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This paper is concerned with the problem of the global robust exponential stability for Hopfield neural
networks with norm-bounded parameter uncertainties and inverse Holder neuron activation functions. By
applying Brouwer degree properties and some analysis techniques, the existence and uniqueness of the
equilibrium point are investigated. Based on the Lyapunov stability theory, a global robust exponential
stability criterion is derived in terms of linear matrix inequality (LMI). Two numerical examples are provi-
ded to demonstrate the effectiveness and validity of the proposed robust stability results.

Poseaanymo 3aoauy 2106a4bH0I pOOACMHOT eKCNOHEHUIAAbHOT CMIIIKOCIE 045 HeUPOHHUX mepexc Xon-
Giavoa 3 obmexeHUMU 30 HOPMOIO NAPAMEMPUHHOID HEBUIHAHEHICIIO ma 00epHeHUMU PYHKUIAMU
leavoepa netiponrnoi akmusauii. Bukopucmosyrouu aaacmusocmi cmynena bpayepa ma pezyavmamu
3 AHANI3Y, BUBYEHO NUMAHHA ICHYBAHHA MaA €OUHOCMI MO4KU pisHo8azu. Kpumepill en06aabHoi po-
6acmHOI eKCROHEeHUIAAbHOL CMITIKOCIE 8 MEPMIHAX ATHILIHOT MAMPUYHOL HePIBHOCMI OMPUMAHO 3 8U-
Kopucmanuam meopii cmitikocmi Jlanynosa. Hasedeno 08a uucaosux npukaaou 0as intocmpauii egpex-
MUBHOCMI ma 0le80CMI HABEOCHUX Pe3yAbIMAMIB.

1. Introduction. In recent years, there has been increasing interest in the dynamic analysis of
artificial neural networks. Among the most popular models in the previous literatures are the
Hopfield neural networks (HNNs) proposed by Hopfield. This network has attracted numerous
attention due to their promising application in the various engineering problems, such as, classi-
fication of patterns, solving optimization problems, designing associative memory. It has been
observed that such applications greatly rely on the dynamical analysis of the neural network,
in particular, the stability analysis of the neural network. As is well known, when designing
neural network, it is central to investigate stability problem of neural networks. However, in the
process of implementations of neural networks, parametric uncertainty which often breaks the
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stability of a neural network can be commonly encountered due to the modeling inaccuracies
and changes in the environment of the model. For example, in the practical application of neural
networks, some vital data such as the neuron firing rates and the weight coefficients are usually
acquired and processed by means of the statistical estimates. Thus, the robust stability analysis
of different uncertain neural networks in the presence of parametric uncertainties has gained
much research attention, see, e.g. [l —21] and the references therein. In a general way, there are
two forms of parametric uncertainties, namely the interval uncertainty and the norm-bounded
uncertainty. Based on matrix norms and Lyapunov stability theory, Refs. [1-6] derived some
delay-independent or delay-dependent conditions of the existence, uniqueness and robust stabi-
lity for interval uncertain HNNs with constant time delay or interval time-varying delay in terms
of LMI. By applying matrix decomposition method, Halanay inequality and LMI techniques,
Refs. [7, 8] established some delay-independent criteria for the robust stability for uncertain
HNNs with multiple time-varying delays and continuously distributed delays. By using Jensen’s
integral inequality and Lyapunov-Krasovskii method, Refs. [9—11] achieved delay-dependent
criteria of the robust stability for norm-bounded uncertain HNNs with time-varying delay. By
applying the free weight method, LMI and Jensen’s integral inequality techniques, Refs. [12 -
17] proposed some delay-dependent criteria of the robust stability for norm-bounded uncertain
HNNs with multiple time-varying delay. In addition, by using Jensen’s integral inequality and
LMIs, Refs. [18-20] proposed some delay-dependent robust stability criteria for HNNs with
time-varying delay and linear fractional uncertainties and nonlinear uncertainties. Based on
Brouwer degree properties, Refs [21] proved the existence of the equilibrium point of the
interval neural network model with delays and inverse Holder neuron activation functions,
and by applying Lyapunov functional approach presented a sufficient condition which is used
to ensure the interval robust stability of the network in terms of LMIs.

