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In this paper we shall study the existence of local and global mild solutions of the fractional order di-
fferential equations in an arbitrary Banach space by using the semigroup theory and Schauder’s fixed point
theorem. We also give some examples to illustrate the applications of the abstract results.

Bueuerno numanns icHy8aHHA AOKAALHUX MA 2A00AAbHUX M’ AKUX PO36’A3KI6 OughepeHyiarbHUux pie-
HAHb 0P0008020 NOPAOKY 8 00BIALHOMY OAHAXOBOMY NPOCMOPI 3 BUKOPUCHAHHAM Meopii niezpyn ma
meopemu lllaydepa npo Hepyxomy mouky. Takox HasedeHO Kiabka npuxaadis, AKi iAOCMPYHOmMb 3a-
CMOCYBAHHA AOCMPAKMHO20 Pe3yAbmamy.

1. Introduction. We consider the following fractional order differential equation in a Banach

space (H, |.[}) :
dPu(t
dltbé Ly Au(t) = f(t,u(t)), t€ (0,71,
(1.1)
u(0) = uo,
‘ i dPu(t)
where A is a closed linear operator defined on adense set,0 < 3 < 1,0 < T < oo and -

denotes the derivative of v in the Caputo sense. We assume —A is the infinitesimal generator
of a compact analytic semigroup {S(¢) : t > 0} in H and the nonlinear map f is defined from
[0,T] x H into H satisfying certain conditions to be specified later.

For the initial works on existence and uniqueness of solutions to different type of differential
equations we refer to [1-9] and references cited in these papers.
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Jardat et al. [3] have considered the following fractional order differential equation in a
Banach space of the form

dPu(t)
—g = Au(t) + f(tu(t), Gu(t), Su(), t>to, B € (0,1],
(1.2)
’U,(t()) = Uuop,

where A generates a strongly continuous semigroup. They have used the semigroup and fixed
point method to prove the existence and uniqueness of solutions.

In this paper, we use the Schauder’s fixed point theorem and semigroup theory to prove
the existence of local and global mild solutions to the given problem (1.1). With some extra
assumptions, we can use all the results of this paper to the problem considered by Jardat [3].

The plan of the paper is as follows. Introduction and preliminaries are given respectively, in
the first two sections. In Section 3, we prove the existence of local mild solutions and in Section
4, the existence of global mild solutions for the problem (1.1) is given. In the last section, we
have given some examples

2. Preliminaries. We note that if —A is the infinitesimal generator of an analytic semigroup
then for ¢ > 0 large enough, —(A + ¢I) is invertible and generates a bounded analytic semi-
group. This allows us to reduce the general case in which —A is the infinitesimal generator
of an analytic semigroup to the case in which the semigroup is bounded and the generator is
invertible. Hence without loss of generality we suppose that

IS < M for t>0

and
0 e 10(_‘4)3

where p(—A) is the resolvent set of —A. It follows that for 0 < a < 1, A® can be defined as
a closed linear invertible operator with domain D(A%) being dense in H. We have H,, — H,
for 0 < a < k and the embedding is continuous. For more details on the fractional powers of
closed linear operators we refer to Pazy [10]. It can be proved easily that H, := D(A®) is a
Banach space with norm ||z||, = ||[A%z|| and it is equivalent to the graph norm of A®.

We notice that Cr = C([0, T, H), the set of all continuous functions from [0, 7] into H, is a
Banach space under the supremum norm given by

[¥llr == SUPTI\T,Z)(??)IL ¥ € Cr.

0<n<

We consider the following assumptions:

(Hy) — A is the infinitesimal generator of a compact analytic semigroup S(t).

(Hz2) The nonlinear map f : [0,7] x H — H is continuous in the first variable and satisfies
the following condition:

17t 2) = f(s:9)l < Lg(r)[lt = s + [l = wll],
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forallz,y € B,(H,up),t,s € [0,T]. Here, Ly : R — R, is a nondecreasing function and for
r>0

B.(Z,z1))=4{2€Z:||z—2llz <r},

where (Z, ||.]|z) is a Banach space.
We need some basic definitions and properties of the fractional calculus theory.

Definition 2.1. A real function g(x), x > 0, is said to be in the space C,,, 1 € R, if there exists
a real number p(> p) such that g(x) = zPgi(z), where g1 € C|0,00), and it is said to be in the
space C}! iff g™ e Cy, m € N.

Definition 2.2. The Riemann— Liouville fractional integral operator of order > 0 of a
fucntion g € C, p > —1is defined as

t

1

g —/ 0)do, t > 0.
r'(B) J

Definition 2.3. If the function g € C™, and m is a positive integer then we can define the
fractional derivative of ¢(t) in the Caputo sense as given below

t

dﬁg(t) m ps—1 m

= / (0)dd, m—-1<pB<m, t>0.
0

Definition 2.4. By a mild solution of the differential equation (1.1), we mean a continuous
solution u of the following integral equation given below,

u(t) = zm+rg /t—sﬁlst—@f@u@»@.
0

For more details on mild solution, we refer to [3].

