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NONLINEAR MODAL EQUATIONS FOR A LEVITATING DROP
HEJITHIVHI MOJIAJIbHI PIBHAHHSA JEBITYI0YOI KPAILII
M. O. Chernova, 1. A. Lukovsky

Inst. Math. Nat. Acad. Sci. Ukraine
Tereshchenkivska St., 3, Kyiv, 03601, Ukraine

Based on variational method, the paper derives nonlinear modal equations describing the dynamics of a
levitating drop. Using these equations, we construct an asymptotic modal theory for axisymmetric drop
oscillations. We consider nonlinear free oscillations of the drop with the frequency close to the lowest
natural frequency, the results are compared with experimental data and numerical results obtained by
other authors.

Basyrouuce na sapiauitinomy memooi, 8UBeO0eHO HEeAIHIUHI MOOAAbHI PIBHAHHA OUHAMIKU Ae8IMYI0Yol
Kpanai. 3 00NOMO2010 YUX PIBHAHL NOOYOOBAHO ACUMNIMOMUYHY MOOAALHY MEOPI0 0CECUMEMPULHUX
KOAUBAHb. P0O32AAHYMO HEeAIHIUHI 8IAbHI KOAUBAHHA 3 4ACMOMOI0, OAU3bKOIO 00 Nepuioi 8aAaCHOL vac-
momu. Pe3yabmamu nopieHIOIOMbCA 3 eKCREPUMEHMAALHUMU OAHUMU MA YUCEALHUMU Pe3YAbIMamamu
IHWUX agmopie.

1. Introduction. Modern chemical industry employs levitating drops in an ullage gas [5, 6, 15]
for optimizing the reaction flow. The levitation is typically provided by acoustic and/or electro-
magnetic fields created in the gas [2-4, 12, 14, 16— 18, 20]. Apart from experimental studies of
the levitating drop dynamics, the literature contains theoretical works in which the problem is
solved by numerical methods within a fully spatial-and-time discretization. One can also menti-
on the Lord Rayleigh solution [10, 11] of the linearized problem as well as a few attempts to
construct an asymptotic solution of the nonlinear free-surface problem [20].

In summary, the state-of-the-art is similar to that observed in the 50-60s for the liquid
sloshing dynamics [7, 13] when the nonlinear analytical sloshing theory was not constructed,
yet. The latter theory appeared only in the 70-80s after implementing the so-called nonlinear
multimodal methods. The methods reduce the original free-surface problem to an approximate
low-dimensional system of nonlinear ordinary differential equations with respect to generali-
zed coordinates responsible for amplification of natural sloshing modes. A breakthrough in the
multimodal methods was done by Lukovsky and Miles. In the present paper, we generalize
Lukovsky-and-Miles’ results for the nonlinear liquid drop dynamics.

2. Statement of the problem. We consider a levitating drop Q(¢) of an ideal incompressible
liquid that performs oscillatory motions as illustrated in Fig. 1. Due to the surface tension, the
drop takes spherical shape in its hydrostatic state. We choose the radius R of the sphere to
be the characteristic length and introduce the characteristic time ¢, = +/pR3/Ts (T is the
surface tension coefficient). The nondimensional drop dynamics is considered in the spherical
coordinate system = = rsinfcosp,y = rsinfsingp, z = rcosf (r > 0,0 < 0 < 7,0 < p <
< 27) so that the free surface X(¢) is described by the equation

r=(0,0.t) = 1+E(0,0,1). @)

© M. O. Chernova, I. A. Lukovsky, 2012
390 ISSN 1562-3076. Heaninitini koausannsa, 2012, m. 15, N3



NONLINEAR MODAL EQUATIONS FOR A LEVITATING DROP 391

o)
Fig. 1. Geometric notations.

According to (1), perturbations of 3(t) relative to the static spherical shape are subject of the
volume conservation condition

2r W

4 1
dQ = -7 = <§3+52+5>sin9d9d¢=o 2)
3 3
Qé 0/0/

playing the role of a holonomic constrain.
Following [13], we employ the Bateman — Luke variational formulation which states that the
original free-surface problem is the necessary extrema condition of the action

A®,0) = / BL(®,¢) dt 3)

for arbitrary instants ¢; and t3 (¢; < t2) and independent variables ¢ and ® (velocity potential)
restricted to

