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This paper is dealing with the oscillatory properties of first order neutral delay impulsive differential equati-
ons and the corresponding inequalities with constant coefficients. The established sufficient conditions
ensure oscillation of every solution of this type of the equations.

Pozeaanymo ocuunauitini aaacmusocmi po3s’askie OU@epeHUiaibHUux piBHAHb NePUui020 NOPAOKY 3i
CMAAUMU KOeIYieHMAaMU Ma HeUMpPAaibHUM 3ANIZHEHHAM IMIYALCHOI 0l ma 8i0N08IOHUX 00 HUX Hepis-
Hocmell. 3HAtlOeHi yMO8U € OOCMAMHIMU 045 MO20, W00 KONCHUIL PO38’A30K DIBHAHHA MAK020 MUNY
6y8 OCUUAAYTUHUM.

1. Introduction. In recent years, impulsive differential equations with deviating arguments
(IDEDA) attract the attention of many mathematicians. Generally speaking, IDEDA are very
interesting mixture of impulsive differential equations (see [1] and [2]) and differential equati-
ons with deviating argument (see [3 —6]). The impulsive part of IDEDA reflects the discontinui-
ties of first kind and can be used to model mathematically the short-time disturbances of some
processes in the nature, whereas the differential part with its deviating argument (retarded,
neutral, or advanced) is a very convenient instrument for a simulation of the dependance of the
same processes on their history. Such processes occur in the theory of optimal control, theoreti-
cal physics, population dynamics, biotechnology, industrial robotics, etc. Among numerous pa-
pers published on IDEDA with retarded or advanced arguments, we choose to refer to [7-11].

Much less we know about the neutral impulsive differential equations (see [12-14]), i.e.,
the equations in which the highest-order derivative of the unknown function appears in the
equation with the argument ¢ (the present state of the system), as well as with one or more
retarded and/or advanced arguments (the past and/or the future state of the system).

In [14], the authors obtained some criteria for oscillation of the solutions of the neutral
impulsive differential equation of first order (E;), where the coefficient ¢ in the neutral term
belonged to the interval (0,1). In the present paper we add and extend the results therein,
allowing for the coefficient c to be an arbitrary positive real number.

2. Preliminaries. Consider the first order neutral delay impulsive differential equation of the
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16 M. B. DIMITROVA, V. I. DONEV

form

D lt) eyt W] tpylt—0) =0, 1# 7 keN, (E)

Aly(tk) — cy(me — )] + pry(e —0) =0, k€ N,

as well as the corresponding inequalities,

d

S eyt =) +pyt—0) S0, t#m, kEN, (N1.<)

Aly(re) — cy(me — W) + pry(me —0) <0, k€N,

and

S0 eyt~ W] +pylt—0) 20, t#7m, kEN, (N1.2)

Aly(ri) — cy(me — b))+ pry(p —0) >0, k€ N,

where the deviations h and ¢ and the coefficients ¢, p and pj, are positive constants. The points
T € (0,+00), k € N, are fixed moments of the impulsive effect (let us call them jump points),
where the unknown function reveals its first kind discontinuities as jumps. Here, in order to
manifest the jumps of the unknown function y(t) in such points of the impulsive effect, we use
the notation

Aly(te) — cry(me — h)] = Ay(me) — e Ay(me — h),  Ay(ri) = y(7 +0) — y(7 — 0).

Denote by P.C(R, R) the set of all piecewise continuous on (73, 7%x+1], & € N, functions
u: R — R, which at the points 7 are continuous from the left, i.e., u(7, — 0) = , lim Ou(t) =
— T —

= u(7y), for which there exists a sequence of reals {u(7; +0)} such that u(7, +0) = . 1im+0 u(t)
*)Tk:

and, which at the jump points 7, £ € N, may have discontinuities of the first kind which
we characterize as down-jumps if Au(r,) = w(r + 0) — u(, — 0) < 0, or as up-jumps if
Au(Tk) = U(Tk + 0) - U(Tk - O) >0,k € N.

