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NONLINEAR MODAL EQUATIONS FOR A LEVITATING DROP

НЕЛIНIЙНI МОДАЛЬНI РIВНЯННЯ ЛЕВIТУЮЧОЇ КРАПЛI

M. O. Chernova, I. A. Lukovsky

Inst. Math. Nat. Acad. Sci. Ukraine
Tereshchenkivska St., 3, Kyiv, 03601, Ukraine

Based on variational method, the paper derives nonlinear modal equations describing the dynamics of a
levitating drop. Using these equations, we construct an asymptotic modal theory for axisymmetric drop
oscillations. We consider nonlinear free oscillations of the drop with the frequency close to the lowest
natural frequency, the results are compared with experimental data and numerical results obtained by
other authors.

Базуючись на варiацiйному методi, виведено нелiнiйнi модальнi рiвняння динамiки левiтуючої
краплi. З допомогою цих рiвнянь побудовано асимптотичну модальну теорiю осесиметричних
коливань. Розглянуто нелiнiйнi вiльнi коливання з частотою, близькою до першої власної час-
тоти. Результати порiвнюються з експериментальними даними та чисельними результатами
iнших авторiв.

1. Introduction. Modern chemical industry employs levitating drops in an ullage gas [5, 6, 15]
for optimizing the reaction flow. The levitation is typically provided by acoustic and/or electro-
magnetic fields created in the gas [2 – 4, 12, 14, 16 – 18, 20]. Apart from experimental studies of
the levitating drop dynamics, the literature contains theoretical works in which the problem is
solved by numerical methods within a fully spatial-and-time discretization. One can also menti-
on the Lord Rayleigh solution [10, 11] of the linearized problem as well as a few attempts to
construct an asymptotic solution of the nonlinear free-surface problem [20].

In summary, the state-of-the-art is similar to that observed in the 50-60s for the liquid
sloshing dynamics [7, 13] when the nonlinear analytical sloshing theory was not constructed,
yet. The latter theory appeared only in the 70-80s after implementing the so-called nonlinear
multimodal methods. The methods reduce the original free-surface problem to an approximate
low-dimensional system of nonlinear ordinary differential equations with respect to generali-
zed coordinates responsible for amplification of natural sloshing modes. A breakthrough in the
multimodal methods was done by Lukovsky and Miles. In the present paper, we generalize
Lukovsky-and-Miles’ results for the nonlinear liquid drop dynamics.

2. Statement of the problem. We consider a levitating drop Q(t) of an ideal incompressible
liquid that performs oscillatory motions as illustrated in Fig. 1. Due to the surface tension, the
drop takes spherical shape in its hydrostatic state. We choose the radius R0 of the sphere to
be the characteristic length and introduce the characteristic time t∗ =

√
ρR3

0/Ts (Ts is the
surface tension coefficient). The nondimensional drop dynamics is considered in the spherical
coordinate system x = r sin θ cosϕ, y = r sin θ sinϕ, z = r cos θ (r ≥ 0, 0 ≤ θ ≤ π, 0 ≤ ϕ ≤
≤ 2π) so that the free surface Σ(t) is described by the equation

r = ζ(θ, ϕ, t) = 1 + ξ(θ, ϕ, t). (1)
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Fig. 1. Geometric notations.

According to (1), perturbations of Σ(t) relative to the static spherical shape are subject of the
volume conservation condition∫

Q(t)

dQ =
4

3
π ⇒

2π∫
0

π∫
0

(
1

3
ξ3 + ξ2 + ξ

)
sin θ dθ dϕ = 0 (2)

playing the role of a holonomic constrain.
Following [13], we employ the Bateman – Luke variational formulation which states that the

original free-surface problem is the necessary extrema condition of the action

A(Φ, ζ) =

t2∫
t1

BL(Φ, ζ) dt (3)

for arbitrary instants t1 and t2 (t1 < t2) and independent variables ζ and Φ (velocity potential)
restricted to

δΦ|t1,t2 = 0, δζ|t1,t2 = 0 (4)

within the Lagrangian

BL(Φ, ζ) = −
∫
Q(t)

(
∂Φ

∂t
+

1

2
(∇Φ)2

)
dQ− |Σ(t)| − p̄0

 ∫
Q(t)

dQ− 4

3
π

 . (5)

Here, | · | defines the area, Vl =
4

3
is the nondimensional liquid volume and p̄0 is the Lagrange

multiplier (a time-dependent function) caused by the holonomic constrain (2).
The aforementioned free-surface problem takes the form

∇2Φ =
1

r2

∂

∂r

(
r2∂Φ

∂r

)
+

1

r2 sin θ

∂

∂θ

(
sin θ

∂Φ

∂θ

)
+

1

r2 sin2 θ

∂2Φ

∂ϕ2
= 0 in Q(t), (6a)

ζΦr − Φθζθ − Φϕζϕ/ sin θ = ζζt on Σ(t), (6b)
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(
∂Φ

∂t
+

1

2
(∇Φ)2

)
+

2 + (ζθ/ζ)2 + (ζϕ/(ζ sin θ))2√
ζ2 + ζ2

θ + (ζϕ/ sin θ)2
− 1

ζ2 sin θ

∂

∂θ

 ζζθ sin θ√
ζ2 + ζ2

θ + (ζϕ/ sin θ)2

 −

− 1

ζ2 sin2 θ

∂

∂ϕ

 ζζϕ√
ζ2 + ζ2

θ + (ζϕ/ sin θ)2

+ p̄0 = 0 on Σ(t), (6c)

subject to the volume conservation condition (2). Here, (6a) and (6b) constitute the kinematic
sub-problem and (6c) is the so-called dynamic boundary condition in which the square bracket
term is the sum of the principal curvatures [k1 + k2].