5(I)|t1,t2 =0, 5<|t1,t2 =0 4)
within the Lagrangian
od 1 _ 4
s =~ [ (G +3002) d@-1m0l-m | [ a@-3x|.  ©
Q1) Q)
4
Here, | - | defines the area, V; = 3 is the nondimensional liquid volume and py is the Lagrange

multiplier (a time-dependent function) caused by the holonomic constrain (2).
The aforementioned free-surface problem takes the form

1 0 0P 1 9 0P 1 9%
2q _ L 2 : — ;
Ve = r2 or (T 87‘) + r2sinf 00 (s1n9 89) + r2sin? § Op? 0 in Q(), (6a)

(@, — Byly — Dy(y/sinf = (G on B(t), (6b)
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(2L o) [2r @2+ G/ 1o CGosind
ot 2 \/C2+<9 C@/SIHQ) ¢2sin6 96 \/C2+C92+(C¢/Sin9)2

B ) e
(2sin? 6 O \/C2 + (2 + ({y/5in )2

subject to the volume conservation condition (2). Here, (6a) and (6b) constitute the kinematic
sub-problem and (6¢) is the so-called dynamic boundary condition in which the square bracket
term is the sum of the principal curvatures [k; + k3.

The problem (6) requires either the initial conditions (6, ¢,0) = (y(0,¢), (r,0,¢,0) =
= ®y(r,60,p) defining the initial drop shape and velocity field or the periodicity condition
CO,p,t) = C(O,p,t +T), ®(r,0,p,t) = @(r,0,p,t + T), where T = 27/c is a fixed
period.

+po=0 on X(t), (6¢)

3. Linear eigensolution and natural modes. Consider small oscillations of a drop with respect
to its spherical shape by linearizing the volume conservation as well as the kinematic (6b) and
dynamic (6¢) boundary conditions in terms of ® and . The linearized volume conservation
condition (2) takes the form

2

//{sin&d&dgp—o, (7)

00
but the linearized boundary conditions are

e 9 0% 1 0 [, 06 1 e\ _ _
E—E, 81‘5—’_{ 26(51119(‘30 {Slngf)&]—‘_sirﬁ@&,ﬂ —07 7"—1, (8)

that can be combined to exclude ¢ and derive the boundary condition

o oo a1 0 o 1 90
a2 { ar " or [sin@ o0 <Smgae> T 20 0y ]} 0, r=1, (9)

with respect to ®.
Postulating ®(r, 0, p,t) = ¢(r,0, p)exp(iot) where o is the so-called linear eigenfrequency
leads to the spectral boundary problem

2w

V3o =0, r<l, //‘;qb‘ sinfdf do = 0,
T

r=1
0 0

,00 00 1 ¢
— 2 — _— g
"¢ { or o or [8111680 < o 89) - sin?0 92| |’ r=1

with respect to the spectral parameter o2 and the eigenfunction ¢.

(10)
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The spectral boundary problem (10) can be solved by separating the spatial variables
é(r,0,0) = Vi (r,0,0) = 'Y, (0,9), 1 > 0, that leads to the equation

2
1 8(Sin98Ylm>+ 1 0°Yim

sinf 99 90 anZo ap — EDYim (11)

The analytical eigensolution follows from (11) and consists of the eigenfrequencies

ol =cl, =1(1-1)(1+2), 1=0,1,..., m=0,...,1, (12)

m —

and the eigenfunctions

(2l 4+ 1)(I — m)!
=0
\/ an(+m)y 0 T
o - 1 o(m) COS 1My, B
O = Tin(1.0.9) = N P cost) { 211,
20+ 1)(l —m)! -
2r(l+m)! 7 =t

(13)

where Pl(m) are the associated Legendre polynomials.

Four eigenfunctions with [ = 0 and 1 correspond to zero-eigenfrequency and, therefore,
do not imply, from a physical point of view, natural linear modes. The case | = 1 withm = 0
gives ¢19 = z = rcos 6§ that describes a translatory drop motion (as a solid body) along Oz, but
Il =1land m = lyield y = rsinfsiny and x = rsinf cos ¢ responsible the same translatory
motions but along Oy and Ouz, respectively. The case I = 0 corresponds to ¢o9 = 1/2¢/7.
Excluding these four exceptional functions makes the functional basis (13) incomplete from a
mathematical point of view.

