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We consider the oscillation and nonoscillation of second order half-linear differential equation. By using
some new technique, we establish new oscillation and nonoscillation criteria which extend and improve
some known results for second order linear differential equation.

Poseaanymo ocyuaayitini ma HeoCUUAAUITIHI HANIBAIHILIHI OUePeHUIANbHI PIBHAHHA OPY2020 NOPAOKY.
3 BUKOPUCMAHHAM HOB0I MEXHIKU 6CMAHOBAEHO HOBL KpUMepii HAA8HOCMI ma 8I0CYMHOCMI OCUUASA-
yit. Lli kpumepii nowuproroms ma ROKpaugyroms 8i00Mi pe3yabmamiut 045 AHIUHUX OughepeHyianbHUX
PIBHAHb OPY2020 NOPAOKY.

1. Introduction. Consider the second order half-linear differential equation
([ ()1 (1)) + p(&)u(t)|* u(t) = 0, (1)

where a > 0is a constant, p € C([0,+00), [0, +00)) is an integrable function.

During the last three decades, investigation of oscillation and nonoscillation of second order
half-linear differential equations has been attracting attention of numerous researchers. The
reader is referred to the monographs by Agarwal, Grace and O’Regan [1, 2], Dosly and Rehak
[3], papers [5—18], and references therein.

By a solution of (1) is meant a function v € C![T,,c0), T,, > 0, which has the property
|u'|*~1u/ € CYT,,c) and satisfies the equation for all t > T,. We consider only those solutions
u(t) of (1) which satisfy sup{|u(t)|:t > T} > 0for all T > T,,. A nontrivial solution of (1) is
called oscillatory if it has arbitrarily large zeros. Otherwise, it is said to be nonoscillatory.

The purpose of this paper is to establish new oscillation and nonoscillation criteria of Eq. (1)
which extend and improve some criteria of linear differential equation in the references.

+o0
We can easily show that if for some A < « the integral / s*p(s) ds diverges, then equa-
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tion (1) is oscillatory. Therefore, we shall always assume below that

+00
/ s*p(s)ds < 400 for X < a.

2. Main results. Introduce the notations

ha(t) = ta_A/sAp(s) ds for t>0 and X< ¢,
t

t
ha(t) = ta’\/s)‘p(s)ds for t>0 and X > a, (2)

t1

p«(A) = Uminf hy(t), p*(A) = limsup hy(t).

t——4o00 t—400

The following lemmas will be useful for establishing oscillation criteria for Eq. (1). The first
one is a well-known inequality which is due to Hardy et al. [4].

Lemma 1 [4]. If X and Y are nononegative, then
X1+ (q—1)Y? > qXY" for q>1, 3)

where the equality holds if and only if X =Y.

Lemma 2. Let equation (1) be nonoscillatory. Then there exits tg > 0 such that the equation
P+ p(t) +ap ™ =0 4)

has a solution p: [ty, +00) — [0, +00), moreover,

pltot) = +oo, (t—to)(p(t)a <1 for to <t < oo, (5)
tligrnoot/\(p(t))é =0 for <1, (6)
and
liminf t%p(t) > A, htzlf&p t*p(t) < B, (7)
where

A = min{r € RT|p.(0) —r +ri+/* < 0},
(8)
B =max{R; € RT|p.(1+a) —aR +aRjAs < 0}.
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Proof. Since equation (1) is nonoscillatory, there exists ¢y > 0 such that the solution u(t) of
equation (1) under the initial conditions u(tg) = 0, u/(tg) = 1 satisfies the inequalities

u(t) >0, u'(t) >0 for tyg <t < +oo.

Clearly, the function p(t) = (u/(t)/u(t))® for ty < t < +oo is a solution of equation (4), and
lim¢ 4,4+ p(t) = +o00. From (4) we have

—/'(t)
— P 51 for #y <t < +o.
a(plt) e e
Integrating the above inequality from ¢ to ¢, we obtain (t — to)(p(t))/* < 1forty < t < +oc.
In particular, equality (6) holds for any A < 1.

Now, we show that inequalities (7) are valid. Assume p,(0) # 0 and p.(1+«) # 0 (inequali-
ties (7) are trivial, otherwise). We introduce the notation

r = liminf t*p(t), Ry = limsupt®p(t).

t—+o0 t—+o00

From (4) we easily find that for any ¢; > tg

+o00o +o00
tp(t) = t° / p(s)ds + t%a / (p(s)) e ds. (9)

Multiplying equality (4) by t' T, integrating it from ¢; to ¢, we get

t

t t
/pl(s)sHO‘ ds—i—/p(s)s“a ds+/ap(s)1+<lxsl+o‘ ds = 0.
t1

t1 t1

By simple calculation, we have

¢ t t
PO — p(t)t T — /p(s)sa(l +a)ds + /p(s)sHa ds + /ap(s)H;sHa ds = 0.
t1 t1 t1

Hence, we obtain

tl+a t 1
tap(t) _a tp( 1) B t/p(8)81+ad8+
t1
. t
+ t/so‘p(s)[l +a— as(p(s))é]ds for ¢ <t < +o0. (10)
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Using Lemma 1 with X = 1,Y = S(p(s))é, we have that
(1+ )s®p(s) — s+ (p(s)) 1/ < 1.