It should be noted, in the existing literature, almost all results on the robust stability of
neural networks with parametric uncertainties are conducted under some special assumptions
on neuron activation functions. These assumptions frequently include those such as Lipschitz,
bounded and/or monotonic increasing property. To the best of our knowledge, there are few
papers to deal with the global robust stability for neural networks with non-Lipschitz activati-
on functions. However, many neural networks without Lipschitz continuous neuron activation
functions frequently appear in the theoretical study of dynamics of neural networks. In addi-
tion, in order to solve a lot of practical engineering problems, whether neural networks with
non-Lipschitz activation functions is stable or robust stable should be determined too. Hence
giving the conditions of the robust stability for neural networks without Lipschitz continuous
activation functions is very valuable in both theory and practice.

Motivated by the preceding discussion, the aim of this paper is to study the global robust
exponential stability of HNNs with norm-bounded parameter uncertainties and inverse Holder
neuron activation functions. a sufficient condition will be derived to ensure the network to
be globally robustlly exponential stable for all admissible parameter uncertainties. The rest of
this paper is organized as follows. In Section 2, the model formulation and some preliminaries
is given. The main result are stated in Section 3. In Section 4, two numerical examples are
presented to demonstrate the effectiveness and validity of the proposed stability results. Finally,
some conclusions are made in Section 5.

Notations. The notations used throughout this paper are standard. A” and A~! denote the
transpose and the inverse of any square matrix A. A > 0 (A < 0) means that A is positive
definite negative definite. R denotes the set of real numbers, R" denotes the n-dimensional
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Euclidean space, R™*" denotes the set of all m x n real matrices. Z denotes the identity matrix
with appropriate dimension. Given the column vectors z = (z1,...,2,)’ € R", the norm is

1
the Euclidean vector norm, i.e., ||z|| = (37, 27)2.

2. Model of neural network and preliminaries. Consider the following HNNs with parametric
uncertainties described by the differential equation system

W~ (D4 AD@)a() + (A + AAW) gl(t) + 1, (1)
where z(t) = (z1(t),...,z,(t))" is the vector of neuron states at time ¢; D = diag (dy, .. ., dy)
is an n x n constant diagonal matrices, d; > 0,7 = 1,...,n, are the neural self-inhibitions; A =
= (@ij)nxn is an nx n interconnection matrix; g(z) = (g1(x1), ..., gn(zn))?, givi = 1,...,n, are
called the neuron activation functions; I = (I1,...,1,)" denots the external input. AD(t) =
= diag (Adi(t),...,Ady(t)) and AA(t) = (Aaij(t))nxn are continuous matrix-valued functi-
ons of ¢, and are used to denote the parametric uncertainties in the network.
Correspondingly, HNNs without parametric uncertainties

W Da(t) + Agla(t)) + 1, @)

is called as the reference neural network of (1).
The parametric uncertainties AD(t) and A A(t) are assumed to satisfy:
A1 1 Ad;(t) : R — Ris a continuous function, and satisfies |Ad;(t)| < d;, i = 1,2,...,n.
As : AA(t) = HF(t)E, where H and E are known constant matrices with appropri-

ate dimensions. The uncertain matrix F'(¢) is an unknown time varying matrix with Lebegue
measurable elements, and satisfies

FTt)F(t) <T VteR (3)

Definition 2.1. The equilibrium point x* of the system (2) is said to be globally exponentially
stable with convergence rate vy, if there are positive constants v, T and (3, such that for any solution
x(t,0,x0) of the system (2) with initial value x(0) = x,

|x(t,0,20) — 2| < Be Mt t>T.

If the equilibrium point z* of the system (1) is globally exponentially stable, then the system
(2) is said to be globally robustly exponentially stable.