Introduce the following hypotheses:

(H)O0<7 <m<..<T7t<... lim 7 = +oo, max{7mp41 — 7%} < +00, k € N;

k—4o00

(H2)p > 0,pr >0,k € N,c> 0.

We will say that a function y(t) is a solution of equation (E1), if there exists a number
To € Rsuchthaty € P.C([Ty,+o0], R), the function z(t) = y(t) — cy(t — h) is continuously
differentiable for ¢t > Ty, t # 7, k € N, and y(t) satisfies equation (E,) for all ¢ > T.

If not mentioned otherwise, we will assume throughout this paper that every solution y(¢)
of equation (E}), that is under consideration here, is continuable to the right and is nontrivial.
That is, y(t) is defined on some ray of the form [T}, +00) and sup {|y(t)|: ¢t > T} > 0 for each
T > T,. Such a solution is called a regular solution of equation (E}).

We will say that a real-valued function u defined on an interval of the form [a, +0c0) has
some property eventually, if there is a number b > a such that w has this property on the
interval [b, +00).
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SUFFICIENT CONDITIONS FOR OSCILLATION OF SOLUTIONS OF FIRST ORDER NEUTRAL DELAY... 17

A regular solution y(t) of equation (F) is said to be nonoscillatory, if there exists a number
to > 0 such that y(¢) is of constant sign for every t > ty. Otherwise, it is called oscillatory.
Also, note that a nonoscillatory solution is called eventually positive (eventually negative), if the
constant sign that determines its nonoscillation is positive (negative). Equation (E}) is called
oscillatory, if all its solutions are oscillatory.

Moreover, writing a functional relation (or inequality), we will mean that it holds for all
sufficiently large values of the argument.

In our investigations, we shall use two auxiliary functions composed from a solution of (E}).
So, let us consider y(t) as a solution of equation (£7) and set

z2(t) = y(t) —cy(t — h), Az(m,) = Ay(rg) — cAy(r, — h), k € N, (%)

w(t) = 2(t) —cz(t —h), Aw(rg) = Az(1g) —cAz(my —h), k € N. (xx)

We introduce, at the beginning, two lemmas which investigate the asymptotic behavior of the
functions z(¢) and w(t) defined by (x) and (xx), if y(¢) is a non-oscillatory solution of (£;). The
first one is formulated and proved for an eventually positive solution y(t) of the equation (E).

Lemma 1. Let y(t) be an eventually positive solution of (E1) and the hypotheses (H1), (Hs2)
be satisfied. Then:

(a) z(t) is an eventually decreasing function of t with down-jumps;

(b) if c € (0,1], then z(t) is an eventually positive function, i.e., z(t) > 0 for all t large enough

and lim z(t) = 0with lim |Az(m)| = 0;
t—+o0 T —+00
(c) if ¢ > 1, then z(t) is an eventually negative function, i.e., z(t) < 0 for all t large enough
andtliin z(t) = —o0.
— T 00

Proof. (a) Let y(t) be an eventually positive solution of the equation (E), i.e., there exists
t > 0 such that y(t) is defined for every t > ¢ and y(t) > 0, y(t — o) > 0, y(t — h) > 0 for
t >t +max{h,0} = to. From (E;) and (%) we have

Z(t)=-pylt—o), t#1 keN, t>t, (1)

Az(tg) = —pry(x — o), k€ N, 1 > to.

It follows from (1) that Az(7;) < 0, i.e., z(¢) has "down-jumps"at the points of impulsive effect
7, and, because z'(t) < 0, we conclude that z(t) is a decreasing function for ¢ > ¢¢. The proof
of (a) is complete.

(b) Let y(t) be an eventually positive solution of (£;). Since (a) holds, then there exists

. lim z(¢), which can be a positive number, zero, a negative number, or —oc.
—400

Assume that z(¢) < 0 eventually. Then, because z(¢) is a decreasing function with down-
jumps, for some ¢; > t( there will exist §,, > 0 such that z(¢) < —¢, for every ¢t > t1,t # 7%,
k € N,i.e.,

y(t) —cy(t —h) < =6,, t# 1, t>11.

