UDC 5179

NEW RESULTS ON PERIODIC SOLUTIONS TO IMPULSIVE
NONAUTONOMOUS EVOLUTION EQUATIONS WITH TIME DELAYS"

HOBI PE3YJbTATU ITPO NEPIOAUYHI PO3B’A3KN HEABTOHOMHUX
EBOJIIOIIMHUX PIBHAHD 3 IMITYJIbCAMHU TA 3ANNI3HEHHAM

Rong-Nian Wang

Guangdong Univ. Foreign Studies
Guangzhou 510420, P R. China
e-mail: rnwang@mail.ustc.edu.cn

Peng-Xian Zhu

Nanchang Univ.
Nanchang, Jiangxi 330031, P R. China
e-mail: pxzhuncu@]126.com

This paper is devoted to establishing some new results on periodic solutions to a class of nonautonomous
impulsive evolution equations with time delays. On making some suitable assumptions such as solutions of
equations are ultimately bounded, we obtain the existence theorem of periodic solutions to such equations
using the Horn’s fixed point theorem. At the end of the paper, an application to a nonautonomous impulsi-
ve partial differential equation with finite time delay is given.

Bcmanosaeno Ho8i pe3yabmamu npo nepiooudHi po3s’asku 048 KAACY Hea8MOHOMHUX €B8OMOUIIHUX
PIBHAHD i3 3aNi3HEeHHAM. 30 NPULIHAMHUMU YMOBAMU, MAKUMU AK YMO84, W0 PO36 A3KU PIBHAND € 3pelll-
MO 0OMENEHUMU, OMPUMAHO Meopemy NPO ICHYBAHHA NePIOOUHHUX PO36 A3KI8 MAKUX PIBHAHb 3d 00-
nomoz0t0 meopemu XopHa npo Hepyxomy mouky. Takox HasedeHo 3acmocy8antsa 00 HeA8MOHOMHO20
PDIBHAHHA 3 YACMUHHUMU NOXIOHUMU 3 IMIYAbCAMU WA CKIHYEHHUM 3ANI3HEHHAM.

1. Introduction. Evolution equations with delays (i.e., with some of the past states of the sys-
tems), compared with those without delays, are more realistic to describe many phenomena in
nature, and they have a very strong application background. We refer readers to [8, 9, 11] and
references therein for more comments. Hence this class of equations has been investigated in
various aspects. Among these investigations, several are concerned with the periodic solutions
of evolution equations with time delays taking values in infinite-dimensional spaces; see, e.g., [7,
18, 19, 21, 22]. Let us mention, in particular, that Liu [17] considered the existence of periodic
solutions to the following evolution equation with time delay

W (t) + Ault) = f(tult)w), ¢ >0,
u(s) = ¢(s), s € [-n0,

in a Banach space using the boundedness of the solutions, where » > 0 is a positive constant,
A is an unbounded linear operator, and u:(s) = u(t + s), s € [—r,0], and Li [14] discussed

* Research supported by the NNSF of China (No. 11471083, 11101202).

(© Rong-Nian Wang, Peng-Xian Zhu, 2014
476 ISSN 1562-3076. Henainitini koausarnus, 2014, m. 17, N4



NEW RESULTS ON PERIODIC SOLUTIONS TO IMPULSIVE NONAUTONOMOUS EVOLUTION... 477

the existence and asymptotic stability of periodic solution to evolution equation with multiple
delays of form

u'(t) + Au(t) = f(t,u(t),ult —71),...,u(t — 7)), t€E€R,

in a Hilbert space using the theory of analytic semigroup and an integral inequality with delays,
where 7,7 = 1,...,n, are positive constants and A is a positive definite selfadjoint operator.