4. Nonlinear modal equations. The multimodal methods suggest the solution of (6),

CO.0.8) = 14+ 3 BrOf1(6,0), B(r6,0,0) = 3 En(Don(r6,0),  (14)
I N

where f; and ¢ are complete sets of functions to define admissible shapes Q(t) satisfying
the volume conservation condition and approximating the velocity field. Dealing with the star-
shaped domains Q(t), the solid harmonics (13) provide the completeness and we have

¢ = Nyor'Py(cos), 1> 0,

Gim.c = Gim(r,0) cosmyp = NlmrlPl(m)(cos O)cosme, 1 >1, m=1,...,1, (15a)

Gim,s = Gim(r,0)sinme = NlmrlPl(m)(cos O)sinmp, [>1, m=1,...,1,
Ji = NwPy(cosb), =0,
fim,e = fim(0) cosme = NlmPl(m)(cos O)cosmp, 1 >1, m=1,...,1, (15b)

fim.s = fim(0) sinmep = NlmPl(m)(cosH) sinmp, [>1, m=1,...,L
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This transforms (14) to the form

00 00 l
C0,0,t) = 14> BtV f1(0) + DD (Beym(t) cosme + Bam (t) sinmep) fim(0),  (16)
=0 =1 m=1

(%) l
’I“ 03 903 Z E le r, 9 + Z Z c, lm COS me + Fs,lm(t) sin m(p)qﬁlm(r, 0) (17)
=1 m=1

Substituting (16) into (2) gives the holonomic constrain for the generalized coordinates,

[e’e) o) l
VTR0 + D B+ DD (Bl + Brim) + Ga(Bis Beamy Boim) = 0, (18)

=0 =1 m=1

where G5 implies the cubic and higher polynomial terms. Using the implicit function theorem
we find 5 as follows:

fo = G(Biaﬁc,lm,ﬁs,lmyi >1,1>1) =

= [ZB2+ZZ clm+ﬁslm] 705<ﬁi,ﬁc,lm,ﬁ5,zm,iz1,zz1) (19)
=1 m=1

(G35 also denotes the cubic and higher polynomial terms in $3,) and transforms (16) to the form

¢(0,0,1) —1—1<252+ZZ (B2 im + Baim) +G3>+Zﬁz (t)fi(0

=1 m=1

oo 1
375 Bem(t) cosmep + B g (1) sin mep) fi (6) (20)

=1 m=1

defining the free surface as a function of 3;, B¢ im, Bs,im, % = 1,1 > 1, and providing the volume
conservation. As a consequence, the Lagrange multiplier becomes zero, i.e., pg = 0.
The generalized velocity Fy can be excluded due to

2]

2 . 2

2 \/7?/5F0 dt = S VA BR(t2) — 6Fo(t)] = 0,
t1

provided by (4) with

0Bi(t1) = 0pBi(t2) = 6Beim(t1) = 6Beim(t2) = 0Bsim(t1) = 0Bsim(t2) =
= 0F;(t1) = 0F (t2) = 0F im(t1) = 6Fcim(t2) = 0Fs m(t1) = 0Fsm(t2) = 0. (21)
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Substituting (17) into (5) yields the Lagrangian as a function of the generalized coordinates
and velocities

[e'S) ) ) l ] [e'S) l ) 1 )
- Z Az-Fz - Z Z Ac,lch,lm - Z Z Ac,lch,lm - 5 Z An,anFk_
i=1

=1 m=1 =1 m=1 n,k=1

l1,l2

Z Z A C l1m1 C lgmz) (C llml)F(c,lgmg)*

ll,lQ 1 mi1,mo= 1

00 l1,l2

9 Z Z A(S Lima),(s, l2m2)F(s l1m1)F(S lamg) ™

ll,lg 1mi,mo=1

l1,l2

- Z Z A(c limz1),(s,lama) (c llml)F(s lama) ™

l1,lo=1m1,mz2=1

l

*ZZZA slmFFslm) ZZZA clmFFclm) TS =0, (22)

n=1 (=1 m=1 n=1l=1 m=1
where
2r ™ ¢
= / PndQ = / / / b, 72 sin @ dr df dep, (23a)
Q(t) 000
2r ¢
Acim = /qblmcos(map) dQ = ///gzﬁlm cos(mep)r? sin 0 dr df de, (23b)
Q) 0 0
2r ™ ¢
Agim = /gzblmsin(mgo) dQ:///¢lmsin(mg0)r2sin9drd9dgp, (23¢)
Q(t) 000
2 ™ ¢
Apg = Appn = / (Vo - Vor)dQ = / / / (Vo - V) r’sin 6 dr df dep, (24a)
Q) 000
Aneim) = Aeimyn = | (Von - V]dim cosmepl) dQ =
Q)
2r ™ ¢
= / / / (Vi - V]m cos mep)) 2 sin 0 dr df dep, (24b)
00 0
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An,(s,lm) = A(s,lm),n = / (v¢n : V[¢lm sin mgp]) dQ =
Q(t)