3. Existence of local solutions. To prove the existence of mild solution of the evolution
problem (1.1), we need the following lemma.

Lemma 3.1. The differential equation (1.1) is equivalent to the following integral equation:

u(t) = u F(l/ ds—i—/t—sﬁlfsu())ds
0 0

where 0 < t < T.
Proof. For the details, we refer to Lemma 1.1 in [3].

Now, we state the following theorem.
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Theorem 3.1. Assume the conditions (H,), (H2) are satisfied and vy € D(A). Then, there
exists a ty, 0 < to < T, such that the equation (1.1) has a local mild solution on |0, ty].

Proof. Let R > 0 be such that M ||ug|| < g and 4; = [|[A7¢.
Choose tg, 0 < tg < T such that

ty <

e 175
2{M{Lf(R)[T+R]+||f(0,u0)||}} ] :

We set
Y = {u € Cy : u(0) = up, |Ju(t) —uo|| <R, for 0<t<ty}.

Clearly, Y is a bounded, closed and convex subset of Cy,.
Forany 0 < T' < T, we define a mapping F' from C; into C; given by

(Fu)(t) = uo—i-/ (t —s)P718(t — 5) f(s,u(s)) ds.
0

Clearly, F' is well defined.
We need to show that /' : Y — Y. For any u € Y, we have (Fu)(0) = ug. If t € [0, o], then
we have,

[(Fu)(t) = uoll

IN

1S(tuo — o] + @g/t—sﬁHWt—@mku<»Ws§
0

R M
<5+ go LRI+ B+ 170, w)}G < B

Hence, F': Y — Y.

Now we will show that /' maps Y into a precompact subset F'(Y) of Y. For this we will
show that for fixed ¢ € [0,to], Y(t) = {(Fu)(t) : v € Y} is precompact in H and F(Y') is an
uniformly equicontinuous family of functions. Here, for¢ = 0, Y (0) = {uo} is precompact in H.

Let ¢ > 0 be fixed. For an arbitrary € € (0,¢), define a mapping F. on Y by the formula

(Fau)(t) = S(t)uo + F(l) / (£ — 8)P1S(t — 8) (s, u(s))ds —
0
= S(t)uo + 5((;)) /(t —5)P1S(t — s —€)f(s,u(s))ds
0

Since S(e) is compact for every e > 0, the set Y (¢t) = {(Feu)(t) : v € Y} is precompact in H
for every € € (0,t), where ¢t € (0, to].
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Also, we have

¢
[(Fu)(t) = (Feu)(8)]| = F(lﬁ) /(t— 8)71S(t = 8)f(s,u(s)) ds|| < "R,
forallt € (0,tp], v € Y and R; = 55\4(@ {L#(R)[T + R] + || f(0,up)||}. Consequently, the set

Y (t), where t > 0, is precompact in H.
For any ¢,y € (0,t) with ¢; < ts and u € Y, we have
to
1
(Fu)(t2) — (Fu)(t1) = [S(t2) — S(t1)]uo + 05 /(tz — )77 1S(ty — ) f(s,u(s)) ds +

t1

—1 — )P (4, — )P~ —8)f(s,u(s))ds
5 O/[m PP (12— P18t — 5)F(s,u(s)) ds +
Ltl — )Pt —S)— -8 s,u(s))ds =
5 O/m VS (1 — ) — (11 — )] S5, u(s)) d
=I + DL+ I3+ 14 (3.1)
Hence,
[(Fu)(t2) — (Fu)(E)| < [l + 1220l + 3]l + Zall- (3-2)
We have

I = [S(t2) — S(t1)]uo.

From Theorem 2.6.13 in Pazy [10], it follows that for every 0 < n < 1 — «, to > t; > 0, we
have

111 < AVI(S(2) = S(#)) Ao ]| < A1CyCasnty @ (b2 = 1) |fuoll < Mitz —11)",

where C,, is some positive constant satisfying || A7S(t)|| < Cpt~"forallt > 0. Also, M; depends
on t1 and blows up as ¢; decreases to zero.
From equation (3.1), we have

to
1 _ MA
[L2]] < (m/(tz — )71 1S(ta — $)11.f (s, u(s))[|ds < ﬁri(;)(b —t1),

t1

where Ay = {Ls(R)[T + R] + || f(0,u0)| }. We have

(11— )7 = (t2 — )P 7]S(t2 — 5)f(s, u(s)) ds.