On the other hand, it is known that impulsive evolution equations are adequate mathemati-
cal apparatuses for simulation of numerous evolutionary processes which depend on their pre-
history and are subject to abrupt changes of states at certain moments of time between intervals
of continuous evolution (these changes can be well approximated as being instantaneous chan-
ges as state, that is, in the form of “impulses™). Such processes occur in the theory of optimal
control, biotechnologies, industrial robotics, economics, etc (see, e.g., [S, 20]). Since the end of
the last century, impulsive evolution equations in infinite-dimensional spaces have been investi-
gated by many authors; see [3, 4, 12, 13, 15] and the references therein. We would like to menti-
on that Ezzinbi et al. [10] studied the periodic solutions to the following impulsive evolution
equation:

u'(t) + Au(t) = f(t,u(t)), t>0, t#t,
u(0) = uyp,

Au(ty) = Liu(ty), 1=1,2,..., 0<t; <tz <...<o00,

in a Banach space using the boundedness of the solutions, where A is an unbounded linear
operator and Au(t;) = u(t]") — u(t; ), and in [16], Liang et al. extended the results mentioned
in [10, 17] and related papers to the study of periodic solutions to the semilinear impulsive
evolution equation with finite time delay in the form

W' (t) + Au(t) = f(t,ut),u), t>0, t#t,
U(S) = ¢(S), ENS {_h O]a
Au(t;) = Li(u(ty)), i=1,2,..., 0<t1 <ty<...< 0.

When dealing with some parabolic evolution equations, it is usually assumed that the partial
differential operator in the linear part (possibly unbounded) depends on time (i.e., it is the
case of equations being nonautonomous), stimulated by the fact that this class of operators
appears very often in the applications. Hence, it is natural to ask whether it is possible to study
the periodic solutions to impulsive nonautonomous evolution equation with finite time delay.
In fact, to the best of our knowledge, this study is a topic not yet considered in the literature.
Motivated by the consideration above, in this paper, among others, we are interested in studying
the periodic solutions to evolution equation having the form

u'(t) = A(u(t) + F(t,u(t),u), t>0, t#t,

u(s) = ¢(s), s € [-r0] (1.1)

Au(tl):IZ(u(tl)), 1=1,2,..., 0<t <ty <...<o00,
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in the Banach space (X, || - ||), where (A(t));cr+ (possibly unbounded), depending on time, is a
family of closed and densely defined linear operators on X and has the domains (D(A(t)));cr+,
ur(s) = u(t +s), s € [—r,0], Au(t;) = u(t]) — u(t; ) represents the jump of the function u at
t;,and F, I;, i = 1,2,..., are appropriate functions to be specified later. As one has seen, the
equation above is nonautonomous and [;, 7 = 1,2, ..., constitute impulsive conditions.

This work is a continuation of Liu [17-19], Ezzinbi et al. [10], and Liang et al. [16]. The
new results obtained here extend some results in this area for impulsive autonomous evoluti-
on equations with time delays. Moreover, even for corresponding nonautonomous evolution
equation without impulsive conditions or without delays, the results here are new.

2. Preliminaries. Throughout this paper, £(X) stands for the Banach space of all bounded
linear operators from X to X equipped with its natural topology, C([—r,0]; X) is the Banach
space of all continuous functions ¢ from [—r, 0] to X with the supremum norm

[pllo = sup [l¢(s)],

s€[—r,0]

and PC([—r,0]; X) is the Banach space of all piecewise continuous functions ¢ from [—r, 0] to
X with supremum norm

lellpe = sup Jlp(s)]l.
s€[—r,0]

Thatis, o € PC([—r,0]; X) if and only if ¢ is continuous in [—r, 0] except for finite points where
 is left continuous and has right limits.

Definition 2.1. A family U = {U(t,7) : t > 7,t,7 € R"} of bounded liner operators on X
is called an evolution family if

(1) U(t,r)U(r,7) = U(t,7)and U(t,t) = I forallt > r > Tand t,r,7 € RT,

(2) the map (t,7) — U(t, 7)€ is continuous forall € € X, t > Tand t,7 € RT.

Frow now on, Acquistapace and Terreni conditions (AT}) and (AT») (parabolicity conditi-
ons) below will be assumed throughout.

(AT;) A(t) are linear operators on X and there are constants Ao > 0, 6 € (g, 7r> , and

K7 > Osuchthat Xy U {0} C p(A(t) — o) and for all A € 3y U {0} and ¢t € RT,

K
RN A() — A < .