The problem (6) requires either the initial conditions ζ(θ, ϕ, 0) = ζ0(θ, ϕ), Φ(r, θ, ϕ, 0) =
= Φ0(r, θ, ϕ) defining the initial drop shape and velocity field or the periodicity condition
ζ(θ, ϕ, t) = ζ(θ, ϕ, t + T ), Φ(r, θ, ϕ, t) = Φ(r, θ, ϕ, t + T ), where T = 2π/σ is a fixed
period.

3. Linear eigensolution and natural modes. Consider small oscillations of a drop with respect
to its spherical shape by linearizing the volume conservation as well as the kinematic (6b) and
dynamic (6c) boundary conditions in terms of Φ and ξ. The linearized volume conservation
condition (2) takes the form

2π∫
0

π∫
0

ξ sin θ dθ dϕ = 0, (7)

but the linearized boundary conditions are

∂Φ

∂r
=
∂ξ

∂t
,

∂Φ

∂t
+

{
−2ξ

(
1

sin θ

∂

∂θ

[
sin θ

∂ξ

∂θ

]
+

1

sin2 θ

∂2ξ

∂ϕ2

)}
= 0, r = 1, (8)

that can be combined to exclude ξ and derive the boundary condition

∂2Φ

∂t2
−
{

2
∂Φ

∂r
+

∂

∂r

[
1

sin θ

∂

∂θ

(
sin θ

∂Φ

∂θ

)
+

1

sin2 θ

∂2Φ

∂ϕ

]}
= 0, r = 1, (9)

with respect to Φ.

Postulating Φ(r, θ, ϕ, t) = φ(r, θ, ϕ) exp(iσt) where σ is the so-called linear eigenfrequency
leads to the spectral boundary problem

∇2φ = 0, r < 1,

2π∫
0

π∫
0

∂φ

∂r

∣∣∣∣
r=1

sin θ dθ dϕ = 0,

(10)

−σ2φ =

{
2
∂φ

∂r
+

∂

∂r

[
1

sin θ

∂

∂θ

(
sin θ

∂φ

∂θ

)
+

1

sin2 θ

∂2φ

∂ϕ2

]}
, r = 1,

with respect to the spectral parameter σ2 and the eigenfunction φ.
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The spectral boundary problem (10) can be solved by separating the spatial variables
φ(r, θ, ϕ) = Ȳlm(r, θ, ϕ) = rlYlm(θ, ϕ), l ≥ 0, that leads to the equation

1

sin θ

∂

∂θ

(
sin θ

∂Ylm
∂θ

)
+

1

sin2 θ

∂2Ylm
∂ϕ

= −l(l + 1)Ylm. (11)

The analytical eigensolution follows from (11) and consists of the eigenfrequencies

σ2 = σ2
lm = l(l − 1)(l + 2), l = 0, 1, . . . , m = 0, . . . , l, (12)

and the eigenfunctions

φlm = Ȳlm(r, θ, ϕ) = Nlmr
lP

(m)
l (cos θ)

{
cosmϕ,
sinmϕ,

Nlm =



√
(2l + 1)(l −m)!

4π(l +m)!
, m = 0,

√
(2l + 1)(l −m)!

2π(l +m)!
, m ≥ 1,

(13)

where P (m)
l are the associated Legendre polynomials.

Four eigenfunctions with l = 0 and 1 correspond to zero-eigenfrequency and, therefore,
do not imply, from a physical point of view, natural linear modes. The case l = 1 with m = 0
gives φ10 = z = r cos θ that describes a translatory drop motion (as a solid body) along Oz, but
l = 1 and m = 1 yield y = r sin θ sinϕ and x = r sin θ cosϕ responsible the same translatory
motions but along Oy and Ox, respectively. The case l = 0 corresponds to φ00 = 1/2

√
π.

Excluding these four exceptional functions makes the functional basis (13) incomplete from a
mathematical point of view.

