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We consider boundary-value problems for integral equations with degenerate kernels. By using the pseudo-
inverse operator, we find conditions for existence of a unique solution of the integral equation, as well as
a representation for this solution. We also find conditions for existence of a solution of the boundary-
value problem for this equation and give a representation of this solution. The results are illustrated with
examples.

Poseaanymo kpaiiosi 3a0a4i 0aa iHmMe2paAIbHUX PIBHAHD 3 8UPOOHCEHUM AOPOM. 34 OONOMOR0K0 NCes-
0006€epHeH020 Onepamopa OMPUMAHO YMOBU ICHYBAHHA Ma 300PalNCeHHA EOUHO20 PO36°A3KY BUXIOHO20
IHMEe2PANLHOR0 PIBHAHHSA, 4 MAKON YMOBU ICHYBAHHS MA 300PAXCeHHA PO3B A3KY Kpallosol 3a0ayi 0as
Yb020 pisHAHHA. Peayabmamu npoiatocmposano npukaadamu.

HccnegoBaHue pa3pellInMOCTH U IOCTPOEHUE PellIeHNH JIMHENHBIX KPaeBbIX 3aa4

(La)(t) = f(t), (1)

lz() = a, (2)

rne L — JNWHEeWHbId OrpaHUYEeHHBIN onepaTop, { — JMHENHBIN OTPAaHUYCHHBIN (DYHKIIMOHAT,
3aBHUCST OT Pa3pelIMMOCTH MCXOJHOTO onepaTopHoro ypasHeHwus (1). s Gosbimoro vmcia
KpaeBbIX 33jjay B Cllydae, KOrja oneparop L sBIsSieTCs BCIOAY pa3pelnMbIM [1], mosmydeHsl
YCIIOBHSI pa3pelImMOCTH 1 (pOPMYJIbI Uit IPEACTaBIeHUsT X pelneHuit [2—4]. OpHako cyie-
CTByeT OOJIBIIION KPYT KpaeBbIx 3aja4 Bupa (1), (2), y KOTOphIX onepaTop L He sSIBISIETCS BCIO-
1y pa3pemmMbIM. MIHTEerpanbHble ypaBHEHUS C BBIPOXK/EHHBIM SIIPOM KaK pa3 M OTHOCSTCS K
TaKOTo pofa 3ajauyaM. VIHTerpaibHblil ONepaTop, 3aaloliil HCXOJHOE YpaBHEHUE, SIBIISICTCS
pearoabMoBbIM [5, 6] ¢ HEHYJIEBBIM SIAPOM. DTO 3HAYUT, YTO ONEPATOP HE MEET OOPaTHOTO,
a ICXOJIHOE YpaBHEHNE pa3pelInMo He IpH JIr06o# npaBoit yactu [1]. Heo6parumocTs nexon-
HOTO OllepaTOpa BHOCUT CYIIECTBEHHbIE TPYAHOCTH B HCCIIEIOBAHNE TAaKUX KPAEeBBIX 3a/1ay.

MeToppl 00001IeHHOr0 0OpaleHust U NceBgooopaleHnst (PPeAroIbMOBBIX U HETEPOBbBIX
orepatopoB [4, 7] MO3BONSIIOT PEeHINTh 3Ty 3afady. PaccMOTpUM NpuMeHEHHe 3TUX METOJOB
K 3ajiauye O HaXOXJCHUM KPUTEPHs Pa3pelIMMOCTU U MOCTPOCHUM PEIICHUN HOPMAJIBHO pa3-
PEIIMMBIX ONEpAaTOPHBIX YPAaBHEHMI M KPaeBbIX 3aj1ad JUIsl HUX B CiIydae, Korjaa onepartop L
UCXOJTHOTO YPaBHEHHUS SIBIISIETCSI (DPEATOIbMOBBIM C HEHYJIEBBIM SITIPOM.

ITocranoBKa 3agaun. PaccMoTpuM NMHENHYIO KpaeBylo 3ajauy
(La)(t) = f(t), t € [a,b], ()
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KPAEBBIE 3AJIAYM JII1 MHTETPAJILHBIX YPABHEHHI C BBIPOX/IEHHBIM SIIPOM 37
tz(-) = a, (4)

rae L : LY[a,b] — L%[a,b] — uHTEerpanbHblil onepaTop Ppefronsma BTOPOro pojia ¢ BEIPOXK-
IEHHBIM SIIPOM

(Lx)(t) = z(t) — \Il(t)/@(s)x(s) ds, (5)

¢ = col(fy,02,...,¢) : LBa,b] — R* — k-MepHbIil BEKTOPHBI (DYHKIMOHAI, ICHCTBYIO-
I U3 TPOCTPAHCTBA CYMMHUPYEMBIX C KBa[paTOM Ha NMPOMEXYTKe [a, b] dpynkuuit L [a, b] B
k-mMepHOe BeKTOpHOE MpocTpancTBo R¥. Crosnbupl (n x m)-mMepHoil Matpuubl ¥(t), cTpoKH
(m x n)-mepHoit MaTpuubl $(t), BeKTOpsI z(t) u f(t) mpuHAIIE)KaT THIILOSPTOBY IPOCTPAHC-
TBY LY [a, b]. CTaBuTCs 3a/ja4a: HAUTH YCIOBHS Pa3pEIINMOCTH 1 (hOPMYJIIBI TSI IIPEACTABIICHUS
pelieHnit ornepaTopHoro ypaBHenus (3) u kpaesoii 3agaun (3), (4) ¢ moMoIbo IceBIo00paT-
HOro oneparopa L™ k oneparopy L.