2 ™ ¢

:///V¢n- (Gt sinmep))r? sin 6 dr df de, (24¢)
000

Alctima),(s12ms) = Alsfama) (e limr) = / (VItim, cosmip] - Vgims, sinmap]) dQ =
Q®

2r © ¢

= / / / [b1,m, cOsM1@] - V[Pi,m, sin mggo])'rQ sinf dr df dy, (244d)
0 0

Alctim) (elamz) = Aledoma),(clim) = / (VItim, cosmip] - Vgim, cosmay]) dQ =
QW

2r ™ ¢

= / / / [D1,m, COSM1Q] + V]D1ym, COS mgcp])r2 sin 6 dr df dy, (24e)
0 0

Aslima),(s,dama) = A(slama),(slima) = / (VItmy sinmi@] - V[gpym, sinmael]) dQ =
Qt)

2r ™ ¢
= ///(V[qﬁllml sinmip] - V]pi,m, sin mgcp])r2 sin 0 dr df dy, (241)
0

0 0

and

sin 0 df de. (25)

dS 7] \/(2+§9

Performing a variation of independent generalized velocities F;, Fi j, Fypm, @ > 1,1 > 1,
in the action within the Lagrangian (22) leads to the equations

ZAnka+ZZ n,(c,km) ckm+A (sk‘m)Fskm)7 n>1, (26&)
k=1m=1
dAcm
l ZA(clm ka+ZZ (¢,lm),(c,kn) Ckn+A(clm)(skn)FSkn)7 (26b)
k=1n=1
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dAs Ilm

0 oo k
dL: = Z A(s,lm),ka + Z Z (A(s,lm),(c,kn)Fc,kn + A(s,lm),(s,kn)Fs,kn) ) (266)
k=1 k=1n=1

1>1, m=1,...,1.

The differentiation rule

0 oo 1
0An A, - 0A, -
- i an . Folm an  Msilm 9 2
; o5, ' ;mzl (a/ﬁc,lm Bt i ™1 > (27a)
dAc,lm o = 8AAC,lm > > 8AAc,lm : aAc,lm ;
dt - ; 861 B’L + ; ; ( aﬁc,jn Bc,jn + m 55,]n> ) (27[))
dAs Ilm aAs JIm ' > J 8As n 8145 Im
i ’ c,n ’ S, N 2
Z 9B; jz:lnz:l (850,371 Bejn + 95 ﬁ J (27¢)

shows that (26) is a system of nonlinear ordinary differential equations with respect to generali-
zed coordinates (3,. On the other hand, relations (26) can be considered as a system of algebraic
equations with respect to generalized velocities F;, F p, Fspm, % > 1,1 > 1, where A, ;, are
nonlinear functions of generalized coordinates (3;, Bcim, Bsim, ¢ > 1,1 > 1, but the left-hand
side dA,/dt, dAcm/dt, dAs m/dt, implies expressions with respect to generalized coordinates
Bis Bejms Bsim»© > 1,1 > 1, and their first derivative.

Equations (26) can be interpreted as kinematic equations or a non-holonomic constrain. The
the Euler —Lagrange equations follow from the extrema condition of the action with respect to
the generalized coordinates 3;, B¢im, Bsim, ¢ > 1,1 > 1. These are dynamic equations taking
the form

(o9 o 1
Z F” + Z Z <8AC i FC,lm + agglm Fg,[m) +
w

nl =1 m=1

8Ank n,(c,lm) a"471, (s,Im)
— F, F E, Feim ———Fsim
—|— E - L+ E E < 35u im t aﬂp 1 +

n,l=1m=1

l1,l2

aAC m S m
+ Z Z Fetymy Fsioms (’lla;’( L2 2)+
"

l1,la=1m1,mo=1

l1,l2

81401m c,lam
+f Z Y Fotvmi Fetams (’lag’( ma)
o

ll,ZQ 1mi,ma=1

l1,l2

OA(s1ymy) (siams) . OTS
‘|‘ ’ Z Z Fs Jima Slzmg 85# + 65# — ()7 U > 1, (28a)

l1,lz 1mi,ma=1
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. = 8AC lm 8AAc,lm :
Z aﬁc o +lz;mz < e T D C”m> i