Moreover, because the sequence of eventually negative numbers {Z(Tk) }Zj is decreasing, for
our ¢, > 0, there will be such a term 7, in the sequence of the impulsive moments {7y},
whereafter z(7;) < —d,, for every 7, > 7,, whenk > v, k € N, v € N. Hence,

y(mg) —cy(my — h) < =6y, ™ >7, k>v, k€N, veN.
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18 M. B. DIMITROVA, V. L. DONEV
Denote t, = max{t1, 7, } and combine the last two inequalities as
y(t) < =0, +cy(t—h), t=>t,,
which is obviously also fulfilled for ¢t = ¢,, too, i.e.,
y(t,) < =0, +cy(ty — h). (2)
From (2), by iterations basedon ¢t = ¢, + (n — 1)h, n € N, we get
y(t) < —6,(1+c+c®+...+c" ) +c"y(t, —h), neN. (3)
When ¢ = 1, it follows from (3) that y(¢) becomes less than a negative number for fixed y(t, —h)

and large enough ¢, which is a contradiction.
If ¢ € (0,1), the inequality (3) implies, for large enough ¢, that

y(t) < — t>t,, (4)

and y(t) becomes less than a negative number for large enough ¢, which is again a contradiction.
Hence, our assumption that eventually z(¢) < 0is impossible and we conclude that eventual-
ly z(t) > 0 and . liin z(t) is a finite positive number or zero. The last fact implies
—T 00

lim |Az(mg)| = 0.

T —+00

Further, assume lim z(t) = L, L > 0. Integrating (E1) from ¢ to ¢, we get

t——+00

/tz’(r)dT + /tpy(r — o)dr = 0,

or
2(t) — z(tg) — Z Az(Tg) + /py(r —o)dr =0,
or
) = 2(t) + Y Axtn)— [ putr - o)
But Az(1;) = —pry(7 — o) hence
) = 2(t) = Y pevln—o)— [ putr - o). (5)

to
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SUFFICIENT CONDITIONS FOR OSCILLATION OF SOLUTIONS OF FIRST ORDER NEUTRAL DELAY... 19

Because z(t) = y(t) — cy(t — h), we have, in this case, that L. < z(¢) < y(t), which determines
y(t) as a bounded function from below. Then (5) reduces to

t
A0 < 2(t) L] Y ot [ i), (6)

to<Tr<t to
which implies . lir+n z(t) = —oo and contradicts our assumption. Therefore, the only possibility

left is . li+m z(t) = 0. The proof of (b) is complete.
(c) Proceeding as in the beginning of (b), we conclude that there exists . liin z(t), which

can be a positive number, zero, a negative number, or —oo.
Assume . liin z(t) = L > 0. Then we will have L < z(¢t) < y(t). The last fact does
— 1T

determine y(¢) as a bounded function from below and if we integrate (£;) from ¢, to ¢, we can

easily get (6), which will imply , hin z(t) = —oo and this will contradict our assumption.
—1 00
Assume
Jim s(t) = Tim [y(t) — ey(t — b)) = L =0, (7)

It is obvious that then z(¢) > 0 eventually, i.e., there exists a number ¢; > ¢, such that we have
y(t) > cy(t — h) > y(t — h) for every ¢ > t1. Observe that the last inequality holds as well as
for those moments of impulsive effect 74, for which 7, > ¢1, & € N. However, our assumption
implies that there will exist a strictly increasing sequence {y(t,)}5>; (with moments of impulsi-
ve effect 7, eventually therein), which is bounded by a positive number, i.e., nEI—ll—loo y(tn) = K,