Ilpensapurensnbie cBegennsi. MI3BecTHO [5], 4TO uHTErpanbHbIil onepatop (5) sBISETCS
¢penronsmoBeM (dim N(L) = dim N(L*) = s < oo). 3n0xkum B o61ieM BHfie OfMH U3
CIIoco00B MMOCTPOEHUSI ONepaTopa, NCeBA00OPATHOTrO K (DPEAroIbMOBOMY, AENUCTBYIOIIETO U3
BEIIECTBEHHOI'O TMIIbOEPTOBOTO NMpocTpancTBa H; B BemecTBeHHOE IMMIIbOEPTOBO MPOCTPaH-
ctBO Hj.

b
Iycre (z1(t), z2(t)) = / x7(t)z2(t) dt — ckamsipHOE IPOU3BENCHUE N-MEPHOTO BEKTOPA-
a
cron6ua z1(t) Ha n-MEpHbBI BEKTOP-CTONOE z2(t) B mpocTpancTBe Hy, rie « — omepanus
b
TpaHcnonuposanus. Torga mo dopmyne (X (t),z(t)) = / X*(t)x(t) dt onpenenuM cKamsip-

a
HOe IIpoM3BefIeHNE (1 X 7)-MepHOI MaTpuIpl X () Ha n-MepHBIN BEKTOp-cTonb6en x(t), pe3yib-
TaTOM KOTOPOTO OY/IeT r-MEpHBIIl BEKTOP-CTOJIOEN KOHCTAHT, a o ¢opmyiie (X (t),Y (t)) =
b
= / X*(t)Y(t) dt — ckansipHOe mpomsBefieHne (n X m)-MepHOH MaTpulp! X (t) Ha (n X m)-

a
MepHYIo MaTpuLy Y (t), pe3ylbTaToM KOTOpPOro GyzieT (m X m)-MepHasi IOCTOsTHHAsI MaTpHILIA.

Iyers {f;};_; — Gasuc nynp-npocrpancrsa N (L) oneparopa L, a {¢;}i_; — 0a3uc Hyib-
npocrpanctsa N (L*) oneparopa L*, conpskKeHHOro K onepaTtopy L. M3 6a3uCHBIX BEKTOPOB
Hynb-ipocTpadcTB N (L) m N(L*) cocTaBuM (n X s)-MEepHbIE MAaTPHIIBI

X(t) = (fl(t)an(t)7 .- "fs(t))v

Y(t) = (e1(t), p2(t), ., ps(t))".
ITo dopmynam (3.4) [4, c. 62] noctpoum opronpoekTopsl Py (r) : Hi — N(L) 1 Py(r+) :
H, — N(L*) :

(Pynyz)(t) = X (o™ (X" (1), 2(t))m,, (6)

(Pyoy)(t) = YO8~ (Y (8), (1)1 ™)
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38 B. ®. JKXYPABIIEB

rae (-, )m,, ¢ = 1,2, — ckanspHoe npou3sBesienne B npoctpancTBax H; n Hy cooTBeTCTBEHHO,
a~'u 7! — marpuupl, o6paTHbIE K CHMMETPHYECKAM MaTpuiam I'pama

a = (X*(t), X()m,, B=")Y()n,

Ecmn 6a3uck! Hyns-ipocrpancTB N (L) u N(L*) OpTOHOPMUPOBAHBI, TO MaTPUIBLI o U 3
OyIyT e[UHIYHBIMIL.
BBenieM B pacCMOTpEHHE ONEePaTOPbI
(Pr(zyz)(t) = Y (o™ (X*(t), 2(t))m, Py : Hi = N(LY),
()
(Pry)(t) = X7 (Y (1), (), Py - Ha = N(L).

Onepatop P ;.- IBIAsCTCS paclImpeHneM Ha npoctpancTo Hy omeparopa, KOTOpBIil ocy-
uecTBisieT u3omMopcusm N (L) na N(L*), a Py () — ONEPaTop, ABJISIOUMACS PACIIUPEHAEM
orneparopa, 00paTHOro n3oMoppHoMy, Ha mpocTpaHcTBo Ha.

Jlemma 1. Onepamop L = L + P (1) umeem ozpanutenHbiii 06pamuplil A

Jloka3aTeIbCTBO JIEMMbI aHAJIOTUYHO MPUBEJIEHHOMY B [4].
C momomipio IeMMbI 1 JOKa3bIBaeTCs CIEAYIONIasi TeopeMa.

Teopema 1. Onepamop

Lt=1" - Py )
ABAAEMCA 02PAHUYEHHBIM NCEB000ODAMHBIM ONEPAMOPOM K 02PAHULEHHOMY Ppe020abMO8Y
onepamopy L.

JToKka3aTeabCTBO TEOPEMBI CBOIIUTCS K MPOBEPKE COOTHOIIEHUI, ONPEIECIISTIONIUX €IMHCTBEH-
HBII ICeB0OOpaTHbII onepatop [7].

dopmyna (9) miast mpesicTaBlIeHnsT SAMHCTBEHHOTO MCEBJOOOPATHOTO ornepaTopa K ¢pef-
rOJIbBMOBOMY B MHJIbOEPTOBOM MPOCTPAHCTBE MO3BOJISIET PEIIUTH 3a/jady 00 YCIOBUSIX paspe-
HIMMOCTH U NPEACTAaBJIECHUN OOLIErO PEIIEHUSI HHTErPAIBHOIO YPaBHEHUSI BTOPOTO POJia C BbI-
POSKICHHBIM SITPOM.