4. Nonlinear modal equations. The multimodal methods suggest the solution of (6),

ζ(θ, ϕ, t) = 1 +
∑
I

βI(t)fI(θ, ϕ), Φ(r, θ, ϕ, t) =
∑
N

FN (t)φN (r, θ, ϕ), (14)

where fI and φN are complete sets of functions to define admissible shapes Q(t) satisfying
the volume conservation condition and approximating the velocity field. Dealing with the star-
shaped domains Q(t), the solid harmonics (13) provide the completeness and we have

φl = Nl0r
lPl(cos θ), l ≥ 0,

φlm,c = φlm(r, θ) cosmϕ = Nlmr
lP

(m)
l (cos θ) cosmϕ, l ≥ 1, m = 1, . . . , l, (15a)

φlm,s = φlm(r, θ) sinmϕ = Nlmr
lP

(m)
l (cos θ) sinmϕ, l ≥ 1, m = 1, . . . , l,

fl = Nl0Pl(cos θ), l ≥ 0,

flm,c = flm(θ) cosmϕ = NlmP
(m)
l (cos θ) cosmϕ, l ≥ 1, m = 1, . . . , l, (15b)

flm,s = flm(θ) sinmϕ = NlmP
(m)
l (cos θ) sinmϕ, l ≥ 1, m = 1, . . . , l.
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This transforms (14) to the form

ζ(θ, ϕ, t) = 1 +
∞∑
l=0

βl(t)fl(θ) +
∞∑
l=1

l∑
m=1

(βc,lm(t) cosmϕ+ βs,lm(t) sinmϕ)flm(θ), (16)

Φ(r, θ, ϕ, t) =
∞∑
l=0

Fl(t)φl(r, θ) +
∞∑
l=1

l∑
m=1

(Fc,lm(t) cosmϕ+ Fs,lm(t) sinmϕ)φlm(r, θ). (17)

Substituting (16) into (2) gives the holonomic constrain for the generalized coordinates,

2
√
πβ0 +

∞∑
i=0

β2
i +

∞∑
l=1

l∑
m=1

(β2
c,lm + β2

s,lm) + G̃3(βi, βc,lm, βs,lm) = 0, (18)

where G̃3 implies the cubic and higher polynomial terms. Using the implicit function theorem
we find β0 as follows:

β0 = G(βi, βc,lm, βs,lm, i ≥ 1, l ≥ 1) =

= − 1

2
√
π

[∑
i=1

β2
i +

∞∑
l=1

l∑
m=1

(β2
c,lm + β2

s,lm)

]
− 1

2
√
π
G3(βi, βc,lm, βs,lm, i ≥ 1, l ≥ 1) (19)

(G3 also denotes the cubic and higher polynomial terms in β∗) and transforms (16) to the form

ζ(θ, ϕ, t) = 1− 1

4π

( ∞∑
i=1

β2
i +

∞∑
l=1

l∑
m=1

(β2
c,lm + β2

s,lm) +G3

)
+

∞∑
l=1

βl(t)fl(θ)+

+

∞∑
l=1

l∑
m=1

(βc,lm(t) cosmϕ+ βs,lm(t) sinmϕ)flm(θ) (20)

defining the free surface as a function of βi, βc,lm, βs,lm, i ≥ 1, l ≥ 1, and providing the volume
conservation. As a consequence, the Lagrange multiplier becomes zero, i.e., p̄0 = 0.

The generalized velocity F0 can be excluded due to

2

3

√
π

t2∫
t1

δḞ0 dt =
2

3

√
π [δF0(t2)− δF0(t1)] = 0,

provided by (4) with

δβi(t1) = δβi(t2) = δβc,lm(t1) = δβc,lm(t2) = δβs,lm(t1) = δβs,lm(t2) =

= δFi(t1) = δF (t2) = δFc,lm(t1) = δFc,lm(t2) = δFs,lm(t1) = δFs,lm(t2) = 0. (21)
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Substituting (17) into (5) yields the Lagrangian as a function of the generalized coordinates
and velocities

BL = −
∞∑
i=1

AiḞi −
∞∑
l=1

l∑
m=1

Ac,lmḞc,lm −
∞∑
l=1

l∑
m=1

Ac,lmḞc,lm −
1

2

∞∑
n,k=1

An,kFnFk−

− 1

2

∞∑
l1,l2=1

l1,l2∑
m1,m2=1

A(c,l1m1),(c,l2m2)F(c,l1m1)F(c,l2m2)−

− 1

2

∞∑
l1,l2=1

l1,l2∑
m1,m2=1

A(s,l1m1),(s,l2m2)F(s,l1m1)F(s,l2m2)−

−
∞∑

l1,l2=1

l1,l2∑
m1,m2=1

A(c,l1m1),(s,l2m2)F(c,l1m1)F(s,l2m2)−

−
∞∑
n=1

∞∑
l=1

l∑
m=1

An,(s,lm)FnF(s,lm) −
∞∑
n=1

∞∑
l=1

l∑
m=1

An,(c,lm)FnF(c,lm) − TS = 0, (22)

where

An =

∫
Q(t)

φndQ =

2π∫
0

π∫
0

ζ∫
0

φn r
2 sin θ dr dθ dϕ, (23a)

Ac,lm =

∫
Q(t)

φlm cos(mϕ) dQ =

2π∫
0

π∫
0

ζ∫
0

φlm cos(mϕ)r2 sin θ dr dθ dϕ, (23b)

As,lm =

∫
Q(t)

φlm sin(mϕ) dQ =

2π∫
0

π∫
0

ζ∫
0

φlm sin(mϕ)r2 sin θ dr dθ dϕ, (23c)

An,k = Ak,n =

∫
Q(t)