K > 0 or which is unbounded, i.e., lir+n y(t,) = +oco and for which (7) has to be fulfilled. But

for this sequence we have

lim z(t,) = tlirlgo[y(t)—cy(t—h)] = lim y(tn)—ct lim y(t,—h) = (1—¢) lim y(t,) <O

tn—-+00 tn—-+00 n—+00 tn—-+00

and the contradiction with (7) is evident, because ¢ > 1.
Finally assume . ligl z(t) = L < 0. Then, proceeding as in (b), we can get (2). Observe

that the right-hand side of (2) has to be positive, because y(¢) is positive. So, we obtain the
inequality 0 < —d, + cy(t — h), which clearly shows that y(¢) is a function bounded from below.
Hence, if we integrate (E) from ¢, to t, we can easily get (6), which will imply . ligl z(t) = —0

contradicting our assumption again.
Thus, the above considerations imply that . 1121 z(t) = —oo and complete the proof of (c)
—T 00

and of the lemma.
The second lemma is only formulated for an eventually negative solution y(¢) of the equati-
on (E;), but the proof is carried out analogously to the proof of Lemma 1.

Lemma 2. Let y(t) be an eventually negative solution of (E1) and the hypotheses (H;), (Hs)
be satisfied. Then:

(a) z(t) is an eventually increasing function of t with up-jumps;

(b) if c € (0,1], then z(t) is an eventually negative function, i.e., z(t) < 0 for all large enough
tand limy_, o 2(t) = 0 with lim;, .4« |Az(7g)| = 0;
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20 M. B. DIMITROVA, V. I. DONEV

(c) if ¢ > 1, then z(t) is an eventually positive function, i.e., z(t) > 0 for large enough t and
hmt_>+oo Z(t) = +00.

Lemmas 1, 2, applied to the functions z(t) and w(¢) defined by (x) and (x*), where y(¢) is a
non-oscillatory solution of (£} ), lead to the following useful proposition.

Lemma 3. Let y(t) be a solution of the equation (Ey) and the hypotheses (Hy), (Hs3) be
satisfied. Then:

(a) the functions z(t) and w(t) defined by (x) and (xx) are also solutions of (F1);

(b) for an eventually positive function y(t), w" (t) is an eventually positive function;

(c) for an eventually negative function y(t), w” (t) is an eventually negative function.

Proof. (a) A direct substitution of z(t) defined by (x) in the equation (1) shows that z(¢) is
a solution of (E4). The same holds for w(t) defined by (xx) as well. So, (a) is easily evident.
(b) According to (a), z(t) defined by () is a solution of equation (E;). So, we have

[2(t) —cz(t —h)] = —[pz(t —0)], t # 7.

From here, it is easy to see that
w(t)’ = [(t) - ex(t — )" = —pla(t— o), t# (®)

From (8) and Lemma 1(a) one can easily derive (b).

(c) From (8) and Lemma 2(a) one can easily derive (c).

The lemma is proved.

In order to assist our investigations on the oscillation of (E} ), we consider the delay impulsi-
ve differential equation with constant coefficients of the form

Z(t)+Qz(t—s) =0, t# T4, (E2)

Az(1g) + qez(t, —s) =0, k € N,

and the corresponding to it inequalities

Z(t)+Qz(t—s) <0, t#m, (Na<)

)

Az(1g) + qez(te —s) < 0, k€ N,

and
Z(t)+Qz(t—s) >0, t# 7, (N2>)

Az(g) + qpz(te —s) > 0, k € N,
where the deviation s and the coefficients @, q;, K € N are positive constants.

3. Oscillation of all solutions of the equation (E2). Let us note that in this section z(¢) is
supposed to be self-contained and considered independently of what was set in (x). Our aim
is to establish appropriate sufficient conditions under which the equation (E?2) is oscillatory, in
order to use this result in the next section. To this end, we introduce the following hypothesis:
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SUFFICIENT CONDITIONS FOR OSCILLATION OF SOLUTIONS OF FIRST ORDER NEUTRAL DELAY... 21

(H3)Q >0,1>¢q, >0,k € N.
The next lemma specifies a sufficient condition for equation (Es2) to be oscillatory, which
will be useful for investigation of oscillation of solutions of equation (E}).