Kpurepuii pa3pemimMoCcTH HHTErpPajbHBIX YPaBHEHHN ¢ BbIPOXAeHHbIM sapoM. Ilcesno-
00paTHBIN ONepaTop K HHTerpaxbHoMy. [Ipenonoxum, 4To OHOPOIHOE YpaBHEHUE

b

(Lx)(t) = z(t) — \Il(t)/fb(s)x(s) ds =0 (10)

a
UMeeT HeTPUBHAJIbHBIE PEIICHUs, T. €. ypaBHeHHEe (3) He SIBIseTCs BCIOY pa3pemumbiM [1].

HaiieM yciioBus pa3penmMocTy 1 OOIIMil BUJ| pelieHus ypaBHeHns (3) IIpH ClelIaHHbIX BbIIIE
IPENNONOXEHUSIX.
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KPAEBBIE 3ATAYM [IJII UHTETPAJIBHBIX YPABHEHMM C BBIPOKIEHHBIM SIIPOM 39

It mOCTpOEeHuUs! ICEBIOOOPATHOTO ONlepaTopa K HHTErPaIbHOMY ONlepaTopy L mocTponm
6asucel siep N (L) u N(L*) onepatopoB L u L* cooTBeTcTBeHHO. [1JIs1 9TOTO HaliieM o0Iue
peeHust ogHopoaHoro ypasHeHust (10) 1 conpskeHHOTo eMy

b

(L)1) = y(t) — B (1) / U (s)y(s) ds = 0. (11)

a

Haiiem 6a3uchl HYJIb-TIPOCTPAHCTB onepatopoB L u L*. [11g 3TOro He06X0AuMO PEIInTh
onHopopubie ypaBHenus (10), (11). PerieHue aTux ypaBHeHU OyieM UCKATh B BUJIC

(12)

rae ¢ = col[cy, o, ..., cp), d = col[dy,da, ... dpy].
IMopcraBus (12) B (10) u (11) cOOTBETCTBEHHO, MOJIYYHM alreOpandecKue CUCTEMbI OTHO-
CUTEJIBHO CHU d :

Dc=0,
(13)
D*d = 0,

rmeD = A—E (D*=A*—F),
b
A= /(I)(t)\I/(t) dt

— (m X m)-MepHasi MOCTOSIHHASI MATPHUIIA.

[Mycts Py(py : R™ — N(D)n Py(p+) : R™ — N(D*) — opTonpoekTopsI [4] Ha HyJIb-
npoctpanctBa N (D) u N (D*) marpun; D u D* COOTBETCTBEHHO.

Aunrebpanueckue cucteMsl (13) IMEIOT HeHyJIeBbIEe PEIIeHHs TOT/a M TOJIBKO TOr7a, KOTia
Py(py # 0, 4T0 HEOOXOIUMO BiIeUeT 32 CO00M U Py (p+y # 0. DTH yCIOBUS 9KBUBAJIEHTHBI
ycaoBuio det D = 0, 4TO MBI U IIPEJIIOIAraeM.

ITycts rank D = m — r (rank D* = m — r). Torma (m x m)-MepHbIe MaTPUIBI-OPTONPOEK-
TOpPbI Py (py U Py (p+) IMEIOT 1O 7 JIMHEUHO HE3aBUCHMBbIX CTOJNOLOB, U3 KOTOPBIX COCTABUM
(n x r)-mepHble MaTpulbl Py, (py U Py, (p+) COOTBETCTBEHHO.

C nomoMuibio 3THX MaTpull oo1me pemeHns cucteM (13) MOXKHO pefcTaBuTh B Bufe [4]

¢ = Py, (p)crs
(14)

d = Py, (p+ydr,

rae ¢, € R"ud, € R — Npou3BOIIbHBIE "-MEPHBIE IIOCTOSIHHBIE BEKTOPBL.
ITopcrasus (14) B (12), momyunM o61ue pelIeHst OTHOPOIHBIX MHTETPAIbHBIX YPaBHEHUH
(10)m (11)
z(t) = X, (t)ep,
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40 B. ®. JKXYPABIIEB

y(t) = Y;"(t)dra
e X, (t) = W(t) Py, pyn Yr(t) = ®*(t) Py, (p+) — (n X 7)-MepHbIe (DyHIaMEHTAbHbIE MATPH-
IbI, CTOJIOIBI KOTOPBIX COCTABIISIOT 6a3uchl HyIb-tipocTpadcTB N (L) u N(L*) oneparopoB L
u L*.
o dopmymnam (7), (8) mocTpouM OpTONPOEKTOP Py (1+), OnepaTopbl Py (ry 1 Py :

b
(mmm@:nwﬁjimM$m Pu(zey : Lila,b] = N(L7),

Przoy2)(t) = Yo(t)a~! / X2 (s)a(s)ds, Py : Lila,bl — N(L*),

(Pnpyy)(t) = Xr(t)ﬁl/ﬁ*(s)y(s) ds, Py : L[a, 0] — N(L).