(ATy) There are constants Ko > 0and o, 5 € (0,1] with « + 5 > 1 such that forall A € ¥y
andt,7 € RT,

(A = J0) RO\ A = M)l R O, A) ~ B A < 27
Here ¥y := {\ € C\{0}; |\| < 0}.

Conditions (AT;) and (ATz), which are initiated by Acquistapace and Terreni [1, 2] for
Ao = 0, are well understood and widely used in the literature. Furthermore, it is known that
under conditions (AT;) and (AT3), there exists a unique evolution family U = {U(t,7) : t >
> 7,t,7 € R} on X such that
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() U(-,7) € CH(r,00), L(X)), 8(];1;,7) = A@)U(t,7)fort > r,andfor0 < t —7 < 1,
k=01[lAOUE )| < Ct-7)7F

. OTU(t, 7)€ . N TYARNY

(ii) — Y, = —U(t,7)A(r)§ fort > Tand £ € D(A(r)) with A(7)§ € D(A(T)).

Definition 2.2. A piecewise continuous function w is called a mild solution of Egs. (1.1) with
ug = ¢ € C([—r,0]; X) if it satisfies the integral equation of form

u(t) = U(t,0)¢(0) + /U(t, T)F (7, u(7), us )dr + Z U(t,t);(u(t;)), t>0.
0

o<t;<t

The following fixed point theorem plays a key role in the proofs of our main results, which
can be found in many books.

Lemma 2.1 [6]. Let Ey C E1 C E, be convex subsets of a Banach space Z, with Ey and Es
compact subsets and E1 open relative to E5. Let P : Eo — Z be a continuous operator such that
for some integer m, one has

PI(B) C By, 1<j<m-—1,
PI(Ey) C Ey, m < j<2m-—1,

then P has a fixed point in Es.

Let T > 0 be a constant. We end this section, by introducing the following assumptions:
(Hp) The evolution family U = {U(¢t,7) : t > 7,t,7 € RT} is exponentially stable, i.e.,
there exist constants M > 0, w > 0 such that

Ut 7] < Memt=7)

forallt > 7.

(H)U(t+T,7+T)=U(t,7)forallt > 7and U(t, ) is compact for all ¢ > 7.

(H3) F(t+ T,v,w) = F(t,v,w),t > 0, F(t,v,w) is continuous in (¢,v,w) and Lipschitz
continuous in (v, w), and maps a bounded set into a bounded set.

(H4) I; is Lipschitz continuous and maps a bounded set into a bounded set for each i =
=1,2,...,and thereisap € Nt suchthat0 < t; < to < ... <t, < T —r,T < tp41, and
otk =t + T, Ipyy, = I, k> 1.

3. Periodic solutions. In the present work, we would follow [16, 19] and other related papers
and name “mild solutions” as “solutions” To show the existence of periodic solutions, we also
assume that solutions of Egs. (1.1) exist on [0, c0) and are unique. Denote by u(t; ¢) the unique
solution with the initial function ¢ € C([—r,0]; X).

Definition 3.1. Solutions of Eqs. (1.1) are bounded if for each By > 0 there is a By > 0 such
that {||¢|lo < Bi,t > 0} implies ||u(t; ¢)|| < Ba.

Definition 3.2. Solutions of Egs. (1.1) are ultimately bounded if there is a bound B}, > 0 such
that for each B} > 0, thereis a K > 0 such that {||¢|lo < Bj,t > K} implies |u(t; ¢)| < Bj.
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Now, we introduce an operator P on C([—r,0]; X) as

(P9)(s) = ur(d)(s) = w(T +5;¢), s € [-r0]

From (H,) one finds that P maps C(|—r,0]; X) into itself. Moreover, we have the following
results.

Lemma 3.1. Let the hypotheses (H1)— (Hy) hold. Then
(a) P is continuous,
(b) if the solutions of Eqs. (1.1) are ultimately bounded, then P is compact.