(∇φn · ∇φk) dQ =

2π∫
0

π∫
0

ζ∫
0

(∇φn · ∇φk) r2 sin θ dr dθ dϕ, (24a)

An,(c,lm) = A(c,lm),n =

∫
Q(t)

(∇φn · ∇[φlm cosmϕ]) dQ =

=

2π∫
0

π∫
0

ζ∫
0

(∇φn · ∇[φlm cosmϕ]) r2 sin θ dr dθ dϕ, (24b)
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An,(s,lm) = A(s,lm),n =

∫
Q(t)

(∇φn · ∇[φlm sinmϕ]) dQ =

=

2π∫
0

π∫
0

ζ∫
0

(∇φn · ∇[φlm sinmϕ])r2 sin θ dr dθ dϕ, (24c)

A(c,l1m1),(s,l2m2) = A(s,l2m2),(c,l1m1) =

∫
Q(t)

(∇[φl1m1 cosm1ϕ] · ∇[φl2m2 sinm2ϕ]) dQ =

=

2π∫
0

π∫
0

ζ∫
0

(∇[φl1m1 cosm1ϕ] · ∇[φl2m2 sinm2ϕ])r2 sin θ dr dθ dϕ, (24d)

A(c,l1m1),(c,l2m2) = A(c,l2m2),(c,l1m1) =

∫
Q(t)

(∇[φl1m1 cosm1ϕ] · ∇[φl2m2 cosm2ϕ]) dQ =

=

2π∫
0

π∫
0

ζ∫
0

(∇[φl1m1 cosm1ϕ] · ∇[φl2m2 cosm2ϕ])r2 sin θ dr dθ dϕ, (24e)

A(s,l1m1),(s,l2m2) = A(s,l2m2),(s,l1m1) =

∫
Q(t)

(∇[φl1m1 sinm1ϕ] · ∇[φl2m2 sinm2ϕ]) dQ =

=

2π∫
0

π∫
0

ζ∫
0

(∇[φl1m1 sinm1ϕ] · ∇[φl2m2 sinm2ϕ])r2 sin θ dr dθ dϕ, (24f)

and

TS =

∫
Σ(t)

dS =

2π∫
0

π∫
0

ζ

√
ζ2 + ζ2

θ +
ζ2
ϕ

sin2 θ
sin θ dθ dϕ. (25)

Performing a variation of independent generalized velocities Fi, Fc,lm, Fs,lm, i ≥ 1, l ≥ 1,
in the action within the Lagrangian (22) leads to the equations

dAn
dt

=
∞∑
k=1

An,kFk +
∞∑
k=1

k∑
m=1

(
An,(c,km)Fc,km +An,(s,km)Fs,km

)
, n ≥ 1, (26a)

dAc,lm
dt

=
∞∑
k=1

A(c,lm),kFk +
∞∑
k=1

k∑
n=1

(
A(c,lm),(c,kn)Fc,kn +A(c,lm),(s,kn)Fs,kn

)
, (26b)
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dAs,lm
dt

=
∞∑
k=1

A(s,lm),kFk +
∞∑
k=1

k∑
n=1

(
A(s,lm),(c,kn)Fc,kn +A(s,lm),(s,kn)Fs,kn

)
, (26c)

l ≥ 1, m = 1, . . . , l.

The differentiation rule

dAn
dt

=
∞∑
i=1

∂An
∂βi

β̇i +
∞∑
l=1

l∑
m=1

(
∂An
∂βc,lm

β̇c,lm +
∂An
∂βs,lm

β̇s,lm

)
, (27a)

dAc,lm
dt

=

∞∑
i=1

∂Ac,lm
∂βi

β̇i +

∞∑
j=1

j∑
n=1

(
∂Ac,lm
∂βc,jn

β̇c,jn +
∂Ac,lm
∂βs,jn

β̇s,jn

)
, (27b)

dAs,lm
dt

=
∞∑
i=1

∂As,lm
∂βi

β̇i +
∞∑
j=1

j∑
n=1

(
∂As,jn
∂βc,jn

β̇c,jn +
∂As,lm
∂βs,jn

β̇s,jn

)
(27c)

shows that (26) is a system of nonlinear ordinary differential equations with respect to generali-
zed coordinates β∗.On the other hand, relations (26) can be considered as a system of algebraic
equations with respect to generalized velocities Fi, Fc,lm, Fs,lm, i ≥ 1, l ≥ 1, where An,k are
nonlinear functions of generalized coordinates βi, βc,lm, βs,lm, i ≥ 1, l ≥ 1, but the left-hand
side dAn/dt, dAc,lm/dt, dAs,lm/dt, implies expressions with respect to generalized coordinates
βi, βc,lm, βs,lm, i ≥ 1, l ≥ 1, and their first derivative.