3peck ot u 37! — MaTpuuBI, 0GpaTHBIE K (7 X ) -MEPHBIM CHMMETPHIECKAM MaTpunaM ['pama

b b
o= [x0x0d 5= [vevoa

Torpa no nemMme 1 onepartop

b b

(L + Pry(ze) #(t) = x(t) — T (1) / B(s)z(s) ds + Yy (£)8~" / X*(8)a(s) ds

a a

MMEET OrpaHUYEHHBbIA OOPATHBIN, T. €. HHTETPAILHOE YPABHEHUE

([L+ Pnoz) (1) = f(t) (15)

pas3pemmmMo mpu JTIF0O0H MPaBOU YacTH.
JJ1s1 HaXOXKeHUsI pEIIeHNsT TOTO ypaBHeHus 3amuiieM (15) B Buze

b

(Lo)(t) = [(L + Pn(r)2](t) = (t) - ‘Ifl(t)/@”{(S)fB(S) ds = f(t), (16)

a
rae Vi (t) [U(t), Y, (t)a"1] — (n x (m + 7))-MepHas MaTpuI@A, COCTABJIECHHAs U3 MATpPUI|

U(t)m =Y, (t)a~t a ®1(t) = [@*(t), X, (t)] — (n x (m + r))-MepHast MaTpUIA, COCTABJIEHHAS
u3 matpun O (¢) m X/ (t).
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KPAEBBIE 3ATAYM [IJII UHTETPAJIBHBIX YPABHEHMM C BBIPOKIEHHBIM SIIPOM 41

Cnenys [5], pemienne ypaBHeHust (16) MOXKHO 3amucaTth B BUJE

b
£(t) = (L + Py f)(t) = £(t) + U1 (H)M / B4 (s)f(s) ds, (17)

e M~ — ((m +7r) x (m + r))-MepHast MmaTpuIia, o6patHast K matpune M = [ — B,

b

B:/ﬁ@%@ﬁ

a

Torpa coriacHo Teopeme 1 oneparop, IceBJOOOPATHBIN K oneparopy L, OyeT UMeTh BUJ,

(LTf)(t) = ((L+FN(L*))_1 —Pyna)) () =

b b
— F() + U ()M / &{(s)f(s) ds — X, ()5~ / Yi(s)f(s)ds.  (18)

Hcnionb3yst CBOMCTBA IIOCTPOEHHOTO MICEB00OpATHOrO oneparopa Lt u ToT daxkrt, uTo op-
TONPOEKTOPBI Py (r) U Py(r+) HHAYIMPYIOT pa3buenue rusiboepToBa npocrpanctsa Li[a, b] B
HpsIMbIE CyMMBI B3aNMHO OPTOTOHAJIBHBIX oanpocTpancTs Ly [a, b] = N(L)®R(L*), LY [a,b] =
= N(L*) @ R(L), nerko goKa3aTh Clefiylollee YTBepKeHuE.

Teopema 2. [Tycmov rank D = m—r, r # 0. Toe0a unmezpaavroe ypasHeHue ®pedzoavma c
8bLPONCOEHHBIM AOPOM (3) paspewtumo 0asa mex u moavko mex f(t) € Li[a,b], 0aa komopbix

b
(Prioy F)(1) = Yi(t)5~! / Y (s)f(s)ds = 0, (19)

U NPU SMOM UMEeN T-NAPAMEMPULECKOe CEMEUCMB0 PelleHUlL 8U0a

o(t) = Xo(t) er + (LT)(D), (20)
nepsoe caazaemoe 8 KOMopom ecmb 00U ee peuteHue COOmMe8emcmayue20 0OHOPOOHO20 YPas-
HeHus, a emopoe caazaemoe (LT f)(t) — eduncmeennoe uacmnoe peurenue (18) ypasnenus (3),

OPMO20HAABHOE K AI000MY peuteHuto 00HOPoOHo20 ypashenusa (10), ¢, € R" — npousgoan-
HbLIL -MEPHbLLL 8eKMOP-CMOoAbel; KOHCHAHIMN.

Petrenust ypaBaenusi (3), eciii OHU CyIIECTBYIOT, B JaJIbHENIIIEM Oy/ieM 3alKChIBATH B BUJIE
b
2(t) = X, (Her + F(£) + Wa(t) / 3(s)f(s) ds, (1)
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42 B. ®. JKXYPABJIEB

e VUo(t) = [U1(t)M Y, —X,(t)37'] — (n x (m + 2r))-MepHas MaTpuIa, COCTaBJIE€HHAs U3
matpur ¥y ()M~ u X,.(t)B7L, ®a(t) = [®1(¢), Y, (t)] — (n x (m + 2r))-mepHas marpuua,
cocraBieHHas u3 Matpur O (t) u Y, (¢).

Ycnoue paspemmmoctu (19) BeiecTBre JIMHENHON HE3aBUCMMOCTH CTOJIGIIOB MATPHIIbI
Y, (t)3~! 3KBUBaJIEHTHO YCIOBHIO

b
[vses)ds =0

JIuneiinpie KpaeBble 3229 \/Isl HHTETPAILHBIX yPABHEHHNI BTOPOTO POJia ¢ BHIPOKAEHHBIM
sapom. Haiinem peniennst ypasHeHnst (3), yIOBIETBOPSIIOIINE KPAeBbIM YCIOBUSIM (4).

