1. Algebras which are semi-simple sums of semi-simple and solvable Lie algebras of the

dimension n < 6, if the Levi factor is isomorphic to so(3).

2. Algebras which are semi-simple sums of semi-simple and solvable Lie algebras of the

dimension n < 5, if the Levi factor is isomorphic to sl(2,R).

Further analysis shows that without any loss of generality we can restrict our considerations to
the Lie algebras sl(2,R) GAy 1, so(3) GAs;.

After completing the first step, we apply the Ovsyannikov method to finalize the classifica-
tion. In addition, we utilize this method to complete group classification of invariant equations
having arbitrary functions of one variable or arbitrary constants obtained in the previous sub-
section.

In a sequel, we use the list of non-isomorphic four-dimensional solvable Lie algebras obtained
in [37]. This list is formed by by ten decomposable algebras Az, & Ay (i =1,2,...,9), 2455 =
Ao @ As s and ten non-decomposable algebras Ay; = (e1,ea,e3,€4) (1 = 1,2,...,10) (we give

only non-zero commutation relations only)

Agr o [ea,eq] = €1, [es,eq] = e

Aga ¢ [er,eq) = qer,  lea,eq] = ez, ez ea] =eatez q#0;

Ay [61, 64] = €1, [63, 64] = €25

Agg o len,eq) =e1, ex,eq] =e1t+er, ez eq] = ex +e;

Ays ¢ [en,eq) = €1, ea,ea] = qea, ez eq] =pes, —1<p<q<1, pg#0;

Age @ [er,eq) = qer, [ea,eq] =pea —e3, [es,eq] =ex+pes, ¢#0, p>0;

Agr lea,e3] = €1, le1,eq] =2e1, [ea,eq] = €2, es,eq] = ea+ e3;

Ayg ¢ [eg,esl =e1, e ed] = (1+q)er, [ea,eq] = e, ez, eq] = qes, g < 1;

Ay [ea,es] = e1, e, eq] = 2qer, [ea,eq] = qea —e3, es,eq] = e+ qes, q > 0;
Ay 10 [61763] = €1, [62763] = €2, [61764] = —€9, [62764] = €1.

We provide full calculation details for the case of the algebra si'(2,R) G Ay ;. The algebra
so(3) &Asz; is handled in the same way.

Let sl(2,R) = (e, eq,e3), Aa1 = {eyq,e5). Then the basis elements of si'(2,R) are &-
equivalent to e; = 2t0, + x0,, es = —t20, — txd, + 2%0,, e3 = O;. The remaining non-zero

commutation relations of the algebra si'(2,R) @Ay read
[617 64] = €4, [617 65] = —€s, [627 65] = €4, [637 64] = €5. (48)
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Inserting operators ey, e5 of the form (2.3) into (4.8) and solving the resulting equations we
obtain the four inequivalent realizations of the algebra si!(2,R) G As 1, basis operators of A

having the form
1)

2) ey =10, + (tr'u —2)0,, e5= 0, + 1 udy;

3) eq =tz 10, e5=ax"10,;

4) ey = (tu + 22)0, + 2ux + 2tz )0y, e5 = ud, + 22 'u0,.

eq = t0, + 2tz ud,, e =0, + 2z ud,;

However, only the second and the third realization give rise to the symmetry algebras of

equations of the form (1.1). The corresponding invariant equations are

slY(2,R) @& (t0, + (tz™'u — 2)0y, 0, + 2 'ud,)
Uy = Mgy + 20820 — 202wy + 2w, — 2720, A #0;
sIN2,R) @ {(tu+ 2%)0, + 2(au + to ' u?)0,, ud, + 22~ %9, :
uy = 2w, — 172U 4+ A2 (2u — pug) (2P Uge + 2u — 22u,) ", A # 0.
Note that the five-dimensional Lie algebras presented above are maximal in Lie’s sense.
Analysis of the realizations sl*(2,R), sl*(2,R), sl’(2,R) shows that they do cannot be
extended up to a realization of the algebra sl(2,R) @A, ;. Similarly, the realization so'(3)
cannot be extended up to a realization of the algebra so'(3) G As;.

The realization sl3(2,R) do yield new realizations of the algebra sl(2,R) G-Ay;. We give

these below together with the corresponding invariant equations.

SB(2,R) & (=0 + 2 udy, z710,) : up = 7 (2Ugy + 2uy) P F (). (4.9)
sB(2,R) & (2*udy, 2%0,) 1 uy = 23U (2ugy + 2u,) VA (2). (4.10)

However these five-dimensional Lie algebras are not maximal. To find the most extensive
symmetry algebras we apply the infinitesimal Lie algorithm directly. First of all, using the fact
that F'(t) # 0 we can make the change of variables

t:/F(t)dt, T=x, v=u

and get F' = 1. Next, utilizing the Lie’s algorithm we obtain that the maximal invariance
algebra of PDE (4.9) with F' = 1 is the seven-dimensional Lie algebra

4
sI*(2,R) & (0, 20, + gtat, 2710, =0, + 27 ud,).