Equations (26) can be interpreted as kinematic equations or a non-holonomic constrain. The
the Euler – Lagrange equations follow from the extrema condition of the action with respect to
the generalized coordinates βi, βc,lm, βs,lm, i ≥ 1, l ≥ 1. These are dynamic equations taking
the form

∞∑
n=1

∂An
∂βµ

Ḟn +
∞∑
l=1

l∑
m=1

(
∂Ac,lm
∂βµ

Ḟc,lm +
∂Ac,lm
∂βµ

Ḟc,lm

)
+

+
1

2

∞∑
n,k=1

∂An,k
∂βµ

FnFk +
∞∑

n,l=1

l∑
m=1

Fn

(
∂An,(c,lm)

∂βµ
Fc,lm +

∂An,(s,lm)

∂βµ
Fs,lm

)
+

+
∞∑

l1,l2=1

l1,l2∑
m1,m2=1

Fc,l1m1Fs,l2m2

∂A(c,l1m1),(s,l2m2)

∂βµ
+

+
1

2

∞∑
l1,l2=1

l1,l2∑
m1,m2=1

Fc,l1m1Fc,l2m2

∂A(c,l1m1),(c,l2m2)

∂βµ
+

+
1

2

∞∑
l1,l2=1

l1,l2∑
m1,m2=1

Fs,l1m1Fs,l2m2

∂A(s,l1m1),(s,l2m2)

∂βµ
+
∂TS

∂βµ
= 0, µ ≥ 1, (28a)
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∞∑
n=1

∂An
∂βc,µν

Ḟn +
∞∑
l=1

l∑
m=1

(
∂Ac,lm
∂βc,µν

Ḟc,lm +
∂Ac,lm
∂βc,µν

Ḟc,lm

)
+

+
1

2

∞∑
n,k=1

∂An,k
∂βc,µν

FnFk +
∞∑

n,l=1

l∑
m=1

Fn

(
∂An,(c,lm)

∂βc,µν
Fc,lm +

∂An,(s,lm)

∂βc,µν
Fs,lm

)
+

+
∞∑

l1,l2=1

l1,l2∑
m1,m2=1

Fc,l1m1Fs,l2m2

∂A(c,l1m1),(s,l2m2)

∂βc,µν
+

+
1

2

∞∑
l1,l2=1

l1,l2∑
m1,m2=1

Fc,l1m1Fc,l2m2

∂A(c,l1m1),(c,l2m2)

∂βc,µν
+

+
1

2

∞∑
l1,l2=1

l1,l2∑
m1,m2=1

Fs,l1m1Fs,l2m2

∂A(s,l1m1),(s,l2m2)

∂βc,µν
+

∂TS

∂βc,µν
= 0, (28b)

µ ≥ 1, n = 1, . . . , µ,

∞∑
n=1

∂An
∂βs,µν

Ḟn +
∞∑
l=1

l∑
m=1

(
∂Ac,lm
∂βs,µν

Ḟc,lm +
∂Ac,lm
∂βs,µν

Ḟc,lm

)
+

+
1

2

∞∑
n,k=1

∂An,k
∂βs,µν

FnFk +
∞∑

n,l=1

l∑
m=1

Fn

(
∂An,(c,lm)

∂βs,µν
Fc,lm +

∂An,(s,lm)

∂βs,µν
Fs,lm

)
+

+

∞∑
l1,l2=1

l1,l2∑
m1,m2=1

Fc,l1m1Fs,l2m2

∂A(c,l1m1),(s,l2m2)

∂βs,µν
+

+
1

2

∞∑
l1,l2=1

l1,l2∑
m1,m2=1

Fc,l1m1Fc,l2m2

∂A(c,l1m1),(c,l2m2)

∂βs,µν
+

+
1

2

∞∑
l1,l2=1

l1,l2∑
m1,m2=1

Fs,l1m1Fs,l2m2

∂A(s,l1m1),(s,l2m2)

∂βs,µν
+

∂TS

∂βs,µν
= 0, (28c)

µ ≥ 1, n = 1, . . . , µ.

It is important that differentiation with respect to β∗ is done assuming (20) that accounts
for the volume conservation condition so that, e.g.,
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∂TS

∂βµ
=

2π∫
0

π∫
0

(k1 + k2)ζ2

[
fµ −

1

2π
βµ −

1

4π

∂G3

∂βµ

]
sin θ dθ dϕ

=

∫
Σ(t)

ζ(k1 + k2)√
ζ2 + ζ2

θ + (ζϕ/ sin θ)2

[
fµ −

1

2π
βµ −

1

4π

∂G3

∂βµ

]
dS, (29a)

∂TS

∂βc,µν
=

2π∫
0

π∫
0

(k1 + k2)ζ2

[
fµν cos(νϕ)− 1

2π
βc,µν −

1

4π

∂G3

∂βc,µν

]
sin θ dθ dϕ =

=

∫
Σ(t)

ζ(k1 + k2)√
ζ2 + ζ2

θ + (ζϕ/ sin θ)2

[
fµν cos(νϕ)− 1

2π
βc,µν −

1

4π

∂G3

∂βc,µν

]
dS, (29b)

∂TS

∂βs,µν
=

2π∫
0

π∫
0

(k1 + k2)ζ2

[
fµν sin(νϕ)− 1

2π
βs,µν −

1

4π

∂G3

∂βs,µν

]
sin θ dθ dϕ =

=

∫
Σ(t)

ζ(k1 + k2)√
ζ2 + ζ2

θ + (ζϕ/ sin θ)2

[
fµν sin(νϕ)− 1

2π
βs,µν −

1

4π

∂G3

∂βs,µν

]
dS. (29c)