&
I
=
—~| |
—_
~
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Hence,
t1
Ay A C, _
Il < 2 [t =9 =) = (ta = )]s
0
where A\ = 1—a, u = 1_Bando¢7§ 1.
—

Hence, after some calculation, we get

Ay A, C,
(%)

15l < po (1= @A — MO,

1
where ¢ = (1 - (%) A,u) and 0 < & < 1.

Similarly, we get

t1

A1 Ao Clia _ _ _
Il < RS [0 =9 =7 = (= 5) s <
0

A1 Ay Crya o (1o -8 B(1-1)
— o' 1-— to —t B

S o (1 —c1) " (ta — t1) ;
1

where Ciy, = <1 - 52> , 0 < 92 < 1 and (4, is some positive constant satisfying

|ATeS(#)|| < Criat " forallt > 0.

Thus from the above calculations we observe that the right hand side of the inequality (3.2)
tends to zero when ty — t; — 0. Hence, F/(Y) is a family of equicontinuous functions. Also,
F(Y) is bounded. Thus from the Arzela— Ascoli theorem (cf. see Dieudonne [11]), F(Y) is
precompact. The existence of a fixed point of F' in Y is the consequence of Schauder’s fixed
point theorem.

Hence, there exists u € Y, such that for all ¢t € [0, to], we have

t
1
) = S(0uo+ gy [ (6= 57180 = (s u(s)s. (33)
0
where u(0) = uyg.
Applying the similar arguments as above, we see that the function u given by equation (3.3)
is uniformly Holder continuous on [0, ¢g]. With the help of the condition (Hs), we can show

that the map ¢ —— fi(¢,u(t)) is Holder continuous on [0, to]. This completesthe proof of the
theorem.

4. Existence of global solutions.

Theorem 4.1. Suppose that 0 € p(—A) and — A generates a compact analytic semigroup S(t)
with ||S(t)|| < M, fort > 0,uy € D(A), and the function f, : [0,00) x H — H satisfies the
condition (H3). If there is a continuous nondecreasing real valued function k(t) such that

1) < k@A +9l]) for ¢ =0, ¢ € H,
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then the equation (1.1) has a unique mild solution u which exists for all t > 0.

Proof. By Theorem 3.1, we can continue the solution of equation (1.1) as long as |Ju(t)||
stays bounded. Therefore, we need to show that if u exists on [0,7"), then ||u(t)|| is bounded as
t1T.

For ¢t € [0,T), we have

= it —861 S, uls S
) = St + O/t St~ )1 (s, u(s))ds.

From the above equation, we get

t

lu@®l < Mljuoll + 7723 /ts IS = s)lI1f (s, u(s)) | ds.

0

Hence
t
[u(®)]] < Cz+03/(t—8)(5‘”IIU(S)Hd8,
0
where
Cy = Mu —i—iMk
and

Cy = F(lﬁ)Mk(T).

Hence from Lemma 6.7 (Chapter 5 in Pazy [10]), u is a global solution.
To complete the proof of the theorem we only need to show that « is unique on the whole
interval.

Let u; and us be two solutions of the given fractional integral equation (1.1). Then, by a
similar argument as above, we see that

Jur(t) —ua(t)] <

t
<= MLf /t—s )V s () — ua(s)]| ds.
0

Hence from Lemma 6.7 (Chapter 5, Pazy [10]), the solution u is unique. This completes the
proof of the theorem.
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5. Examples. Let H = L?((0,1);R). Consider the following fractional partial differential
equations,

o8

ww(t,x) — Pw(t,z) = F(t,w(t,z)) z € (0,1), t>0,

(5.1)
w(0,z) = up, w(t,0) =w(t,1)=0, te€[0,T], 0<T < o0,

where F'is a given functions and 0 < g < 1.
We define an operator A,

Au = —u" with w € D(A) = H}(0,1).

Here clearly the operator A is self-adjoint, with compact resolvent and is the infinitesimal
generator of a compact analytic semigroup S(t). We take a = 1/2, D(A'/?) is a Banach space
with norm

lzll1je := [|AY22], = € D(AY?),

and we denote this space by Hy 5.
The equation (5.1) can be reformulated as the following abstract equationin H = L?((0,1);R) :

dPu(t)
dth

+Au(t) = f(tu(t), t >0,

u(0) = wo,

where u(t) = w(t,.) that is u(t)(z) = w(t,z),t € [0,T7], = € (0,1), and the function
f:]0,7] x H— H is given by

[t u()(x) = F(t,w(t, x)).

We can take f(t,u) = h(t)g(u'), where h is Lipschitz continuous and g : H — H is Lipschitz
continuous on H. In particular, we can take g(u) = sinw, g(u) = &u, g(u) = arctan(u), where
¢ is constant.
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