Definition 2.2. A continuous function G : R — R, is said to be an a-inverse Hélder functi-
on, if
(i) G is a monotonic nondecreasing function,
(ii) for any p € R, there exist constants q, > 0 and r, > 0 which are correlated with p,
satisfying
1G(0)=G(p) [Z g | 0—p|* V [O0=p|<T),

where o > 0 is a constant.
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The class of a-inverse Holder functions is denoted by ZL(«). When o = 1, 1-inverse Holder
functions are called to be inverse Lipschitz functions. It is easy to check G(f) = arctanf €
€ IL(1),G(0) = 6% € TL(3).

Remark 1. 1t is obvious that a-inverse Holder functions are a class of non-Lipschitz functi-
ons.

Lemma 2.1 [22]. If G(0) € ZL(«), then for any py € R, we have

+oo —00

160 -Gmao = [ 160) - G(m))do = +x.

PO PO

Lemma 2.2 [23]. If G(0) € ZL(«) and G(0) = 0, then there exist constants qy > 0andrg > 0,
such that

G(0)] = qol0]" V0] < ro.

Moreover,
1G(0)| = qorg Y [6] = ro.

Let Q be a nonempty, bounded and open subset of R"™. The closure of 2 is denoted by €,
and the boundary of (2 is denoted by 0.

Lemma 2.3 [24]. (I). Let H : [0,1] x Q@ — R" be a continuous mapping. If pEH(X, 0 )
for all X € [0,1], then Brouwer degree deg (H(\,-), 2, p) is constant (¥ A € [0,1)). In this case,
deg (H(O) ’)7 va)iz deg (H(lu ')7 Q7p)

(2) Let H : Q@ — R™ be a continuous mapping. If deg (H,Q,p) # 0, then the equation
H(z) = p has at least a solution in Q.

Lemma 2.4 (Schur complement). Given constant matrices 31, Yo and X3 with appropriate
dimensions, where X1 = Er{ and Yo = Eg > 0, then

y, X7 -y X
Tx—1 1 3 2 3
X+ M3, 23<0<:>[23 _22]<0, or [ EsT Zl]<0.

Lemma 2.5. For matricess P € R™", M € R"™* N € R>*" and F € R* with P > 0,
FTF < T, and scalar ¢ > 0, the following matrix inequality holds:

PMFN + (MFN)'P < ePMMTP 4+ ¢ 'NTN.

3. Main results.

Theorem 3.1. Suppose g; € ZL(a), i = 1,2,...,n. Under the assumptions A, and Az, if
there exists a positive diagonal matrix P = diag (p1, ..., pn) and a scalar € > 0 such that

PA+ATP+'ETE PH

b= HTP —e7'7

< 0, (4)

ISSN 1562-3076. Heainitini koausarnns, 2012, m. 15, N2 1



GLOBAL ROBUST EXPONENTIAL STABILITY FOR HOPFIELD NEURAL... 131

then the neural network (1) has a unique equilibrium point which is globally exponentially stable,
i.e., the reference neural network (2) is globally robustly exponentially stable.

Proof. The proof is devided into three steps.

Step 1: In this step, the proof of existence for the equilibrium point will be given.
Let H(x,t) = (D+AD(t))x — (A+ AA(t))g(x) — I. 2* € R™is an equilibrium point of the
system (1) if and only if H(z*,t) = 0. Rewrite H(x,t) as

H(z,t) = (D + AD(t))x — (A + AA()§(x) + H(0, 1),

where g(z) = g(x)—g(0). By g; € ZL(«), it follows thatg; € ZL(«), g;(0) = 0and z;g;(z;) > 0
(z; # 0).Set Qg = {x € R" || z ||< R}, R > 0. Define the mapping H : [0,1] x Q@ — R™ as

H(\,z) = (D+ AD(t))x — MA+ AA(t))g(z) + NH(0,t) Vt,
where Qr = {2 € B" :| z |< R}. By means of Lemma 2.5,
()T PH(N 2) = (§(2))" P((D + AD(t))x + AH(0,1)) — A(G(2))" P(A+ AA))(§(=)) =
= (3(z))"P((D + AD(t)) & + AXH(0,t))—

- % Mg())" (P(A+ HF(H)E) + (A+ HF(t)E)' P)(§(x)) >

> (9(x))"P((D + AD(#))a + AH(0, 1)~

— % AG(@)T(PA+ ATP + e(PH(PH)" + e 'ETE)(g(x)).