3apauy (3), (4) GyaeM paccMaTpUBaTh B IPEIOIOKEHNH, YTO COOTBETCTBYIOIIAsI OMHOPOI-
Hasl KpaeBasi 3ajada

(Lz)(t) = 0,
(22)
lx() =0

MeeT HETpUBHANIbHBIE pelleHns. B ycloBusx Teopemsl 2 7151 TOro 4ToObI ypaBHeHHe (3) nMme-
JI0 pEelIeHNs], YOBIETBOPSIOIINE YCIOBUSIM (4), HEOOXOUMO 1 IOCTATOYHO, YTOOBI anreGpan-
yecKasl cucremMa

b

Qw—a—efm+wx)/%@ﬁ@ws, (23)

a

KOTOpasi IOJIyYaeTcsl MOJICTAaHOBKOM penienus (21) mHTerpanbHoro ypasHeHus (3) B KpaeBble
ycioBus (4), 6plTa pa3penmma OTHOCUTEIBHO ¢,.. 31ech @@ = (X, (-) — (k X r)-MepHas IOCTO-
STHHASI MaTPHIIA.

Iycts Q" — epuncrBennas (r x k)-MepHast nceBgoo6patHas Marpuia [4, 7] Kk Matpuue Q,
Py : R" = N(Q) — (r x r)-MepHas MaTpHUIa-OPTONPOEKTOP; P+ : RF — N(Q*) —
(k x k)-MepHasi MaTpHIa-OPTONPOEKTOP.

OGoznaunm vepe3 Py, () (k X p)-MEPHYIO MaTpuIly, CTONOIBI KOTOPOH — p JIMHEWHO He-
3aBUCUMBbIE CTONOUBI MATPULBI Py gy (p = k — n1,n1 = rank Q); Py, (+) — (d X 1) -MepHas
MaTpHIa, CTPOKH KOTOPO# — d JIMHEHHO HE3aBUCUMBIE CTPOKM MATPHUIbL Py () (d = 7 —ny1).

Anre6panyeckas cucreMa (23) pa3permma Torja u ToJIbKO TOT/ia, KOrjia BHIOIHEHO yCIIo-
Bue (2, 4]

b

PW@>a—aﬂwww)/@@ﬂ@M ~ 0

a

U TIPU 3TOM HUMEET p-TlapaMeTPUYECKOe CEMENCTBO pelIeHUI

b
¢ =Py o —Q P qa—C|f() + \Ifg()/@z(s)f(s) ds| ¢, ¢, € R’ (24)

a
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KPAEBBIE 3ATAYM [IJII UHTETPAJIBHBIX YPABHEHMM C BBIPOKIEHHBIM SIIPOM 43

IMopncraBus (24) B obmiee pemenue (21) ypaBaenusi (3), moyunM obliee pelieHne KpaeBon
3agaun (3), (4):

b
2(t) = X,(8) Py ycp + Xe(DQ 0= X, (DQHE | £() + Ts () /<1> S)ds| + F(t)+

b

-0 (8) / B3(s)f(s) ds = X,(t)e, + F(£)+

a

b
X (OQ [0 — ()] + [Walt) — X ()Q* Wa(") / 3

Takum o6pa3oM, CripaBeJIuBO CIEAYIOLIEE YTBEPKIACHHE.

Teopema 3. [Iycmo rank Q = ny < min(k, r). Toeoa coomeemcmeyowas (3), (4) 00HopoO-
Has kpaesas 3aoaya (22) (f(t) = 0) umeem p = r — ny U MOALKO p AUHEUHO HE3ABUCUMbLX
peutenuli.

Heoonopoonas kpaesas 3aoaua (3), (4) paspewiuma oasa mex u moavko mex f(t) u o, Ko-
mopuwle y008AeMEOPAOM I + d AUHEUHO He3A8UCUMbBLM YCAOBUAM

b
[ i) as =o,

b

Py { @ — €| F() + () / B5(s)f(s) ds| § =0,

U NPU SMOM UMEEN P-NAPAMEMPULECKOe CEMEUCIBO PeUleHULl

b

2(t) = X,(t)c, + F(t) + Ta(t) / B5(s) f(5) ds,

a

20e X,(t) = X, (t)Pn, (@) — (nX p)-mepHas pynoamenmanvran mampuya kpaesou saoaqu (3),
@5 T(t) = £(t) — Xo(OHQHLF(); T(t) = Walt) — Xo(£)QHWa().

Ilycte rank Q = r. Torga HeoOXOAMMO BBINIOJIHEHUE HepaBeHCTBa k < 7. B aToM ciydae
KpaeBas 3afaya (3), (4) nepeomnpenenena u Ayt Hee UMEET MECTO CIIeAYIoIasi Teopema.

Teopema 4. [Tycmwb rank Q = r. Toeda coomeemcmaywouwan (3), (4) oonopoonas kpaesasn
3a0aua (22) He umeem peuleHull, Kpome mpusuUaibHO20.

Heoonopoonas kpaesas 3aoaua (3), (4) paspewiuma oas mex u moavko mex f(t) u o, Ko-
mopuwle y008AeMEOPAOM I + d AUHEUHO He3ABUCUMbBLM YCAOBUAM

b
[viisas=o,
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b
Pa@n @ = £ |70+ () [ @39)f(s)ds| § =0, d =k

a

unpu anom umeem €OUHCIMBEHHOE peuteHue

b

£(t) = F(t) + T (1) / B3(s)f(5) ds,

a

20e f(t) = f(t) = Xp()QTLf (), Va(t) = Pa(t) — X, ()QTLTa(:).