5. Asymptotic modal theory for axisymmetric dynamics In the case of axisymmetric drops,
the velocity potential takes the form

Φ(r, θ, ϕ, t) =
∞∑
l=1

Fl(t)φl(r, θ) (30)

and the free-surface equation is as follows:

ζ(θ, ϕ, t) = 1− 1

4π

 ∞∑
i=1

β2
i +

1

3

∞∑
i,j,k=1

Λ
(3)
ijkβiβjβk +G5

+
∞∑
l=1

βl(t)fl(θ), (31)

where, using [21],

Λ
(3)
ijm = 2π

π∫
0

fifjfm sin θdθ =
1

2

√
(2i+ 1)(2j + 1)

π(2m+ 1)

(
Cm0
i0,j0

)2
(32)

(Cm0
i0,j0 are the Clebsch – Gordan coefficients).
Henceforth, we postulate

βl ∼ Fl = O(ε1/3), ε � 1, (33)
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and neglect the o(ε)-terms in kinematic (26) and dynamic (28) equations. Accounting for (27a),
(26) reads as

∞∑
i=1

∂An
∂βi

β̇i =
∞∑
k=1

AnkFk, n ≥ 1, (34)

where neglecting the o(ε)-terms implies that ∂An/∂βi and Ank should keep only the second-
order polynomial terms:

∂An
∂βi

= δni + (2 + n)
∞∑
j=1

Λ
(3)
nijβj +

(n+ 1)(n+ 2)

2

∞∑
j,k=1

Λ
(4)
nijkβjβk−

− 2 + n

4π

δni ∞∑
j=1

β2
j + 2βiβn

 = δni +

∞∑
j=1

χ
(1)
n,i,jβj +

∞∑
j,k=1

χ
(2)
n,i,jkβjβk, (35a)

Ank = nδnk +
∞∑
j=1

[
nkΛ

(3)
knj + Λ

(−3)
nk,j

]
βj +

n+ k

2

∞∑
i,j=1

[
nkΛ

(4)
knij + Λ

(−4)
nk,ij

]
βiβj−

− n(n+ k + 1)

4π
δnk

∞∑
j=1

β2
j = nδnk +

∞∑
j=1

Π
(1)
nk,jβj +

∞∑
i,j=1

Π
(2)
nk,ijβiβj . (35b)

Here, Λ
(3)
ijk is defined by (32) and Λ

(4)
ijkm is expressed via the Clebsch – Gordan coefficients as

Λ
(4)
ijkm = 2π

π∫
0

fifjfkfm sin θdθ =

√
(2i+ 1)(2j + 1)(2k + 1)(2m+ 1)

4π
×

×
min(i+j,k+m)∑

n=max(|i−j|,|k−m|)

1

2n+ 1

(
Cn0
i0,j0C

n0
k0,m0

)2
.

Furthermore,

Λ
(−2)
nk = 2π

π∫
0

∂fn
∂θ

∂fk
∂θ

sin θ dθ = n(n+ 1)δnk

and

Λ
(−3)
in,k = 2π

π∫
0

∂fi
∂θ

∂fn
∂θ

fk sin θ dθ=−1

2

√
i(i+ 1)(2i+ 1)n(n+ 1)(2n+ 1)

π(2k + 1)
Ck0
i0,n0C

k0
i(−1),n1,
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Λ
(−4)
in,kj = 2π

π∫
0

∂fi
∂θ

∂fn
∂θ

fkfj sin θ dθ =
1

4π

√
i(i+ 1)(2i+ 1)n(n+ 1)(2n+ 1)×

×
√
k(k + 1)(2k + 1)j(j + 1)(2j + 1)×

×
min(i+n,k+j)∑

m=max(|i−n|,|k−j|)

1

2m+ 1
Cm0
i0,n0C

m0
i(−1),n1C

m0
k0,j0C

m0
k(−1),j1.

We have also introduced the coefficients

χ
(1)
n,i,j = (n+ 2)Λ

(3)
nij , χ

(2)
n,i,jk =

n+ 2

2

[
(n+ 1)Λ

(4)
nijk −

1

2π
(δinδjk + 2δijδkn)

]
,

Π
(1)
nk,j = nkΛ

(3)
nkj + Λ

(−3)
nk,j , Π

(2)
nk,ij =

n+ k

2

(
nkΛ

(4)
nkij + Λ

(−4)
nk,ij

)
− (n+ k + 1)nδnkδij

4π
.