Proof. (a) Given ¢1, ¢y € C([—r,0]; X). Assume that v(t) = u(t; ¢1) and w(t) = u(t; p2)
are two solutions of Egs. (1.1) corresponding to ¢; and ¢s, respectively. Let My > 0 be a
constant such that |U (¢, 7)|| < Mp forall0 < 7 < ¢ < T. Since F is Lipschitz continuous with
respect to the second and third variables and I; is Lipschitz continuous for eachi = 1,2,...,a
direct calculation yields that for ¢ € [0, 7],

[o(t) = w(®)|| < [U(#0)(¢1(0) — ¢2(0))] +/|!U(t77)(F(T,U(T),vT) — F(7,0(7), wr))| dr+
0

+/HU(t,T)(F(T,v(T),wT) — F(r,w(r),w;))| dr+
0

+ Y Ut L(v(t:) — w(ta)]] <

0<t;<t

t
< Mol[¢1 — ¢2llo + My / lor — wellpedr + Y Cillo(t) — w(t)]),
0 0<t; <t

where M; and C;, i = 1,2, ..., are some constants, which implies that for all ¢ € [0, 7],

t
ot = wellpe < Mol|¢1 — d2llo + My / lvr = wellpodr + Y Cillo,, — w, | po-
0 0<t;<t

So, an application of [16] (Lemma 2.5) yields that

|lve — wel|pe < Ma|lp1 — ¢2ll0, t € [0,T],

where M is a positive constant. This proves that

|P(p1) — P(P2)|lo < Mall¢p1 — ¢2]lo,

which implies that P is a continuous operator.
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(b) One can easily show, along the same lines as in the proof of [16] (Theorem 2.10), that if
the solutions of Egs. (1.1) are ultimately bounded, then they are also bounded. Hence, it suffices
to show that when the solutions of Egs. (1.1) are bounded, P is a compact operator.

Let G be a bounded subset of C'([—r, 0]; X ). In view of the fact that the solutions of Egs. (1.1)
are bounded we see that P(G) C C([—r,0]; X) is bounded.

For s € [—r,0], we have

T+s
(Po)(s) = U(T +s,0)0(0) + / U(T + s,7)F(r,u(7),ur;)dr+
0

+ Y U +s,t)Li(ulty)) = (P1o)(s) + (Pag)(s),

0<t;<T+s

where

T+s

(P1o)(s) = / U(T + s,7)F(1,u(r),ur;)dr, s € [-10],
0

(Pog)(s) = U(T +5,000(0) + > U(T+s,t:)Li(ults), s € [-r,0].
0<t;<T+s

For any e > 0 with e < T" — r we define a mapping P as

T+s—e
(Ped)(s) = / U(T+ s,7)F(1,u(7),u;)dT =

T+s—e
=U(T+sT+s—e¢) / UT+s—¢€1)F(r,u(r),us)dr, ¢ € G.
0

From (H,) it follows that U(T + s,T + s — ¢€) is compact forany 0 < e < T —rand s € [—7,0].
Also, as assumed in (H3), F' maps a bounded set into a bounded set. This, together with the
fact that the solutions of Egs. (1.1) are bounded, implies that the set {F (7, u(7),u;) : T €
€ [0,T],¢ € G} is bounded. Hence, we get that the set {(P.¢)(s) : ¢ € G} is precompact for
each s € [—r,0]. At the same time, we note that

T+s
[(P19)(s) — (Ped)(s)]| < / [U(T + s, 7)F(7,u(7), ur)|ldr — 0 as e — 0.
T+s—e

Accordingly, the set {(P1¢)(s) : ¢ € G} is precompact for each s € [—r,0].
Set F* := max{F(r,u(r),u,) : 7 € [0,T],¢ € G}. Let§ > 0 be small enough such that
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6 < T —r.For —r < 51 < 59 <0, we have

T+s1
[(P1o)(s2) — (P1g)(s1)]| < / [(U(T + s2,7) = U(T + s1,7))F(7,u(7), ur )| d7+
T+s1—6
T+s1—6
+ / (U(T + sg,7) = U(T + 81, 7)) F(1,u(7),ur)| d7+
0