JeACcTBUTENBHO, TaK Kak rank Q) = 7, T0 Py(q) = Pn,@) = 0, X,(t) = X;.(t)Pn,q) = 0
U U3 TEOPEMBI 3 ClIeyeT YyTBEPXKIECHNUE TEOPEMBI 4.

ITycts rank @ = k. Torga k > r. B aToMm citydyae KpaeBasi 3ajaua (3), (4) HemoomnpeneneHa
¥ JI7IS1 Hee IMEeeT MECTO CIIeIyoIIast TeopeMa.

Teopema 5. ITycmwb rank Q = k. Toeoa coomeemcmeayrowas (3), (4) oOHopoOHas kpaesasn
3a0aua (22) umeem p = r — k U MOAbBKO p AUHELHO HE3ABUCUMbBLX DeUleHULL.

Heoonopoonas kpaesas 3adaua (3), (4) paspewiuma oaa mex u moavko mex f(t), komopuwie
Y0081emBOPAION 1" AUHEUHO He3A8UCUMbBIM YCAOBUAM

b
[ i) =o,

U NPU SMOM UMEe P-NAPAMEMPULECKOe CEMEUCBO PeUleHULl

b

2(t) = X, (t)c, + F(t) + Ta(t) / B5(s) f(5) ds,

a

20e X,(t) = X;(t)Py,) — (n X p)-mepras ¢pynoamenmanvbras mampuua, &) = f@t) -
— X (QTLL(), Wa(t) = Wa(t) — X, ()QTLT(:).

[Mockonbky rank () = k, 10 Py(g+) = Py g~) = 0, 1 U3 TeopeMbl 3 crefiyeT yTBepXKeHIE
TEOpEMBI J.
B cnyuae nepuopnueckoit Kpaesoii 3aiaun (3), (4) cnpaBeuInBO clefyomiee yTBepXKyeHue.

Teopema 6. I[Tycmv saemenmut eekmopa-cmoabua f(t) u mampuy ®(t), ¥(t) asaaromea
nepuooudeckumu no T ¢ynxyuamu u rank Q = ny < min(k,r). Toeda coomsemcmsyrowan
(3), (4) oOHOpOOHAA Kpaesas 3a0awa umeem p = r — Ny U MOALKO p AUHEUHO HEe3ABUCUMbLY
nepuooOU1ecKuUx peuleHull.

Heoonopoonas kpaesas 3adaua (3), (4) umeem nepuooudeckue peuieHus 041 mex u moJb-
Ko mex f(t), komopwle y0064emeopAOm yca08UAM
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45
T

Pryon) 4 1(0) = F(T) + [02(0) — Wa(T)] / B5(s) f(s) ds

:O,
0

U NPU IMOM UMEEN P-NAPAMEMPUUECKOE CEMEUCB0 NEPUOOUHECKUX DelleHUL

T
o(t) = Xylt)cy + (1) + Talt) [ B3(5)f(5)ds.

0

20e X,(t) = X,(t)Pyn,q) — (n X p)-mepnan pynoamenmanvhasn mampuya, f(t) = f(t) —
—Xr()QF[f(0) — F(T)], Wa(t) = Wa(t) — X, ()QT [P2(0) — Va(T)].

Ilpnmep 1. B xadecTBe WLTIOCTPALUN NPEJIOKEHHOTO BBIILIE aJTOPUTMa IIOCTPOEHUS pe-

LIEHUI JIMHEeHHBIX KPAaeBbIX 3aay [JIis MHTEerpalbHbIX ypaBHeHuil ®penroibMa BTOPOro poja
pPaccMOTPUM KPaeByIo 3ajady

1
0 s—-—

(La)(t)

o099 t01>0/2 — 0, 05)

2
1 0 x(s)ds
3s
5 0

lx(-) = 2(0) —2(2) = 0,

(26)
col (x1(t), x2(t)) m f(t) = col (f1(t), f2(t)) npunamnexar npocrpancty L2[0,2],

rae x(t)
t € 10,2].

Omnepatop L*, conpsixkeHHbII onepaTtopy L, UMeeT BUf

1 5 2 0 1
(L*y)(t) = y(t) — 0 0 | y(s)ds.
0

1 —1
t—= 0 0 0 s
2

Haipem Gaszucer sipep ker L u ker L* onepatopoB L u L*. [1J1s1 3TOro pemum ofHOPOAHbIE
ypaBHEHUs

(Lz)(t) = 0,
(27)
(L7y)(t) = 0.
Pemenust OypeM uckars B BUje
00 t—1
””(t)_<1 0 0 )C’
(28)
3t
1 —
0 2
y(®) . d.
t—= 0
; 00
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IMopncrasus (28) B (27), mosyunm oTHOcUTENBHO ¢ € R3 u d € R? anreGpanyeckue cucre-
MbI

(E—A)c=0,
(29)
(E—A*)d =0,
rme
3t
2/ 0 1 0 1 3 100
A:/ 0 0 dt=1[0 0 0
o \t—1 0 P 001
2
000 10
Torga D = D* = 01 0 7PN(D):PN(D*): 0 0
000 00

[Mockonbky rank D = 1,7 = 2u Py, (p)y = Pn,(p*) = , pellieHust anreGpanyec-

— O O
N— = O O

S O =

KuX ypaBHeHU# (29) 6yayT uMeTh BHJT
c = PNT(D)CT’v Ccr € R27
d = Py, (pydy, dr € R%.