Lemma 4. Assume that the hypotheses (H1) and (H5) are satisfied. Suppose also that

lim sup H (1—qr)| <esQ, ke N.

=00 t—s<t<t

Then:

(a) the equation (E,) is oscillatory;

(b) the inequality (N2 <) has no eventually positive solutions;
(c) the inequality (N3 >) has no eventually negative solutions.

Proof. Since the proofs of (a), (b) and (c) can be carried out by similar arguments, it suffices
to prove only the case (a). To this end, assume the converse that equation (F>) has a non-
oscillatory solution. Since the negative of a solution of (E») is again a solution of (E»), it suffices
to prove the lemma considering this solution as an eventually positive function.

So, suppose that there exists a solution z(t) of the equation (F3) and a number ¢ > 0 such
that z(t) is defined for t > ¢ and 2(¢t) > 0,2(t —s) > Ofort >t + s = t,.

From (E3) and hypothesis (H;), it follows that

Z(t) = —Qz(t—s) <0, t#m, keN,

Az(1y) = —qrz(, —s) <0, k€ N,

i.e., z(t) is a positive decreasing function for ¢ > t, with "down-jumps"at the points of impulsive
effect (Az(m;) < 0). At the beginning we can rearrange (E>), dividing by z(¢), in order to obtain

z(t —s)
z(t)

:_Q <_Q7 t#’rka ]CGN, (9)

Az(1y) = —qrz(Ti — 5) < —qrz(T), k€ N.

It follows from Condition 1, that there exists a constant L > 0 and ¢; > ¢y such that

Qo
m

) t Z tly (10)

[

where we denote

m = lim sup H (1 —qg).
t—o0 t<tp<t+s

Now, integrate (9) from ¢t — s to ¢, i.e.,

t
t—s
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22 M. B. DIMITROVA, V. I. DONEV

and obtain
In 7t > < —sQ. (11)
t—s<TE<t Tk + 0)
Also, z(1, + 0) — 2(1%) = —qrz(me — ) < —qrz(7k) and z(7 + 0) < (1 — qx)z(7%), i-e.,
1 Z(Tk) 1 Z(Tk)
. So, 1 <1 and from (10) and (11) we get
1—q  2z(mx +0) nl—qk nz(Tk—i-O) (10) (I)weg
z(t) 1
In H < —sQ,
_Z(t - S) t—s<T <t 1= k
i.e.,
z(t —s)
1 1-— Lm.
n 0 H (1—qr)| > Lm
L t—s<T <t
Using the inequality e* > ez, it follows from the last inequality that
z(t —s)
1-— L
Z(t) H ( Qk) > eLm,
t—s<T <t
which implies
M > el.
z(1)

Repeating the above procedure by induction (9), we conclude that there exists a sequence {¢,},
where t,, — oo asn — oo, such that

z(t —s)

z(t)

> (eL)", t >t (12)

Choose n such that

<m2L>2 < (eL)", (13)

which is possible because we have eL > 1 by (10). Further, fix arbitrary chosen #, where £ > t,,.
Because of (10), there exists a £ € [t — s, ] such that

Integrating (E») over the interval [t — s, ], we find

2(6) - — Y Axm)+ /er_s

t—s<;<¢
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SUFFICIENT CONDITIONS FOR OSCILLATION OF SOLUTIONS OF FIRST ORDER NEUTRAL DELAY... 23

or

&
2(€) — 2(t — s) + Z qiz(mi —s)+Q / z(r —s)dr = 0.

t—s<m; <€

By omitting the first and the third terms and using the decreasing nature of z(t) we find

2t —s) > (€~ 1+5)Qz(6 ~3),

i.e.,
z(t—s)  mL
e_a " o ¢ 14
AE-s) T 2 (14)
Similarly, integrating (E5) over the interval [¢, ], we find
t
Z(f) —2z(§) — Z Az(T;) + /QZ(T —s)dr = 0,

£<m<t I3

or
t

2(t) — 2(6) + Z qiz(Ti — 8) + /Qz(r —s)dr = 0.