Based on (35), kinematic equations (34) can be considered as linear algebraic equations
with respect to Fk whose asymptotic solution should keep the quadratic terms,

Fl =
β̇l
l

+

∞∑
i,j=1

V
(2)
l,i,j β̇iβj +

∞∑
i,j,k=1

V
(3)
l,i,j,kβ̇iβjβk, l ≥ 1, (36)

Ḟl =
β̈l
l

+
∞∑

i,j=1

V
(2)
l,i,j β̈iβj+

∞∑
i,j,k=1

V
(3)
l,i,j,kβ̈iβjβk+

∞∑
i,j=1

V
(2)
l,i,j β̇iβ̇j+

∞∑
i,j,k=1

V̄
(3)
l,i,j,kβ̇iβ̇jβk,

V̄
(3)
l,i,j,k = V

(3)
l,i,j,k + V

(3)
l,i,k,j , l ≥ 1. (37)

Substituting (36) into (34) and gathering all the similar polynomial terms gives

V
(2)
n,i,j =

χ
(1)
n,i,j −Π

(1)
ni,j/i

n
, V

(3)
n,i,j,k =

χ
(2)
n,i,j,k −Π

(2)
ni,jk/i−

∞∑
l=1

V
(2)
l,i,jΠ

(1)
nl,k

n
.

For axisymmetric drops, the dynamic modal equations (28) take the form

∞∑
n=1

∂An
∂βµ

Ḟn +
1

2

∞∑
n,k=1

∂An,k
∂βµ

Fn Fk +
∂TS

∂βµ
= 0, µ ≥ 1, (38)

where

∂An,k
∂βµ

= Π
(1)
nk,µ + 2

∞∑
i=1

Π
(2)
nk,iµβi, (39)
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and formula (29a) leads to

∂TS

∂βµ
= 2π

π∫
0

ζ2 sin θ

2 + (ζθ/ζ)2√
ζ2ζ2

θ

− 1

ζ2 sin θ

∂

∂θ

ζζθ sin θ√
ζ2ζ2

θ

×

×

fµ − 1

2π
βµ −

1

4π

∞∑
i,j=1

Λijµβiβj

 dθ =

= 2π

π∫
0

(2 + 2ξ)

fµ − 1

2π
βµ −

1

4π

∞∑
i,j=1

Λijµβiβj

 sin θ dθ+

+ 2π

π∫
0

[
ξθ −

1

2
ξ3
θ

]
∂fµ
∂θ

sin θ dθ =

= (µ+ 2)(µ− 1)βµ +
∞∑

i,j=1

T
(2µ)
ij βiβj +

∞∑
i,j,k=1

T
(3µ)
i,j,k βiβjβk, (40)

where

T
(2µ)
ij = −2Λ

(3)
ijµ, T

(3µ)
i,j,k = −1

2
Λ

(−4θ)
ijkµ +

1

π
δiµδjk, Λ

(−4θ)
ijkµ = 2π

π∫
0

∂fi
∂θ

∂fj
∂θ

∂fk
∂θ

∂fµ
∂θ

sin θdθ.

Substituting (35a), (36), (37), (39), and (40) into (38) and neglecting the o(ε)-terms gives the
required asymptotic nonlinear modal equations,

∞∑
i=1

δµi +
∞∑
j=1

d1,µ
i,j βj +

∞∑
j,k=1

d2,µ
i,j,kβjβk

 β̈i +
∞∑

n,k=1

[
t0,µn,k +

∞∑
m=1

t1,µn,kβm

]
β̇nβ̇k + σ2

µβµ+

+
∞∑

i,j=1

[
µT 2µ

ij

]
βiβj +

∞∑
i,j,k=1

[
µT 3µ

i,j,k

]
βiβjβk = 0, µ ≥ 1, (41)

where σµ = σµ0 are the nondimensional frequencies by (12) and

d1,µ
i,j = µ

[
χ

(1)
i,µ,j

i
+ V

(2)
µ,i,j

]
, d2,µ

i,j,k = µ

χ(2)
i,µ,j,k

i
+

∞∑
α=1

χ
(1)
α,µ,jV

(2)
α,i,k + V

(3)
µ,i,j,k

 ,
t0,µn,k = µ

V (2)
µ,n,k +

Π
(1)
nk,µ

nk

 ,
t1,µn,k,m = µ

V̄ (3)
µ,n,k,m +

Π
(2)
nk,µm

nk
+
∞∑
α=1

χ(1)
α,µ,mV

(2)
α,n,k +

Π
(1)
αk,µV

(2)
α,n,m

k
+

Π
(1)
αn,µV

(2)
α,k,m

n

 .
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The nonlinear asymptotic modal equations (41) constitute an infinite-dimensional system of
ordinary differential equations with respect to generalized coordinates βn that are not resolved
relative to the higher derivative.

6. Nonlinear axisymmetric eigenoscillations. We consider almost periodic (free) oscillations
of an axisymmetric drop with the frequency σ close to the lowest linear eigenfrequency σ20

subject to the Duffing-type third order asymptotics implying the dominant generalized coordi-
nate β2 = O(ε1/3). Analyzing the nonzero coefficients in (41) shows that

β2 = O(ε1/3), β4 = O(ε2/3), β6 = O(ε), βl = o(ε), l 6= 2, 4, 6, (42)

so that neglecting the o(ε)-terms in (41) leads to the only nonlinear modal equations

β̈2 + σ2
2β2 + d1β̈2β4 + d2β̈4β2 + d3β̇2β̇4 + d4β̈2β

2
2+

+ d5β̇
2
2β2 + t1β

2
2 + t2β2β4 + t3β

3
2 + c1β̈2β2 + c2β̇

2
2 = 0, (43a)