Hence, fort; < t < +o0,

t
Hrept 1 t—t
t*p(t) < 17jp(1)_t/p(5)51+ad8+ . L
t1

Therefore, (9) and (10) imply that » > p,(0) and R; < 1 — p.(1 + «) respectively.
It is easily seen that for any 0 < ¢ < min{r,1 — Ry, R;} there exists . > ¢; such that for
te <1 < 400,

r—e <t%(t) < Ry +e,

+oo

t* /p(s)ds > p«(0) — e,
t
and
t

1

t/sHap(s)ds > p(l+a)—e
t1

Taking into account the above argument, for t. < t < +oo, from (9) and (10), we have that
1°p(t) > pu(0) =+ (r — €)=,

ti‘—i_ap(ts)

() + (B +e)[(1+a) —alr - e)al.

tp(t) <

Hence
P> pa(0)+ 7, Ry < —pu(14a) + Ri[(1+a) — aral.

By the definition of A in (8), wecangetr > A, Ry < —p.(1+a)+ Ri[(1+ «a) — aAé], thus
R; < B, where B is defined by equalities (8). Hence (7) holds.

For the completion of the picture we give a proposition, which was proved by Kusano, Naito
and Ogata in [9].

aO{
(14 a)tte

Proposition [9]. If p.(0) > , then every solution of equation (1) is oscillatory.

a+1
Theorem 1. If p.(1 4+ «) > ( ) , then every solution of equation (1) is oscillatory.

a+1

Proof. Assume that equation (1) is nonoscillatory. From (10), we have

e t ¢ ¢ 1
:tltp(tl) —1/p(8)81+°‘ ds+1/s°‘p(s) ds—i—i/so‘p(s)[a—as(p(s))a]ds,

t
t1 t1 t

t*p(t)
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a+1
we can get s“p(s)[a — as(p(s))i} < (ai 1) , SO we obtain

titp(te)

t“p(t) < ;

—p(l+a)+ (Ri+e)(t—t1)/t+ <ai1>a+1 <1) :

Ift = 400, we get

a a+1
*]- < )
P( +a)_<a+1)

which contradicts the condition of Theorem 1 and so the proof is complete.

aOé

Theorem 2. Assume that p,(0) < A+ a)ia

Af for some \ < «,

. )\l—l—a
P> e =)

+ B, (11)

then equation (1) is oscillatory.

Proof. Assume the contrary. Let equation (1) be nonoscillatory. Then, according to Lemma 2,
equation (4) has a solution p: [tgp+00) — [0, +00) satistying condition (5) - (7). Suppose A < a.
Because of (7) we have that for any € > 0 there exists ¢. > ¢, such that

t%(t) < B+e for t. <t < +oc.

Multiplying equality (4) by ¢*, integrating it from ¢ to +o0, and taking into account (5)—(7), we
get

—+00 “+o00 —+00

[ otsas == [ Ssrds— [ ol v ds -

t t t
A o >‘OZ+1 A 1
_ —a—
t

s Aa—l—l

_ / <a3/\(p(3))1+i + Ws)‘_a_l — /\s’\_lp(s)) ds.

t

Using Lemma 1 with

A
AsTra ! A 1
X = Tra Y = sT+a(p(s)) =,
we have that
A 141 Aot A—a—1 A—1
as™(p(s)) Ta 4+ WS —As" " p(s) > 0.
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Hence,

—+00

+oo
/ S p(s)ds < 27 [ t%p(t) + oA /

t t

<t (B+e+ At
(a = N)(a+ 1)atl )7

Aa+1

A—a—1
WS dS <

a+1
A + B, which contradicts inequality (11).

and so we have p*(\) < (@ —N)(a+ D)ot

Theorem 2 is proved.

«o
a+1

a+1
Theorem 3. Assume that p.(1 + a) < < ) Af for some A > «

A1+a
(I+a)l (A —a)

p(A) > — A, (12)

then equation (1) is oscillatory.