Let d; = mingo(d; —|Ad;(t)]). By Lemma 2.4, (4) is equivalent to PA+ AT P+¢(PH)(PH)T +
+e 'ETE < 0. Hence,

((2))"PH(A, 2) > (9(x))"P((D + AD(t)x + AH(0,1)) >

> Z [pi(di + Adi(t))|gi(wi)l|zi| — Apilgi(xi| [H(0,2):]] >
=1

maXg¢>( ’7‘[(0, t)i |
d;

I

> > Gl [l -
=1

where #(0, t); denotes the ith element of (0, t).
By Lemma 2.2, there exist constants ¢y, > 0 and ro, > 0 such that

|9i(z:)| > qo;rg, Y |we| > 7o, i=1,2,...,n. (5)

maXt>O£i|vH(0’t)i|7Nk — {nl,...,nk} C {172,...777,},

Qn, = {z: || < a, i € Ny, v € RF} Vk < n. Define

v (@) = dipilgi(w)|[|zi] — a.
€N

Letrg = maxi<i<n70;, @ = MaxXi<i<n
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Noting that €25, is a compact subset of RF and gu, is continuous on Qy; , gy, can reach its
minimum mingeq,, gn; (€) 0n Q-

Let! = minlgign{c@piqoirg‘i}, My, = mingeq,, N, (x) and M = min{My, : N C
C {1,2,...,n}}. Set R > max {\/ﬁ (a — /\l/l> ,\/ﬁro} and x € OfR, then there exist two

index sets /' and N such that
|z <a, i€N, and |z;| >a, i€N,

where NUN = {1,2,...,n}. Furthermore, there exists an index ig in A/ such that

|zi| > E > max{a,ro}. (6)

Vn

By using (5) and (6), for any = € 0Qg and A € [0, 1],

@(x))TP’H()\,x) > Z@pz@(xm [’lﬂ B maXt>0;-l(0,t)i|] .
i=1 ;

> > dipilgi(xa) [l — al + Y dipil i) |[Joi] — a] >
ieN ieN

> Jz’pz’CJoiOT&O (|lzio| = a] + M =

~ M
> diypigqo;, 0, |:’«77i0’ —a+ l} >

- IR M
> diopioqoioroio I:\/ﬁ —a+ l] > 0.

Hence H(\,z) # 0,z € 0Qr and A € [0,1]. By Lemma 2.3(1),
deg (H(0,x),Q%,0) = deg (H(1,x),Qr,0),
i.e., deg (H(x,t),Qx,0) = deg((D + AD(t))x,Qr,0) = deg|D + AD(t)| # 0, where |D +

+AD(t)|is the determinant of D+ AD(t). By Lemma 2.3(2), H(x,t) = 0 has at least a solution
in Q. Thus, the system (1) has at least an equilibrium point.

Step 2: In this step, the uniqueness of equilibrium point of the system (1) will be proved by
the method of contradiction.
Assume that 27 and 2% are two different equilibrium points of the system (1). Then

(D + AD(t))(x1 — 23) = (A+AA(1)) (9(z1) — g(x3)) -
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Hence,
0 <dipi(g(z}) — g(3))" (7 — 23) < (9(x}) — g(x3))" P(D + AD(t))(a} — 23) =

= (g(a]) — 9(23))" P(A+ AA()) (g(a7) — g(a3)) <

< %(Q(f{) = g(@3)"[P(A+ HF(t)E) + (A+ HF(t)E)" P] (9(x7) — g(x3)) <
1

IN

(g(z}) — g(@s)) ' (PA+ ATP + ePHHTP + ¢ 'ETE) (¢9(x}) — g(z3)) < 0.

This is a contradiction. Hence ] = «35. This implies that the equilibrium point of the system
(1) is unique.

Step 3: In this step, by applying Lyapunov function method, the global robust exponential
stability of the system (2) will be presented.