β̈4 + σ2
4β4 + d6β̈2β2 + d7β̇

2
2 + t4β

2
2 + t5β2β4 + c3β̈4β2 + c4β̇4β̇2 = 0, (43b)

β̈6 + σ2
6β6 + d8β̈2β4 + d9β̈4β2 + d10β̇4β̇2 + d11β̈2β

2
2 + d12β̇

2
2β2 + t6β2β4 + t7β

3
2 = 0, (43c)

where

d1 =
24

4
√
π
, d2 =

15

14
√
π
, d3 =

75

14
√
π
, d4 = − 67

98π
, d5 = − 585

196π
, d6 =

15

7
√
π
,

d7 = − 9

7
√
π
, d8 =

105
√

65

286
√
π
, d9 =

30
√

65

143
√
π
, d10 = − 75

√
65

143
√
π
, d11 =

135
√

65

1001π
, d12 =

135
√

65

2002π
,

t1 = − 4
√

5

7
√
π
, t2 = − 24

7
√
π
, t3 = − 76

7π
, t4 = − 24

7
√
π
,

t5 = −160
√

5

77
√
π
, t6 = −180

√
65

143
√
π
, t7 =

540
√

65

143π
,

c1 =
9
√

5

14
√
π
, c2 =

4
√

5

7
√
π
, c3 =

75
√

5

154
√
π
, c4 =

185
√

5

154
√
π
.

Other modal equations of (41) do not include nonlinear terms.
To construct a periodic asymptotic solution of (43), we assume, as usually [9], the closeness

condition between σ and σ2,

σ − σ2

σ2
= O(ε2/3) (44)

(the nonlinear eigenfrequency σ is unknown). The wanted periodic solution takes the form

β2 = A cos(σt) +A2(E1 + E2 cos(2σt)) +O(A3),

β4 = A2(E3 + E4 cos(2σt)) +O(A3), β6 = O(A3), A = O(ε1/3), (45)
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Fig. 2. Theoretical (Eq. (48), solid line) and experimental
dependency between (σ − σ2)/σ2 (σ2 is the first
linear eigenfrequency, σ is the corresponding nonli-
near eigenfrequency) and the maximum ratio bet-
ween the drop heights and and width (H/W).

whereA is the unknown dominant amplitude. Substituting (45) into (43a) and (43b) and accounti-
ng for (44) gives

E1 =
−t1 + (c1 − c2)σ2

2σ2
2

=
−t1 + (c1 − c2)σ2

2

2σ2
2

+O(A2), (46a)

E2 =
−t1 + (c1 + c2)σ2

2(σ2
2 − 4σ2)

=
t1 − (c1 + c2)σ2

2

6σ2
2

+O(A2), (46b)

E3 =
−t4 + (d6 − d7)σ2

2σ2
4

=
−t4 + (d6 − d7)σ2

2

2σ2
4

+O(A2), (46c)

E4 =
−t4 + (d6 + d7)σ2

2(σ2
4 − 4σ2

2)
=
−t4 + (d6 + d7)σ2

2

2(σ2
4 − 4σ2

2)
+O(A2). (46d)

Gathering the A3-order terms at the first harmonics in (43a) and using (44) leads to the
secular equation for the non-zero A,

σ − σ2

σ2
= m

(0)
1 A2, m

(0)
1 = − 6347

7840π
, (47)

implying a dependence between the normalized nonlinear eigenfrequency (σ−σ2)/σ2 = O(ε2/3)

and the nondimensional amplitude parameter A2 = O(ε2/3). Since m(0)
1 < 0, (47) determi-

nes the so-called ‘soft-type’ response suggesting that amplitude A increases with decreasing
frequency σ.

Fig. 2 compares our asymptotic result with experimental data in [19] (see also [20]) where
an experimental dependence between (σ − σ2)/σ2 and the maximum ratio (H/W) between
the instant drop height and width were reported. The experimental data for R0 = 0.49 cm
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are denoted by •, but ◦ marks measurements made for R0 = 0.62 cm. In the lowest-order
approximation, the Legendre polynomials properties give

H
W

=
1 +

√
5/(4π)A

1− 1
2

√
5/(4π)A

, (48)

where A is defined by (47). Fig. 2 shows that (48) provides a good agreement with the numeri-
cal values in [20] (dashed line), [8] (4) and [1] (N). Our theoretical values are in an quali-
tative agreement with experimental measurements for the lower drop radius. A quantitative
discrepancy can be related to viscous effects discussed in [20].

7. Conclusions. Employing the Lukovsky – Miles nonlinear multimodal method developed
for nonlinear sloshing problems, we derived modal equations describing nonlinear dynamics
of a levitating drop. The nonlinear modal equations simplify for axisymmetric drop motions
by implementing a perturbation technique. These equations become finite-dimensional for the
case of almost periodic drop motions with the nonlinear eigenfrequency close to the lowest
linear eigenfrequency. This case was studied by other authors, experimentally and numerically.
To compare ou analytical asymptotic results with earlier experimental [19, 18] and numerical
[20, 8, 1] data, we constructed an asymptotic periodic solution of the last modal equations. The
results are in a good agreement.
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