T+so
+ / |U(T + s2,7)F(r,u(r),u)|| dr <
T+s1
T+s1
< MF* / (7o) 4 T gry
T+s1—06
T+8175
+F*  sup  |[(U(T + s9,7) —U(T + s1,7)| / dr+
7€[0,T+s1—6] 0
T+so
+ MF* / eIt =Tgr v 0 as sy — s — 0, ¢6—0.
T+s1

Accordingly, the set {(P1¢)(-) : ¢ € G} is equicontinuous. Hence, an application of Arzela—
Ascoli theorem yields that P; is a compact operator.
Now, we treat P». According to (H4) we have t, < T —r and T < t,41. This gives

(P2)(s) = U(T +5,000(0) + S U(T + s, t)Li(u(t)), s € [-r,0]

1<i<p

From (H,) we note that I; maps a bounded set into a bounded set for each 1 < ¢ < p. This, to-
gether with the fact that the solutions of Egs. (1.1) are bounded, implies that the set {I;(u(¢;)) :
¢ € G} is bounded for each 1 < i < p. Hence, by the compactness of U(¢,7) for t > 7, we
conclude that the set {U(T + s,t;)I;(u(t;)) : ¢ € G} is precompact for each s € [—r, 0] and
1 < i < p. Also, one finds that the set {U(T" + s5,0)¢(0) : ¢ € G} is precompact for each
s € [—r,0]. We thus obtain that the set {(P2¢)(s) : ¢ € G} is precompact for each s € [—r, 0].

As proved above, there exists a k; > 0 such that ||;(u(t;))| < k; foreach 1 < i < p.
Since0 < t; < T—r <T+s < Tforeachs € [-r,0]and 1 < i < p, we obtain that for
—r <51 <s5<0,1 < < p,

||U(T + 89, tl)IZ(u(tl)) - U(T + 81, tZ)IZ(u(tl))H < k‘lHU(T + S9, ti) — U(T + 817ti)|| —

— 0 as s9—s57 — 0,
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which implies that {U(T" + -,t;)I;(u(t;)) : ¢ € G} is equicontinuous for each 1 < ¢ < p.
Along the same lines one can show that {U(T" + -,0)¢(0) : ¢ € G} is equicontinuous. Thus,
{(P2¢)(-) : ¢ € G} is equicontinuous. Again using Arzela— Ascoli theorem we get the com-
pactness of P;.

Lemma 3.1 is proved.

Now we are in a position to prove our existence result of periodic solutions.

Theorem 3.1. Let the hypotheses (Hy) — (Hy) hold. Suppose in addition that the solutions of
Eqgs. (1.1) are ultimately bounded. Then Eqs. (1.1) has a T-periodic solution.

Proof. Let u(t; ) be a solution of Egs. (1.1) with ug = ¢ € C([-r,0]; X) and y(t) :=
=u(t+T;¢).

To prove the theorem, we first show that u(¢; ¢) is a T-periodic solution of Egs. (1.1) if and
only if ¢ is a fixed point of P. Note that

t+T
y(t) =U({t+T,0)p(0) + / Ut+T,7)F(r,u(r),ur)dr+
0

+ Y UR+Tt)L(ulty) = Ji(t) + Ja(2).

0<t;<t+T
From (H3) we have
T t+T
J(t)=Ut+T, 0)¢(0)+/ Ut+T,7)F(1,u(T),u;)dr+ / Ut+T,7)F(1,u(r),u;)dr =
0 T

T
=U(t+T,TU(T, O)qb(())—i—/ Ut+T,T)U(T,7)F(r,u(r),u;)dr+
0
—I—/U(t—I—T,z+T)F(z+T,u(z+T),uz+T)dz:
0