0o
n,k 1

n,(c,lm) 8An ,(s,Im)
kEF F, Foypy 4 —lstm) o
ewcw T ( Beyr " oy )

n,l=1m=1

l1,l2

+ Z Z Fetymi Fsiam, (Ehm) (e, 2m2)+

l1,lo=1m1,ma=1 856,/11/
S S OA(ctymi) (cdams)
*3 Yo Y FeumiFem 0757;’1 AT
l1,la=1m1,ma=1 [N
l1,lo
AN ’ A5 l orTs
+ 2 Z Z Fo1imi Fslamo (87(197;1)7(8’ 2me) + p =0, (28b)
l1,lo=1m1,mo=1 c,uv C v

- . > : a140 lm : a*’Llc,lm .
Z aﬂs,w Pt 2 <a/35,w O D B C’“") *

=1 m=1

1 > n n,(c,lm a1471,3,771
S E e $ S (Y )

nk=1 Bs v n,l=1m=1 OB

l1,l2

0A c,limy),(s,lam
+ Z Z Fcl1m1 Sl2m2 ( éﬁ:uy 2 2)+

l1,la=1m1,m2=1

l1,l2

8A(Cvllm1)7(0,l2m2)
+ 2 Z Z Fcl1m1 c,lamo 85 +
11712 1myi,mo=1 ENZ

L OA(s 1ymy) (slams) . OTS
- Fytom Fstym ima), (s, o, 0
T3 Z Z Jama s lamy OBs + DB 0 (28¢)

It is important that differentiation with respect to S, is done assuming (20) that accounts
for the volume conservation condition so that, e.g.,
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2w

ors ) 1 1 G,
5, = [ [f“_%ﬂ“ ir aﬁu]smedm

/ C(k1 + ko) [f_lﬁ_laG?’
\/C2+g9 CSO/SIHQ) " 21 " 4 (95#

] ds, (29)

2r
e / (k1 + ko) [fuuCOS(VSD)_;ﬁc,uu—l 0Cs }sinededsoz
T
0

aﬂc,uu An 8/8071,“/
B / oy {f i 008(09) = 5 By = - 55 } ds,  (200)
\/C2 + (2 + (¢p/ sin6)? 2m 47 0Be
ors ] , e
— 2 ) 1 1 51 B
868#,, - //(kl + k2)C [f,ul/ Sln(VSO) o Bs,ﬁw e 8,85,MV:| sin 6 d6 d(p
kjl + k2) . 1 1 6G3
/ |:f,uu SIH(VSO) - % 65,;;1/ — E 8/837/u/:| ds. (296)

si(t) \/CZ—FC@ + (Cp/ sin 0)?

5. Asymptotic modal theory for axisymmetric dynamics In the case of axisymmetric drops,
the velocity potential takes the form

D(r,0,p,1) ZFl You(r, 6) (30)

and the free-surface equation is as follows:

1 o0
C(O.0,t) =1— (ZB? Z Aljkﬁlﬁjﬁwas) +Zﬁl )fiB), (31
i=1 i,j k=1
where, using [21],
iim = 2 [ fifjfmsin0df = 5 T@m+1) (Cit.jo) (32)
0
(Ci35% are the Clebsch— Gordan coefficients).
Henceforth, we postulate
By~ Fy = 0(?), e<1, (33)
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and neglect the o(e)-terms in kinematic (26) and dynamic (28) equations. Accounting for (27a),
(26) reads as

Z 862 ZA pFe, n>1, (34)

where neglecting the o(e¢)-terms implies that 0A4,,/03; and A, should keep only the second-
order polynomial terms:

0A,
9Bi

n—l—l n—|—2 >
)— Z Anzjkﬁﬂﬁk_

j,k=1

)
= G+ (2+2) DA +
7j=1

41
7,k=1

el {67“-26%2/%] 6m+§jxn”ﬁg+ Z X wBiBe  (350)
j=1

k 00
Ank’ - n(snk + Z |:nk'A](jl)j nk]i| BJ n;_ Z |: kAggz] nk ’L]i| Bzﬁj

Jj=1 i,j=1
nn+k+1) o N e @)
- T 5nk: Z Bj - n(snk + Z an,jﬂj + Z an,ijﬁiﬁj' (35b)

J=1 J=1 1,j=1

Here, A( ,)C is defined by (32) and AW s expressed via the Clebsch— Gordan coefficients as

ijkm

V(2i+1)(25 +1)(2k + 1)(2m + 1) y

4)
A’E]km = 27r/fzf]fkfm sin 0 = -

min(i+7,k+m) 1
0 0 2

n=max(|i—j|,|k—m/|)