CoOTBEeTCTBEHHO, OOIIIHE PEeIICHNs] YpaBHEHNN (27) 3aUIIyTCs CIEAYIONIMM 00pa3oM:

£(t) = X, (t)ey = ( o )

3t
Y
y(t) = K"(t)dr = dT‘7
1
t—= 0
2
rue
t
o 1
X 00 t—1Y, v 2 P
T(t): 1 0 0 Ny (D)>» T(t): 1 Ny.(D*)-
t—§ 0 O

Takum o6pazom, cton6upl Matpul X, (t) u Y, () cocTaBisitoT 6a3UChl COOTBETCTBEHHO HYJIb-
npoctpancts N (L) u N(L*) oneparopoB L u L*.
ITo ¢popmynam (7), (8) mocTponm onepaTtopsbl

0 —

4 : 0 s—=
(Pnyy)(t) = / 3s 2 | y(s)ds,
6t — 3 0 5

7
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9t 2
5 B o7 0 1
(Pnaoz)(t) = | op 1 . s—1 0 xz(s) ds,
1 0
-1 1
B 0 tT 2 0 S — 5
Priy)(®) = / y(s) ds
9 0 0 Bj
7 2

00 t—1 0 % 2 0 1 32—8 0 s—1
(Lz)(t)=x(t)— / x(s) ds
10 _2’;“ 0 Jo\ls—=0 0 1 0

0 0 t—1 0 %
— —1 _
(L)) = f(t) - - M 1x
1 )
0 0 1 0
2 0 1 — 0 s—1
« | f(s) ds,
0 s—— 0 0 1 0
9 1
ﬁ 0 0 —— 0
1
0o 1 — 0 0
2
_1_
S I
12 12 2
% 0 01 0 0
0O 0 —= 0 0
9
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Torna, crenyst (18), oneparop LT 3amnuiem B Bujie

(L)) = (L =Py f)t) =
—2t+5 —3(t—1) 1—t
0 0 = 2 0 6
= ft) - e 2) X
—6(t—2 1 —6
23 0 0 2 0 -
2 0 1 =2 0 s—-1 0 32—5
y / F(s) ds. (30)
s—1 1
0 _ =
;- 001 0 s—5 0
ITpn ycnosun
t s—1
0 1 2 0 B)
(Pyun )() = / f(s)ds = 0 (31)
6t-3 ] |3
7 2

oOliee peleHue ypaBHeHus (25) TakoBo:

o) = X 20 = (] 1)1 ) et @0, @ R,
e (L7 f)(t) mmeer npepcrasinenune (30).

C yuerom Toro, uto f(t) = col (f1(t), f2(t)), ycnoBue (31) MoKHO 3anucath B 60jiee mpoc-
TOM BHJIE

s—1 S_lfg(s)

e f1(s) i
o/i%s . <f2(s)>d5:/ s ds = 0.

5 0 Efl(s)

Haiinem Teneps yclioBusi pa3peimMocTy 1 OO BUT pellIeHus KpaeBoi 3aaun (23), (25).

IToxcraBuB ob1iee perieHne NHTErpaIbHOro ypaBHeHus (25) B KpaeBble yciaoBus (26), mo-
Jy4uM ajreOpandyeckoe ypaBHEHUeE

Qcr = —(LTf)(0) + (LT f)(2) (32)

JUTST ONpefIeTICHUST KOHCTAHTBI C;..
J171s1 2TOM 3a7aun MMeeM

_ 0 0
Q:Xr(o)_Xr(2)2<8 02>’ Q+:<_1 0)7
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1 0 0 0
PN(Q):<0 0>’ PN(Q*):<0 1)‘

1

0 ) Py = ( 01 ).YpaBHeHI/Ie

ITockoneky rank @ = 1,a p = 1,10 Py (@) = (

(32) pa3peimMo mpu BBITOJHEHUH YCIIOBUST
Pr, @ {f(0) = f(2) + (LT )(0) — (LT f)(2)} = 0,

KOTOPOE € y4eTOM TOro, uTo Py () = (10 1), f(t) = col (fi(t), f2(t)), npumeT B

1
f1(0)>_(f1(2)> 000 20300
(O 1) (fZ(O) f2(2) * E 00 00 00 8
23
2 0 1% g1 0 2V
2 2 f1(5)> _
XO/ s; 00 1 0 _71 0 <f2(3) e

ITocne npeo6GpazoBanmil MOTYyUINM

[\

fg(()) % S - 1 f2 (33)

[e=]

[Tpu BeImoHeHNM ycnoBust (33) ypaBHeHnue (32) MeeT pellieHrne Buia

) 0 020300
o= (g ) o —s@+| «

2 0 0000
p 0 1% 0s-1 o >
X/ s—1 2 1 2 f(S) ds 5 Cp € Rl.
001 0 s—= 0

Takum o6pa3om, 3asiaua (25), (26) pa3pemmma npu BeinosHeHUH yciroBui (31) u (33) umeeT
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oOl1iee pelleHne Bruia

lz(-)

o

1-—t¢
2
0
010
4
0 0 0
"
2
0 0

=0
s—%O

B. @®. XXYPABJIEB

(34)

KpaeBas 3amaua (25), (34) nepeomnpeneneHa. Pemienne 6ygeM McKaTh, HCIOJIB3YS TeOpe-

My 4.