This algebra is isomorphic to the Lie algebra sl(2,R) G A5 with ¢ = 1,p = %. The maximal

invariance algebra admitted by (4.10) with F' = 1 is the seven-dimensional Lie algebra
4
si*(2,R) @-(0;, gtat — 20y, ¥*u0,, 220,).
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It is isomorphic to the algebra sl(2,R) @Ay with ¢ =1,p = 3.

Now we proceed to finalizing group classification of the equations obtained in the previous
subsection. Since these equations contain arbitrary functions of at most one variable, we can
apply directly the Ovsyannikov classification method.

Consider, as an example, the case of realization si*(2,R) & (9,). Inserting the function

F = Zui +272F (W), w = 2%Ugy — TUy
into the classifying equation (2.4) and splitting the obtained relation by the powers of the

independent variable u, yields the following over-determined system of PDEs for 7,&,n and F:

<:z:’2(23:71£ + 1y — 28w — x ', + nm> F, = :C’Z(nu — 7+ 2:6’15)15’,

~ -]
(3x_2€uw + &oe + x_lfa: - x_gf - QUxU)Fw = x_zqu + 57795 + &, (4'11)
- 1 1 1 ~ 1
2xu_ uu 2_1qu:_u Tt — 35Sz uqu:__u'
(280w = N + 2277,) Pt 3T b & 76

If the function F' (4.11) is arbitrary, then the realization sl'(2,R) @ (,) is the maximal sym-
metry algebra of the corresponding equation.

It follows from the last two equations from (4.11) that either F is linear function of w or
Eu=1Nuw =0, 2§, —mn,—1=0. (4.12)
Provided F = MAw + C, A # 0, C € R, then the maximal invariance algebra is infinite-
dimensional. In the case when C' # 3\ it is formed by the basis elements of the realization
si*(2,R) @ (9,) and by the infinite set of operators

Voo = a(t, ) exp <%> Ou,

where a = «(t, x) is an arbitrary solution of the equation

ap = ANgy — A2 ta, — — 1 20

4N

In the case when C' = 3\, the corresponding PDE admits two more symmetry operators
t0, + 2(\xz~'t — 1)0, and 9, + 2 \x~1d,.

However, the change of variables from &

t=t, =z, u=4\Inlv|, v=v(t7T)

&I

reduce the equation under study to a linear heat conductivity equation

C
VF = Mgz — A\x oz + ﬁzi_zv.

Consequently, the equation in question is equivalent to linear PDE and therefore is excluded

from further consideration.
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If the function F is a non-linear function of w, i.e., F,. # 0, then taking into account
(4.12) we derive from (4.11) the system of two equations for the functions 7,& = £(¢,x), n =
(26, — To)u + 0(t, ) and F

(27220t = 260w = a7 s ) E = 2720 — 7 2071 F 4,

4.13
(27735“ B fzx - Iilgﬂc + x72§)ﬁw = _%% - gt. ( )

Analysis of the first equation yields the following admissible forms of the function F

F = Xexp(pw)+m, I\p#0, meR;
F = Mnlw+bl4+m, A#0, bmeR;
F = Mw+bP+m, MAp#0, p#1, bmeR.

Inserting these expressions into (4.13) shows that extension of symmetry algebra is only possible
when F = M\w?. However, the maximal invariance algebra of this equation has already been
obtained earlier in this subsection.

A similar analysis of the remaining invariant equations from Subsection 4.2.1 yields the

following results:

e The only extension of the realization si?(2,R) & (9,), which is invariance algebra of an
equation of the form (1.1), is the realization si?(2,R) & (—ud,, 0,).

e The only extension of the algebra si3(2,R) & (txd,), which is invariance algebra of an
equation of the form (1.1), is the realization si3(2,R) & (t0;, tz0,).

e The list of possible extensions of the algebra si*(2, R) @ (9;), which are invariance algebras

of equations of the form (1.1), is exhausted by the following algebras:

1) sl*(2,R) @ (—td, — mxd,, dy),

2) sl’(2,R) @ (t0, tx0,),

3) sl3(2,R) @&(0y, 20, + 5t0y, 2710y, =0, + 2 ud,),
4) sl3(2,R) &(0;, 5t0, — 0y, x*ud,, %0,).

e The realizations sl*(2,R) @ (9;), sl°(2,R) & (0;) and so'(3) @ (9;) do not admit extensions

to realizations admitted by equations of the form (1.1).