¢<mi<t ¢

By omitting the first and the third terms and using the decreasing nature of z(¢) we find

2(6) > (- 6)Q=(t - s),

i.e.,
2(&) mL
2(t —s) S (15)

From (14) and (15) we conclude

which, together with (12), imply

ey < 2E=8) <2>2. (16)

Note that (16) is in contradiction with (13).
The lemma is proved.

4. Oscillation of all solutions of equation (E4). Using the results of the previous two secti-
ons, we establish sufficient conditions for equation (F) to be oscillatory.
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24 M. B. DIMITROVA, V. I. DONEV

Theorem 1. Assume that the hypotheses (Hy), (H2) are satisfied. Suppose also that:
1

(a)C< 77pk2 17kEN7
Pk

(b) lim sup H (1 —cpr)| < ecp(o+ h).

=00 t—h—o<1<t

Then the equation (E) is oscillatory.

Proof. Assume, conversely, that equation (£;) has a non-oscillatory solution. Since the
negative of a solution of (E}) is again a solution of (E}), it suffices to prove the theorem consi-
dering an eventually positive solution of (E}).

So, let us suppose that there exists a solution y(¢) of the equation (E;) and a number ¢ > 0
such that y(t) is defined for t > ¢, y(t) > Ofort > tandy(t—h) > 0,y(t—o) > Ofort >ty =
=t + max{h, c}. From Lemma 1(a), it follows that z(¢) which is defined by (x) is a decreasing
function for ¢t > ty with "down-jumps"at the points of impulsive effect (Az(7;) < 0), and by
Lemma 1(b), it follows that z(¢) is eventually positive.

Then, there exists some t; > to such that z(¢) > 0 fort > t; > to with "down-jumps"at
the points of impulsive effect (Az(7;) < 0). From the fact that y(t) — cy(t — h) = z(t) > 0,
it is easy to conclude that y(¢) > z(t), as well as y(t) > cy(t — h). Obviously, then we have
y(t—o) > cy(t —o —h) > cz(t —o — h), ie,

y(t —o) > cz(t —o —h). (17)
Multiplying both sides of (17) by —p < 0 we obtain
Z(t) = —py(t — o) < —cpz(t — o — h).

Hence,
2 (t) +cpz(t — o —h) < 0. (18)

Observe that from (17) we have that cz(r, — o — h) < y(7, — o),k € N.
Multiplying by —p;, < 0, k& € N, both sides of the last inequality, we obtain that

—cprz(Tk +h — o) > —pry(T — o) = Az(1;), k€ N,

i.e.,
Az(tg) + eppz(tp —o —h) <0, k€ N. (19)

From (18) and (19), denoting s = o +h > 0, Q = cp, qx = cpk, We see that the positive
function z(t) satisfies the delay impulsive differential inequality of the form

2(t) +Qz(t—s) <0, t#m, keN, (20)

Az(1i) + qpz(m, —s) < 0, k € N,

which contradicts Lemma 4(b).
The theorem is proved.
As an immediate consequence of the above theorem, we formulate the following result.
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Corollary 1. Let the conditions of Theorem 1 be satisfied. Then:
(a) the inequality (N1 <) has no eventually positive solutions;
(b) the inequality (N1,>) has no eventually negative solutions.

The proof of the corollary is similar to that of Theorem 1 and is omitted.

Theorem 2. Assume that the hypotheses (H1), (Hz) are satisfied. Suppose also that:
(a) o >h>0andc+p, <1,k € N;

: Pk ep(o — h)
b - < —.
wimey | [ (1-52) ] < T
t+h—o<T<t
Then the equation (E1) is oscillatory.