Furthermore,
(-2) _ fn Ofk _
ALY = 27r/ 50 50 sinfdf = n(n+ 1),
0
and
(=3) _ 6fl Ofn 1 i+ D(2i+ Dn(n+1)(2n +1)
Ain,k =2r 90 90 — g Jisin6 do = 2 T2k + 1) CzOnOC( 1),nl>

0
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_ 8f, Ofn 1 = .
Agn"]t)j = o7 50 50 frfjsin@do = gy —Vi(i +1)(2i + Dn(n +1)(2n + 1) x
0

x /k(k+1)(2k + 1)5(5 + 1)(2j + 1)

min(i+n,k+7) 1
0 0
x Z om t 1 Cil ;0 C( 1)l Cro,50 Clzr(bfl),jl'

m=max(|i—n|,[k—j|)

We have also introduced the coefficients

2
(2) _ % |:( + 1)A( ) o (5m5]k + 25ij5kn) )

1 3
ng,z,j = (n + 2)A£n;’ Xn,i,jk - nijk
(1) () A3 @ _nthk (1) A0 _ (nE kA 1)ndngdi
an g = nkA nkj + Ank g0 an,ij - 9 ( kAnkzg + Ank zg) A :

Based on (35), kinematic equations (34) can be considered as linear algebraic equations
with respect to F}, whose asymptotic solution should keep the quadratic terms

B
= l + Z ‘/2(12]616] + Z lwkﬁzﬁjﬁk; l Z 17 (36)
ij=1 ivj k=1
. - . s N > .. > .
Fy = 71—1— Z Wfi}ﬂiﬂﬂ- Z Wfi},kﬁiﬁjﬁk‘f' Z sz}5i5j+ Z Vz,(z;,kﬁiﬁjﬁkv
ij=1 ij, k=1 ij=1 ij,k=1
—(3 3) 3)
VE,(z,g k— ‘/lfz,g ‘/lfz,ky ! = L (37)
Substituting (36) into (34) and gathering all the similar polynomial terms gives
(2) @ s p@p)
(1) WV Xnigk ~ Wi/t — 2. Vi 1L,
@ _ X g/t TR k1= 2 Vgt
g n ’ nigk n '
For axisymmetric drops, the dynamic modal equations (28) take the form
G 0An OA, i oTs
- F, F. + =0, pu>1, 38
STy 3 T e g @
where
(39)

8An,k 1 d 2
0B = H;k),u +2 Z H;k),iuﬁi’
" —
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and formula (29a) leads to

o e F0/? 1 0 (sing
QW/C ( C2C2 ~ (2sinf 00 ( /<2<92 )) x
1 1
X {fu - gﬁu e Z Az’juﬁiﬁj] df =

i,j=1
r 1
= 27"/(2+ 2¢) |:fu - %5 Z Alwﬁ@ﬁ]] sin 6 df+
0 Z] 1
+ 27 / [ } B singdf =
0
- DB+ S T S T8 (40)
7] 1 Jk' 1
where
2p) (3) (Bu) _ (—49) (—40) Ofi 0f; Ofr Ofy .
Tij 72A1]u’ T‘z]k - 77Az]]<;u + — 6zu5 Al]ku =27 20 % % % sin 0d#.

0

Substituting (35a), (36), (37), (39), and (40) into (38) and neglecting the o(¢)-terms gives the
required asymptotic nonlinear modal equations,

Z {@mZdL“ﬂg + Z A BB | Bi+ D

=1 J,k=1 n,k=1

oo
0 1 5 4
B+ Y tn’f,iﬁm] BB + 05 But
m=1

+ i [ﬂTé“} BiBj + Z [ ”k} BiBiBr =0, p>1, (41)

27]:1 )J’k 1
where 0, = 0,0 are the nondimensional frequencies by (12) and

(1 (
Lyp _ Xi, g 2 2,0 _ btk 3)
dz‘f—”[ i +Vu,i,j]’ ik = ! +Z Yoo azk*Vu,,gk]v

1)
0 u V(2) an,u] :

—H nk

. <2]c e n® v, nd,ve
1 > n “nk,um a a,n,m cm, a,k,m

ISSN 1562-3076. Heaninitini koausarnna, 2012, m. 15, N2 3



NONLINEAR MODAL EQUATIONS FOR A LEVITATING DROP 403

The nonlinear asymptotic modal equations (41) constitute an infinite-dimensional system of
ordinary differential equations with respect to generalized coordinates /3,, that are not resolved
relative to the higher derivative.