IToncraBuB perrenne ypaBHeHus (25) B KpaeBble ycnoBus (34), noayduM anreGpandeckoe

YpaBHCHUEC OTHOCUTECIIBHO Cy :

Qe = a—LlLTf() = a—

o —

f(s)ds—
3s
Y
1
—Z 0
573

*

f(s)ds,

(35)
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rme
0o 1L
2
2
3t 0 t—1
Q_EXT(')_/ 5 0 (1 0 )dt>
0
t
"3
0 1
2 3 2 +5 —3(t—1) 1—t
3t 0 0 2 0 5
\IJQZK\IJQ(): — 0 dt =
2 =2, 4, _1 0 =Xy
U 23 2 7
2
6 1 6
53 00 —5 0 —2 0
= 7 3 2
0O 0 — 0 — 0 -—-
12 2 3
4 0 0 1 0 8 0
23 2 7
Jlnst JaHHOM KpaeBou 3ajjaun MeeM
Lo [}
Q=101 ,Q+=<2 2>,
1 0 0 0
1 0 -1
-1 0 1
1
Hockombky rank @ = 2,a p = 2,70 Py, (g) = 0, Py,0" :5( 1 0 —1).YpasHenne

(35) pazpemmMo mpu BEITOJIHEHUH YCIIOBUST
2
Pryoyqa—2C1f()+ () / ®3(s)f(s)ds| b =0,
0

KOTOPOE € y4IeTOM TOro, 4to Py (g+) =

(1 0 -1 )7 f(t) = COl(fl(t)7f2(t))7 a =

[N
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= col (a1, a2, ag), MPUMET BUJT

1
0 —
2
Qai 2
(10—1) a9 —/ 3s 0 <f1(8)>d5_
o 2 fa(s)
3 0 0 f
2
0 0 0 1 0 S 0
23 2 7
7 3 2
- 0 0 - 0 —2 0 —2 [|X
12 2 3
_4 0 O 1 0 S 0
23 7
20 0 1 ¥ 951 o0 fi(s)
2 2 1 —
<[ o ! 1 (i ) =o
0 5 0 0 0 s 5 0
ITocne npeo6GpazoBaHuil MOTYyUINM
2
13
o —az+ T (s —1)fa(s)ds = 0. (36)

0

[1pu BeimonHennu ycnosust (36) ypaBHeHue (35) UMeeT eIUHCTBEHHOE pellleHne BUjia

1
of O 3

o=@ Ja- [| 2 0| fs)ds -
0 0 S
2

p 0 1 % 0 s—1 0 32—3
_%/ S=lg 01 0 Ly Je
0 2 T3

Takum o6pa3om, Kpaesas 3ajada (25), (34) paspemmMa npu BoinosHeHnu yeinosuit (31) u (36)
MIMeeT eJMHCTBEHHOE PelleHNe BU/a

1
0 t—1 0 2 303 2

x(t) = <1 0 1) a—/ 5 0o | f(s)ds—
2 2 0 0 f
2

i 0 1 325 0 s—1 0 % N
—%/ e . F(s)ds b + (LT F)(2).
/ 00 1 0 s—= 0
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IIpumep 3. PaccMoTpuM KpaeBylo 3ajjauy 1uist ypaBHeHUs (25) ¢ KpaeBbIMU yCIOBHSIMUA
lr()=(-1 2)z(0)+(1 -2)z(2) =a, ac R!. (37)

Kpaeas 3amaua (25), (37) HegoomnpeneneHa. Pemenune 6yaeM McKaTh, HCIOJIB3YsS TeOpe-
My 5.

IToncraBuB perrenne ypaBHeHus (25) B Kpaesble ycnoBus (37), moayduM anreGpandeckoe
ypaBHEHHE OTHOCUTEJIBHO C; :

3 35 \ *
- \1’2/ f(s)ds, (38)
s—1 1
0 _Z
5 0 0 1 0 s 5 0
rme
Q=1X,()=(-1 2)X0)+(1 -2)X.2=(0 2),
f=(-12)f0)+(1 =2)f(©2),
— 24 1 24 1
Uy = (Ty(:) = (=1 2 ) T(0 1 —2)v©2)=( = - B S R
o= tm) = (-1 2) w0+ (1 2) e = (20 g0 s 2 1)
JlJ1st maHHOM KpaeBoH 3ajaul UMeeM
0
10
Q=1 PN(Q)_<0 0>7 Prgn = 0.

[Mockonpky rank @ = 1, p = 1,d = 0,10 Py () = < (1) > s Pnyge) = 0.

Tak kak Py, g+) = 0, ypaBaenue (38) paspenmmo npu 0001 NPaBoi YaCTH U MMEET OJJHO-
napamerpuueckoe (¢, € R!) cemeiicTBo peenuii Buga

2 3s 3s \ *

) o 0 1 2 0s-1 0o =
cr:< >C,;—|—Q+ a—f—\lfg/ -1 2 1 2 f(s)ds
0 s
0 0 1 0 8—5 0

Takum o6pa3om, KpaeBas 3aayda (25), (37) pa3peninma npu BeINoJHeHNN yeinoBus (31) u umeeT
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oOl1iee pelleHne Bruia

t—1
x(t):<(1)>cp+ 2 X
0
2 0 1 % 0 s—1 0 % "
X< a—f— W, f(s)ds p + (LTf)(t).
o\ o 001 0 =Yg
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