T t
=U(t,0)U(T,0)p(0)+U(t,0) /U s u(T ),uT)dT+/U(t,T)F(T,y(T),yT)dT.
0 0

Also, fort; > T,itisclear thati = p+kandt; = ¢, = tx+1T and I; = I, = Ij. Therefore,
we get

ho(t) = D UE+Tt)Lult)+ Y Ult+T,t:)(ult;) =

o<t <T T<t;<t+T

= Y UA+T. DU t)Li(ult) + > Ut+Toty+T)pi(uty + T)) =
0<t; <T O<tr<t
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= U(t,0) Y UM t)(u(t) + Y Ut Ik(y(tr)-

0<t; <T 0<tr<t
Hence, we obtain
T ¢
y(t) =U(t,0)U(T,0)p(0) + U(t,0) /U su(T ),UT)dT—|—/U(t,7’)F(T,y(7‘),y7—)d7’+
0 0
+U-0) Y UTt)L(ult) + > Ul t)In(y(te) =
0<t; <T 0<tr<t
T
= U(t,0) (U(T, 0)p(0) + / U(T, 7)F(ru(r),u;)dr + > U tl))) +
0 0<t;<T

—I—/U(t,T) (1,y(7), yr)dT + Z (t, te) I (y(ty)) =
0

O<trp<t

= U@0uT) + [ Uy + 3 U6 (),
0

o<t <t

which yields that y(t) = u(t + T'; ¢) is a solution of Egs. (1.1) with yo = ur(¢) = P¢. Since
solutions of Egs. (1.1) are unique, we have u(t + T;¢) = u(t; P¢). Noticing this, a similar
argument as in the proof of [16] (Lemma 2.7) shows that u,p(¢) = P"¢, n > 1.

Now, if P has a fixed point ¢, i.e., P¢ = ¢, then one has u(t + T; ¢) = u(t; ¢) due to u(t +
+T'; ¢) = u(t; Pp), which implies that u(¢; ¢) is a T-periodic solution of Egs. (1.1). Conversely,
if u(t; ¢) is a T-periodic solution of Egs. (1.1),1i.e., ur(¢) = ug(¢), then Pp = up(p) = up(¢) =
= ¢. This proves that ¢ is a fixed point of P.

Next, to obtain the existence of T-periodic solution of Egs. (1.1) it suffices to show that P
has a fixed point ¢. Assume that B > 0 is the bound in the definition of ultimate boundedness.
As shown in Lemma 3.1, if the solutions of Egs. (1.1) are ultimately bounded, then they are also
bounded. From this, we see that there is a constant B; > B such that

lu(t; )| < %Bl forall ¢ 0
when ||¢|lo < B. Similarly, there is a constant B] > Bj such that
|lu(t; p)|| < By forall ¢ >0
when ||¢|lop < Bj. Also, from the ultimate boundedness it is clear that there exists a positive
integer m such that

|lu(t; )| < B forall t> (m—2)T
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when ||¢]lo < Bi. Hence, in view of u,7(¢) = P"¢, n > 1, we see that
IP7H @) = [lu((G = DT +9)l| < By for 1<j<m—1 and |[¢llo < B,
1P~ ) = llu((G = DT + )| < B for j>m and |gllo < B
Denote
A= {¢ € O([-r,0[;X) : [|¢lo < B}, Ep := cov.(P(A)),
C:={p € C([-r,0};X) : [[¢llo < B}, B2 := cov.(P(C)), (32)
D :={¢ € C([-r,0;X) : |90 < B1}, E1:=DnNE,.

Then from the compactness of P and the fact that a convex hull of a precompact set is also
precompact, we obtain that £y C E; C E» are all convex subsets of C([—r,0]; X), Ey and
E, are compact subsets of C'([—r,0]; X), and E; is open relative to Es. Therefore, according to
(3.1) and (3.2) we deduce that

PIE)) CFEy, 1<j<m-1, PY(E) CEy, m<j<2m-1.

Thus, by Lemma 2.1 P has a fixed point, i.e., there exits ¢ € C([—r,0]; X) such that Py = ¢.

As proved above, we know that the solution u(t; ¢) of Egs. (1.1) corresponding to the initial

value ug = ¢ is just T-periodic. Therefore u(t; ¢) is a T-periodic solution of Egs. (1.1).
Theorem 3.1 is proved.