6. Nonlinear axisymmetric eigenoscillations. We consider almost periodic (free) oscillations
of an axisymmetric drop with the frequency o close to the lowest linear eigenfrequency oy
subject to the Duffing-type third order asymptotics implying the dominant generalized coordi-
nate B2 = O(¢!/3). Analyzing the nonzero coefficients in (41) shows that

B2 = O(?), Byr=0(P), Bs=0(e), B =ole) %246 (42)
so that neglecting the o(¢)-terms in (41) leads to the only nonlinear modal equations
By + 0382 + di 2B + dafafBa + dsPafs + dafa B3+

+ d5 328y + t182 + to BBy + t3f5 + c1P2B2 + 232 = 0, (43a)
Ba+ 2By + dofofa + d7B3 + tafs + tsB2Bs + cafafa + cafafa = 0, (43b)

B + 0286 + dsfBafs + dofuBa + diofafa + di1 5235 + diaf3 B2 + tefefs +t78s = 0,  (43c)

where
24 15 75 67 585 15
dzi?d:iad:7>d:_77d:_73d:77
YTy Ty P a8 P 196 0 1w
P _105V65 _ 30v/65 7565 135165 135165
T orym YT 286y Y T u3ya 0T w3ya T 1001w T 20027
45 24 76 24
=z 2= —nm, ty= —, =~
V4 (V&S T V4
160v/5 180v65 | 540/65

- = ————— ty =
> VA 1437 7 1437

0_9\/56_4\/50_75\/50_185\/5
YT ayr P on/a T 1sayn YT 1sayn
Other modal equations of (41) do not include nonlinear terms.

To construct a periodic asymptotic solution of (43), we assume, as usually [9], the closeness
condition between o and o9,

T792 _ o3 (44)

o2
(the nonlinear eigenfrequency o is unknown). The wanted periodic solution takes the form
By = Acos(ot) + A%(Ey + By cos(20t)) + O(A?),

By = A%(E3 + Eycos(20t)) + O(A%),  Bs = O(A%), A= 0(/?), (45)
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Fig. 2. Theoretical (Eq. (48), solid line) and experimental
dependency between (o — o02)/o2 (o2 is the first
linear eigenfrequency, o is the corresponding nonli-
near eigenfrequency) and the maximum ratio bet-
ween the drop heights and and width (H/W).

where A is the unknown dominant amplitude. Substituting (45) into (43a) and (43b) and accounti-
ng for (44) gives

—t _ 2 —t o 2
o 1+ (2012 c2)o _ 1+ (012 62)02 n O(A2), (464)
o5 205
—t1 + (01 + 02)0'2 t1 — (Cl + CQ)O'% 2
By = = O(A 46b
2 2(02 — 402) 602 o), (460)
—t dg — d7)o? —t dg — d7)o?
By = 4t (262 1)o” _ —tat o 1)%) +0(4%), (46¢)
oy 207
—t de +d7)o?  —t de + d7)o?
By = it letdnor ot U bdioy | o) (464)

2(0% — 403) 2(0% — 403)

Gathering the A3-order terms at the first harmonics in (43a) and using (44) leads to the
secular equation for the non-zero A,

o—o02 m(O)A2 © _ 6347 (47)

o9 1 L N YT

implying a dependence between the normalized nonlinear eigenfrequency (c—o3) /oy = O(e2/3)
and the nondimensional amplitude parameter A> = O(e?/?). Since mgo) < 0, (47) determi-
nes the so-called ‘soft-type’ response suggesting that amplitude A increases with decreasing

frequency o.

Fig. 2 compares our asymptotic result with experimental data in [19] (see also [20]) where
an experimental dependence between (0 — 02)/02 and the maximum ratio (H/W) between
the instant drop height and width were reported. The experimental data for Ry = 0.49 cm
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are denoted by e, but o marks measurements made for Ry = 0.62 cm. In the lowest-order
approximation, the Legendre polynomials properties give

H 1+ V/5/(4m)A (48)

W1 5/5/(dm)A

where A is defined by (47). Fig. 2 shows that (48) provides a good agreement with the numeri-
cal values in [20] (dashed line), [8] (A) and [1] (A). Our theoretical values are in an quali-
tative agreement with experimental measurements for the lower drop radius. A quantitative
discrepancy can be related to viscous effects discussed in [20].