Let F(z,t) = —(D + AD(t))z + (A + AA(t))g(xz) + I, F : R — R"™ is continuous and
local bounded on z. Hence the existence of the local solution of the system (1) with initial value
x(0) = zo on [0,t*(zp)) is obvious, where [0,t*(x()) is the maximal right-hand side existence
interval of the local solution. This local solution is denoted by x(¢,0, x¢). Let * be the unique
equilibrium point of the system (1). Make a transformation y(t) = z(¢) — «*, the system (1) is
transformed into

Cfo = —(D+ AD®)y(t) + (A + AA®L)GF((2)), (7)

where y(t) = (11 (t) ) 3W) = @), Ga(w))” and Gi(y) = gi(yi + 27) —
—gi(z}), i = 1,2,...,n. y(t 0,y0) = x(t,0,z9) — x* is a solution of the system (7) with with
initial Values y(0) = zo — z* on [0, t*(z0)).

Consider the following Lyapunov function:

V(t)=2"> pi / 3i(0)do,
= 0

where 0 < 7 < minj<;<p JZ is a scalar. Calculating the derivative of V/(¢) along the solution
y(t,0,yo) of the system (7) on [0, t*(z0)), it follows that

dv n i (t,0,90,) R
P 277€ntzpi/0 9i(0)do+
i=1

+2¢™(G(y(t,0,90))" P [—(D + AD())y(t, 0, 40) + (A + AA()g(y(t, 0, 40))] <
< 2e™(g(y(t,0,40)))" (nP — P(D + AD(t)))y(t, 0, yo)+
+e™(G(y(t,0,9))) T [P(A+ HF (t)E) + (A+ HF()E)" Plg(y(t,0,4)) <
2(n — d)e™ (G(y(t, 0,90))) " Py(t, 0, y0)+

+ e (G(y(t,0,y0))) [PA+ ATP + ePHHT P + e ' ETE]g(y(t,0,40)) < 0.
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This implies V' (¢) < V(0). Hence

n yi(t707y0i)
2 pi / gi(0)do < V(0)e™" < V(0). (8)
i=1 0

By (8) and Lemma 2.1, it is easy to derive that v;(¢,0,40), ¢ = 1,2,...,n, are bounded on
[0,t"(z0)), ie., y(t, 0, yo) are bounded on [0, ¢*(x)). By the continuous theorem [26], the system
(7) has a solution y(¢, 0, yo) with the initial values y(0) = z¢ — z* on [0, +00). Moreover, by (8)

lim y;(¢,0,30,) =0, i=1,2,...,n.

t——+o0

Hence, there exists a constant 7' > 0 such that y;(t) € [—ro,70], ¢ = 1,2,...,n,Vt > T. By
Lemma 2.2, whent > T,

yi(t,O,yoi) n |yi(t70’y0,‘)‘ a+1
~ a Pq
i=1

« 1<i<n

n
sz'
i=1

0

i.e.,

a+1 The _ n
i(,0,90,)| < V(0 atl
(1. 0.0)] < | Gorv()] T eE

a+1
2pqo

R
|lx(t,0,20) — 2| < \/ﬁ[ V(O)] e ot
where p = minj<;<, p;. This shows that the equilibrium point of the system (1) is globally
exponentially stable, i.e., the system (2) is globally robustly exponentially stable. The proof is
completed.

Remark 2. (i) The condition (4) in Theorem 3.1 is a LMI if ¢ is given. Hence when ¢ is
given, the problem to seek a feasible diagonal matrix P which is used to check the global
exponential robust stability of the system (2) can be solved by using appropriate LMI solver
in the Matlab [25].

(ii) Let P = {(¢,p1,p2,---»Pn)le, pi > 0,i = 1,2,...,n,E < 0}. Generally, it is difficult to
obtain the detail of P. However, the bounds of P can be determined if the following optimization
problems can be solved

Maximize ¢€,p1,p2,...,pn 9)
subject to (g,p1,p2,---,pPn) € P,

Minimize &,p1,p2,---,Pn

subject to (e,p1,p2,...,pn) € P. (10)

(9) and (10) are quasiconvex optimization problems and can be easily solved by using the
Matlab Toolbox. Let g, p1, D2, - . ., pp and g, p1, p2, . . ., P, be the feasible solutions of (9) and (10)
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respectively, D = {(e,p1,p2,....pn)| € <€ <& pi <pi <Di,i=1,2,...,n}. Dis a polytopic
domain. Obviously, based on Theorem 3.1, the vector (e,p1,p2,...,pn) Which ensues that the
system (2) is globally robustly exponentially stable should be contained in D. If D = (), then the
global exponential robust stability of the system (2) can not be checked by using Theorem 3.1.