Proof. Assume, for the sake of contradiction, that equation (£;) has an eventually positive
solution y(t). Then there exists # > 0 such that y(¢) > 0 foreveryt > t. Also, thereisty > t+o
such that y(t — o) > 0 and Aly(7x) — cy(x — h)] = —pry(7x — 0) < 0, k € N, for every
t > to. Now, by the conditions of the theorem, Lemma 3(a) and Lemma 1(b), it follows that
the functions z(¢) and w(t), defined respectively by (x) and (xx), will be eventually positive
decreasing solutions to the equation (E;) for every ¢ > to. That is, w(t) satisfies, as a decreasing
positive solution, the equation

%[w(t) —cw(t—h)]+pw(t—0) =0, t# g, (21)
Alw(t,) — cw(r — h)] + prw(y, —0) =0, k€ N.

Let us recall that, by Lemma 3(b), w’(t) is an increasing function. Therefore, from (21) it is easy
to see that

w'(t—h) —cw'(t—h) +pw(t — o) <
<w'(t)—cw'(t—h)+pwt—o) =

_ %[w(t) —cw(t — h)] + pw(t — o) = 0. (22)

Moreover, since z(t) is a decreasing function, we see that z(7, — o) < z(7x — 0 — h) and so,
using the definitions of the functions z(¢) and w(t), it is easy to conclude that

Aw(rg) = —prpz(mx —0) > —prz(Ty — o — h) = Aw(ry, — h), k € N.
So, in view of the above observation, from (21) it follows that, for each & € N,
Aw(rp — h) — cAw(t, — h) + prw(Tp — o) <
< Aw(rg) = cAw(t, — h) + ppw(rp — o) =
= Aw(m) — cw(r, — h)] + prw(m, — o) = 0. (23)
Now, from (22) and (23), it follows that w(t) is an eventually positive function for which

(I—ouw'(t—h)+pw(t—0) <0, t#m,
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(1 —c)Aw(ry, — h) + ppw(m, —o) <0, k€ N.

Divide the last two inequalities by 1 — ¢ > 0 and denote s = 0 — h, @ = IL, Q. = 1p—k
— C — C
Then, substituting f = ¢ — h we conclude that w(t) becomes an eventually positive solution of

the delay impulsive differential inequality of the form
w' () + Qu(t—s) <0, t#m, (24)

Aw(rg) + qpw(my —s) <0, k€ N.

But the last conclusion, contradicts Lemma 4(b) and completes the proof.
As an immediate consequence of the above theorem, we formulate the following result.

Corollary 2. Let the conditions of Theorem 2 be satisfied. Then:

(a) the inequality (N1 <) has no eventually positive solutions;

(b) the inequality (N1,>) has no eventually negative solutions.

The proof of the corollary is similar to that of Theorem 2 and is omitted.

Note that the previous two theorems considered the oscillation of the equation (E;) under
the condition ¢ € (0,1). Next we give a result in the case where ¢ > 1.

Theorem 3. Assume that the hypotheses (H1)— (H5) are satisfied. Suppose also that:
(a) o < h,c > 1;

o 2

(b) ltlinﬁ&f p(h—o)+ Z DPr| = ¢
t+o<tp<t+h

Then equation (E\) is oscillatory.

Proof. Assume, for the sake of contradiction, that y(¢) is an eventually positive solution of
the equation (E7). Then, in view of Lemma 3(a) and Lemma 1(c), the function z(¢), which is
defined by (x), will be an eventually negative decreasing solution to the equation (F;). That is,

[2(t) —cz(t — h)] +pz(t —0) =0, t# 7, (25)

Alz(tg) — cz(me — h)]| + prz(m, —0) = 0, k € N.
Integrating (25) from ¢ + o to ¢t + h, we obtain

t+h
z(t+h)—z(t+o0)—clz(t) — z(t+0—h)] + Z prz(Te — o) + / pz(r —o)dr = 0.
t+o<tp<t+h t+o

By omitting the first term and counting the decreasing nature of z(¢) we have

—2(t+0) —cz(t) +cz(t+0—h)+ Z prz(T — o) + p(h — o)z(t) > 0,
t+o <t <t+h

or, because z(t) < z(t — h), we can get

—2(t+0)—cz(t)+cz(t+0—h) + Z prz(te — o)+ plh—o)z(t—h) > 0. (26)
t+o<tp<t+h
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Observe that w(t) defined by (xx) will be a positive function of ¢, by Lemma 2(c). Therefore,
w(t) = z(t) — cz(t — h) > 0 leads us to the conclusion that z(¢t) > cz(t — h). Hence,