7. Conclusions. Employing the Lukovsky —Miles nonlinear multimodal method developed
for nonlinear sloshing problems, we derived modal equations describing nonlinear dynamics
of a levitating drop. The nonlinear modal equations simplify for axisymmetric drop motions
by implementing a perturbation technique. These equations become finite-dimensional for the
case of almost periodic drop motions with the nonlinear eigenfrequency close to the lowest
linear eigenfrequency. This case was studied by other authors, experimentally and numerically.
To compare ou analytical asymptotic results with earlier experimental [19, 18] and numerical
[20, 8, 1] data, we constructed an asymptotic periodic solution of the last modal equations. The
results are in a good agreement.

1. Alonso C.T. The dynamics of colliding and oscillating drops // Jet Propulsion Laboratory Proc. Int. Colloq.
on Drops and Bubbles / Eds D. J. Collins, M. S. Plesset, M. M. Saffren. — 1974. — P. 14.

2. Basaran O. A. Nonlinear oscillations of viscous liquid drops // J. Fluid Mech. — 1992. — 241. — P. 169-198.

3. Becker E., Hiller W. J., Kowalewski T. A. Experimental and theoretical investigation of large-amplitude osci-
llations of liquid droplets // J. Fluid Mech. — 1991. — 231. — P. 189-210.

4. Becker E., Hiller W. J., Kowalewski T. A. Nonlinear dynamics of viscous droplets // J. Fluid Mech. — 1994. —
258. — P 191-216.

5. Brandt E. H. Suspended by sound // Nature. — 2001. — 413. — P. 474-475.

6. Eberhardt R., Neidhart B. Acoustic levitation device for sample pretreatment in microanalysis and trace
analysis // Fresenius J. Anal. Chem. — 1999. — 365. — P. 475-479.

7. Faltinsen O. M., Timokha A. N. Sloshing. — Cambridge: Cambridge Univ. Press, 2009. — 608 p.

8. Foote G. B. A numerical method for studying simple drop behavior: simple oscillation // J. Comput. Phys. —
1973. — 11. — P. 507 -530.

9. Hermann M., Timokha A. Modal modelling of the nonlinear resonant sloshing in a rectangular tank I: A
single-dominant model // Math. Models and Methods Appl. Sci. — 2005. — 15. — P. 1431 -1458.

10. Lord Rayleigh. On the capillary phenomena of jets / Proc. Roy. Soc. London. — 1879. — 29. — P.71-97.
11. Landau L. D., Lifschitz E. M. Hydrodynamics. — Berlin: Verlag Harri Deutsch, 1991. — 496 p.

12. Liu Y, Zhu Da-M., Strayer D. M., Israelsson U. E. Magnetic levitation of large water droplets and mice // Adv.
Space Res. — 2010. — 45. — P. 208-213.

13. Lukovsky I. A. Introduction to the nonlinear dynamics of solid bodies with cavities filled by a liquid. — Kiev:
Naukova dumka, 1990. — 296 p. (in Russian).

14. Natarajan R., Brown R. A. Third-order effects and the nonlinear stability of drop oscillations // J. Fluid Mech.
— 1987 — 183. — P 95-121.

15. Priego-Capote E, de Castro L. Ultrasound-assisted levitation: Lab-on-a-drop // Trends in Anal. Chemistry. —
2006. — 25. — P. 856-867.

16. Prosperetti A. Free oscillations of drops and bubbles: the initial-value problem // J. Fluid Mech. — 1980. —
100. — P 333-347

ISSN 1562-3076. Heaninitini koausarnsa, 2012, m. 15, N2 3



406

17

18.

19.

20.

21.

M. O. CHERNOVA, I. A. LUKOVSKY

Shen C. L., Xie W.J.,, Wei B. Parametrically excited sectorial oscillation of liquid drops floating in ultrasound
/I Phys. Rev. E. — 2010. — 81. — Art. No. 046305.

Trinh E., Wang T. G. Large-amplitude free and driven drop-shape oscillations: experimental observations //
J. Fluid Mech. — 1982. — 122. — P. 315-338.

Trinh E., Wang T. G. Large amplitude drop shape oscillations // Pasadena Proc. 2nd Int. Colloq. Drops and
Bubbles. — 1982. — P. 82-87

Tsamopoulos J. A., Brown R. A. Nonlinear oscillations of inviscid drops and bubbles // J. Fluid Mech. — 1983.
— 127. — P. 519-537

Zharov E N., Grigoriev FE I, Shiryaev S. O. Some properties of expansion by derivatives of the Legendre
polynomials appearing for nonlinear oscillations of a viscous drop // J. Techn. Phys. — 2005. — 75. — P. 131 -
140.

Received 1704.12

ISSN 1562-3076. Heaninitini koausarnna, 2012, m. 15, N2 3