4. An example. To illustrate our abstract results, let us consider the partial differential
equation in the form

u(t,z) Ou(t, )
ot Ox?

u(t,0) = u(t,7) =0, teRH,

+ d(t)u(t,z) =sintcosu(t,z) cosu(t + 6,x), t >0, t # t;, = € [0,7],

(4.1)

™

u(f,x) = ¢(0,z), 0 € {—Z,O} , x € [0,n],

21
)

Au(ti,x) = (—1)i65in(“(ti’$)), t; m, i=1,2...,q, x€ 0,7,

where ¢ is a given positive integer, d : RT™ — R is continuously differentiable, d(t + 27) = d(t)
forallt € RT, and
dpmin = min d(t) > —1.

tERF
Take X = L?([0,n]) with norm || - ||2 and inner product (-, -)o. Define
D(A(t)) := D(B), tecR",
A(t)E := BE—d(t), € € D(A(1)),
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where the operator B : D(B) C X — X is given by the following form:

o

B = = >
3 922’

£ € D(B),

D(B) := {¢€ € X : £,¢ are absolutely continuous, £’ € X, and £(0) = &(m) = 0}.

It is well-known that B has a discrete spectrum and its eigenvalues are —n?, n € NT with the

2
corresponding normalized eigenvectors y,(x) = {/—sin(nz). Clearly, (A(t));cr+ satisfies the
T

conditions (AT}) and (AT3). Hence, A(t) generater an evolution family U = {U(t,s) : t >
> s,t,s € RT} and

- _(/td(T)dT+n2(t—T))
Ul(t,s)¢ = Ze s (&, Yn)oyn forall t>s, €€ X.

n=1

A direct calculation gives the following estimate:
U, s)]| < e (IHdmin)(t=5)  forall ¢ > s.

Note also that for each ¢t > s, s € R, the operator U(t, s) is a nuclear operator, which yields
the compactness of U(¢, s) fort > s.
Define

u(t)(z) = ult, z),
¢(t)(z) = o(t, 2),
F(t,u(t),us(0))(x) = sintcosu(t,z)cosu(t + 0, z),

Ti(u(ti)) (@) = (~1)fesnettsa)),
Then it is clear that to; = ¢; + 27, Io4; = I; and

F(t+2m, &,&) = F(t,&,&) forall t € RT, §&,6 € X,
HIl(gl) - I’L(SQ)”Q S 6”51 _52”27 1= 1727"‘7 Q7€17§2 S X;

L) < ev/m, i=1,2,..., q¢€X.
Moreover, it is easy to verify that the hypotheses (H;)— (Hy) are satisfied.
Note that the partial differential equation (4.1) can be reformulated as the abstract Egs.

(1.1). Let¢p € C ([—Z,O} ;L2([0,7r])> and B > 0 be a constant with ||¢|lo < B. If u(t;¢) is a
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solution of Eq. (1.1), then we have that for ¢t > 0,

lu(®)ll2 < U2 0)¢( H2+/HU (t,7)sin T cosu(r) cosurllzdr + Y |U(tti) Liu(ti)l2 <

0<t; <t

< BMe~ (Hrdmin)t —|—Mf/ — (I dumin)(t=7) g 4 Mey/m Z —(1+dmin) (t—t:) _
0<t;<t

= BMe~ UFdmin)t (1]\4{;/7?)(1 — e Uhdmindty 4 Mey/m Y e (Ihdmin) (=t
min 0<t;<t

Taking K (B) > t4, one can find a constant M’ > 0 such that

BMe—(l-dein)K(B) N — M\/> + M€f Z 6—(1+dmin)(K(B)_ti) < M'.
( + dmln)
0<t;<K(B)

Accordingly, when ||¢|lo < B, it follows that |[u(t; ¢)||2 < M’ for all ¢ > K(B), which implies
that u(t; ¢) is ultimately bounded and hence a 27-periodic solution of (4.1) due to Theorem 3.1.
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