4. Illustrative examples. Consider the second-order neural network (1) described by D =

=&%QMAmw=mMmmummmA:<?:j)E:H:(%5&J’

. 0, 5sint 0 o T 3 .
F(t) = < 0 0.5 cost ) , I = (0,0)" and g(0) = 6° € ZL(3). Itis easy to check that
(0,0)7 is the equilibrium point of the network. Choose ¢ = 1. Solving the LMI in (4) by using
appropriate LMI solver in the Matlab, the positive diagonal matrix P could be as

1,1580 0
P= ( 0  1.1580 >‘

By Theorem 3.1, the unique equilibrium point of this neural network is global exponential
stable.

Figures 1 and 2 display the time-domain behavior of the network. It can be seen that state
trajectories of this network with 10 initial values converge to the equilibrium point (0,0)7". This
is in accordance with the conclusion of Theorem 3.1.

X,

2

1

0

—1

—2

-3
0 5 10 15 ¢

Fig. 1. The state trajectory x; of the network
with 10 initial values in Example 1.

2
—1 }
-2
-3
0 5 10 1

Fig. 2. The state trajectory z2 of the network
with 10 initial values in Example 1.
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N
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5
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Example 2. Consider the third-order neural network (1) descried by

D = diag(1,1,1), AD(t) = diag(0,5sint,0,4cost,0,5sint),

-3 -2 1 0,5 0 0
A= 2 -1 1 |, H=E=|( 0 05 0 |,
-1 2 -3 0 0 05
0,2sint 0 0
F(t) = 0 0,5 cost 0 , I=1(0,0,00T and g¢(0) = arctan (0) € ZL(1).
0 0 0,4sint

It is easy to check (0,0,0)7 is the equilibrium point of the network. Choose ¢ = 1. Solving
the LMI in (4) by using appropriate LMI solver in the Matlab, the positive diagonal matrix P
could be as

1,7917 0 0
P = 0 1,3466 0
0 00,7271

By Theorem 3.1, the unique equilibrium point of this neural network is global exponential
stable.

Figures 3, 4 and 5 display the time-domain behavior of the network. It can be seen that state
trajectories of this network with 10 initial values converge to the equilibrium point (0,0,0).
This is in accordance with the conclusion of Theorem 3.1.

%,

Fig. 3. The state trajectory = of the network
with 10 initial values in Example 2.

%

1

Fig. 4. The state trajectory z2 of the network
with 10 initial values in Example 2.
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s

Fig. 5. The state trajectory x3 of the network
with 10 initial values in Example 2.

5. Conclusion. In this paper, a new class of Hopfield neural networks with norm-bounded
parameter uncertainties and inverse Holder neuron activation functions has been presented.
A sufficient condition to the existence, uniqueness and global robust stability of equilibrium
point for such neural networks has been derived by employing Brouwer degree properties and
Lyapunov method. The results obtained in this paper are given in the form of LMIs, which can
be checked and applied easily in practice. Two numerical examples have been also exploited to
show the use of the proposed LMI-based stability criteria.

As is well known, when neuron activation functions are non-Lipschitz functions, it is possi-
ble that the neural network system has not the global solution and / or the equilibrium point.
Hence, this leads to difficulty in solving the problem of the stability for neural networks with
non-Lipschitz activation functions. In the future, when the neuron activations are other non-
Lipschitz activation functions, the stability, particularly robust stability for neural networks with
the norm-bounded parameter uncertainties or the interval uncertainty will be an important yet
challenging problem. It will be expected to be solved by the researchers in this filed.
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