Summarizing the above results we give the final list of inequivalent equations from the class

C, that have nontrivial Levi factor.

1
sl'(2,R) @ (0,):u = Zui + 127 ?F(w),
W= T Uy — Ty,

sI'(2,R) @ (20, +2udy,) :uy = v uu, — 272 + 272 (2u — 2u,) F(w),
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w = (2%Upe — 2u)(2u — Tuy)
1
sP(2,R) @ (0,) :u = —Zx_lux + 7% F(w),

2 1

— -1 —1.
W= Uy Uy + 3T Uy ;

sP(2,R) @ (0)) :u = vu.F(w),

5 2

-3 -6, —2.
Uy Uy + 227U,
Ty

4t
sIY2,R) @ (0)) :u =1 2\/4 + 26u2F (W),

w=x

sP(2,R) @ (txd,) :up =

In (270, Py + 207003 %) + zu, F(8),

w = (44 25u2) 7 Uy, + 52tu, + %xgui);
sP(2,R) @ (0)) :up = v 2/ abu2 — 4F (w),
w = (%2 — 4)7? (2 gy + 5adu, — %xgui);
50'(3) @ () :up = \/sec?x + uF(w),

w = (14 u2 cos® x)~3/? (um cos T — (2 + uZ cos® x)u, sin a:');

1
sI'(2,R) @ (0,10, +2ud,) : uy = \r*u’, — 2 \TU Uy + ()\ + —) u?, AN#£0;

4) v
1
sI?(2,R) @ (—udy,0,) :u; = —szlux + Ar 7wy (U Py + 32 g ) T N #£ 0
SB(2,R) @ (—t0, — mxdy, 0y) : uy = Avug|z u, Sugy + 20 5u YA X £ 0,
3
0,£+—;
m # ) 47
X A x
(tOy, tx0y) = uy = % In (x’“r’u;gum + 2x’6u;2) + xtu , ANER;

V)

o~~~
w

S
N
=

S~—

©®

sl'(2,R) @ (t0, + (tz™" — )0y, 0, + 2 ud,) :
Up = Mgy + 202720 — 202" My + 2 uu, — 27 2u?, N #£0;
sI'(2,R) @ ((tu+2*)0, + 2(zu + to~'u®)0y, ud, + 20 'u?9,)
uy = 2, — 172U 4+ A2 (2u — 2y ) (TP Uge + 2u — 22u,) T, N F#0;

4
sIP(2,R) & (0,20, + gtat, 2710y, =0, + 270, T uy = 27N (@Upy + 2%)1/3;

4
sP(2,R) & (0, gtﬁt — 20y, 22Uy, 20y) : uy = 12U (TUgy + 2uy) 3.

5 Concluding Remarks

We present exhaustive description of invariant nonlinear evolution equations belonging to the
class C;. We remind that the latter is formed by PDEs (1.1) that are not £-equivalent to
equations of the form

w = F(t, 2, Uy, Ugy)-
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The corresponding inequivalent classes of invariant equations and their maximal invariance
algebras are described by Theorem 3.1. According to this theorem the list of inequivalent

invariant equations from C; consists of
e equation admitting one-dimensional Lie algebra;
e equation admitting two-dimensional solvable Lie algebra isomorphic to As;
e two equations admitting semi-simple Lie algebras isomorphic to sl(2,R).

The invariant equations (1.1), which are equivalent to the above PDE, belong to the class
Cy. This division comes naturally if we take into account that equations from the class Cy can be
transformed into quasi-linear equations evolution equations [21]. This fact can also be utilized
to construct quasi-local symmetries of nonlinear evolution equations [31].

We give complete classification of PDEs from the class Cy invariant under the Lie algebras
which are either semi-simple or semi-direct sums of semi-simple and solvable Lie algebras. In
Section 4 we provide the full list of invariant equations in question together with their maximal
invariance algebras. It is comprised by Eq.(4.1), equations listed in Lemmas 4.1, 4.2 and
equations presented at the end of Subsection 4.2. The algebraic properties of these equations
can be summarized as follows. There are

e one equation admitting one-dimensional Lie algebra;
e four equations admitting semi-simple Lie algebras isomorphic to s/(2,R) and so(3);
e sixteen equations admitting symmetry algebras having non-trivial Levi factor.

To achieve a complete description of invariant equations of the form (1.1) we need to classify
equations from Cy admitting solvable Lie algebras. This research is in progress now and will be
reported in our future publications. In addition, we plan to use the results of group classification
of equations from the class Cy in order to perform systematic study of quasi-local symmetries

of PDEs (1.1) applying the approach developed in [31].
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