Proof. Assume the contrary. Let equation (1) be nonoscillatory. Then, according to Lemma 2,
equation (4) has a solution p : (g, +00) — [0, +00) satisfying condition (5) and (7). Suppose
A > «. Because of (7) we have that for any £ > 0 there exists ¢. > ¢y such that

t%p(t) > A—e for t. <t < +oo.
Multiplying equality (4) by ¢, integrating it from ¢, to ¢, and taking into account (5) and (7),
we get

t
Aa+1

¢
A A— “AA .Y A—a—1

/s p(s)ds < V7% | —t%p(t) + " tlp(te) +t* /(a—i—l)‘”ls s | <

te te

)\OH-I t}\p(t )
t/\—a _A € €
= < e O Ty T )
Aa+1
hence we have p*(\) < D)o r 1o A, which contradicts inequality (12).
Corollary 1. Let either
Aa+1
li —A)p* —_ 1
Jim (o= A)p*(A) > T (13)
or
Aa+1
li — * —_— . 14
Jim =o' () > (14
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Then equation (1) is oscillatory.

Corollary 2. For some \ # o let

Aa+1

A — a|ps(A —_.
‘ Oé‘p( )>(O[+1)O‘+1

(15)

Then equation (1) is oscillatory.

To convince ourselves that Corollary 1 is valid, let us note that (13) ((14)) implies

AaJrl

lim {(a —A)p*(A) — At a)ite

A—a—

—(a—A)B} >0

<)\Li12+ {“ —a)p"(A) - ﬂfj)lm —(A— a)A} > o) _

Consequently, (11) ((12)) is fulfilled for some A < a (A > «). Thus, according to Theorems 2
and 3, respectively, equation (1) is oscillatory. As for Corollary 2, taking into account that the
mapping A — (a—A)p.for A < a (A — (A—a)p. for A > ) is nondecreasing (nonincreasing),
we easily find from (15) that (13) ((14)) is fulfilled for some .

o a+1
eorem 4. Assume that p, < ——Fand p.(1+a) < a . Moreover, let
Th 4. A h 0 T d pi(1 i)
either
B\ — aA=
() > (a_O‘A) +B (16)
for some \ < «, or
N B(\ — aAa
pr(A) > (a—)\) —A (17)

for some \ > «. Then equation (1) is oscillatory.

Proof. Assume the contrary. Let equation (1) be nonoscillatory. Then according to Lemma 2,
equation (4) has a solution p : (tg, +00) — [0, +00) satisfying conditions (5)— (7). On account
of (7), (8), for any 0 < ¢ there exists t. > to such that

A—e <t%(t) < B4+e for t.<t< +oo.

Multiplying equality (4) by t*, integrating it from ¢ to 4-oc (from t. to t), and taking into account
(5)—-(7), we easily find that

Foo +o0
A / sp(s)ds = tp(t) + 2> / Lg% (s) ()\ - ozs(p(s))é) ds <

(B +€)[A — a(A — ¢)a]

< B
+e+ PN

for t. <t < 4+
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t

1
B A—a(A—¢)a
to‘_’\/s)‘p(s) ds<e— A+ (B+e)l X _aof 2 ]+t°‘_>‘t2‘p(t5) for t. <t < +o0
te
This implies
B(\ — aAx
p (A < (a_a)\) + B
B\ — adw)
AN —= - A
<p W) s ——~— ) ;
which contradicts condition (16) ((17)).
Theorem 5. Assume that p.(0) < A ta)te and p.(1+ a) < (p%a)proc. Moreover, let
aAlta AB
p«(A) > B — Ty Tao (18)
forsome 0 < \ < «, or
aAta B
px(A) > —A — P — (19)

forsome 0 < a < A. Then equation (1) is oscillatory.

Proof. Assume the contrary. Let equation (1) be nonoscillatory. Then according to Lemma 2,
equation (4) has a solution p : (t9,+00) — [0,+0c0) satisfying conditions (5)—(7). Suppose
0 < A< a(0< a< ). Multplying equation (4) by +*, integrating it from ¢ to +oc (from .
to t), and taking into account (6), we easily obtain

—+00

t(t) = hy(t) — X / 2 1p(s) ds+

+oo
+t9 / 5)‘(p(5))1"'é ds for tp <t < 400,

t (20)

(tap(t) = —h)(t) + )\ta)‘/s’\lp(s) ds—

¢
- ta_’\a/sA(p(s))1+rlx ds + 2 p(t )t for t. <t < +oo),

te

where h) () is the function defined by (2).
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On account of (7) we have A > 0. By (2), (7), (8), therefore for any 0 < ¢ < min {4, p.(\)}
there exists t. > tg such that

A—e <t%(t) < B4e, hy(t)>p\)—e for t.<t< +oo.

Owing to the above arguments, we find from (20) that

which implies

)\(B+€) [0 1+ L
B «(A) —e — A—g)tta
+e>p(N)—¢ o +a—/\( £)
AB+e) o(d—e)lta
<*()\)—€<—(A—€)+ S .
aAlta AB
* < -
p-(A) = B a— A a— A

aAlTa \B
+

This contradicts (18) ((19)).
Theorem 5 is proved.
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