—cz(t) < —=22(t—h) and —z(t+o0) < —cz(t+ o —h). (27)

From (26) and (27), it follows that

—cz(t+0—h)—cz(t—h)+cz(t+o—h)+ Z prz(te—0o)+p(h—o)z(t—h) > 0. (28)
t+o<tp<t+h

Moreover, because of the decreasing nature of z(¢), we have z(1, — o) < z(t) < z(t — h) for
t+ o0 < 7, < t+ hand so, from (28), we derive

—Pz(t—h)+z(t—h) > prtph—o)z(t—h) >0,
t+o <t <t+h

or, finally,

At—h) | = +ph—o)+ > pe| >0,
t+o<tp<t+h

which, because of the negative function z(t), implies

p(h—o)+ Z pr <
t+o <t <t+h

The conclusion obtained contradicts Condition 2 of the theorem and completes the proof.
As an immediate consequences of the above theorem, we get the following results.

Theorem 4. Assume that the hypotheses (H1)— (H3) are satisfied. Suppose also that:
(a) o < h,c > 1;
(b)0 < plh—o) < —;
(c) lim inf > pr > .
t—+oo t+o <t <t+h
Then equation (E) is oscillatory.

QIO

Remark 1. As is known (see, for example, [3], Corollary 3.1.6, or [S], Theorem 6.4.2), a
sufficient condition, for oscillation of the neutral delay differential equation

L 1u(t) — enlt 0]+ pult —0) = 0, (E)

1
without impulse effects, is E(h — o) > —. However, the presence of the impulse effects in
C

the differential equation can cause or destroy the oscillation of its solutions. Our result above
demonstrates in partiular the influence of the appearance of the impulse effects on the behavior
of solutions of (£;). Indeed, Theorem 4 shows that the neutral delay impulsive differential

equation (E1) is oscillatory even in the case where E(h —0) < —.
C (&
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Corollary 3. Let the conditions of Theorem 3 or Theorem 4 be satisfied. Then:
(a) the inequality (N1 <) has no eventually positive solutions;
(b) the inequality (N1,>) has no eventually negative solutions.

5. Examples. Example 1. Consider the neutral delay impulsive differential equation

() = 0.2 = 2)) + Ssu(t—1) = 0, 1 £ 7,

Aly(me) —02y(m — 2)] +y(rx — 1) =0, k € N,

1
where p = TR l,e=02,h=2>0c=1and 111 — 7 = 1,k € N,e = exp(1).
Here, the hypotheses (H;), (H2) are satisfied and ¢ € (0,1). It is easy to check that the

1
conditions of Theorem 1 are satisfied. Indeed, ¢ = 0.2 < — = 1,px > 1,k € N, and
lim sup II (1 —cpg)| = limsup II (0.8)| =0.64 < ecp(oc+ h) = 0.6e.
t—oo  |t—h—o<7p<t t—oo  |t—3<r,<t

Therefore, by Theorem 1, all solutions of the above equation are oscillatory. For example,
one oscillatory solution of this equation is the "pulsatile exponent"(see, [12] for the definition
of such a "pulsatile"function) y(t) = A'lote=>t o > 0, where A = —0.2226870709 is the
"pulsatile constant"and A, = 0.12226870709 is the exponential argument.

Example 2. Consider the neutral delay impulsive differential equation
, 1
ly() — Loyt =2)' + —y(t —1) =0, t#m,

A[y(Tk)—1.5y(7'k—2)]+4y(7k—1) =0, k€N,

1
wherep:g,pk:4,c:1.5,h:2>a:1and7k+1—rk:1,k€N,e:exp(1).

Here, the hypotheses (H1), (H2) are satisfied and ¢ € (1,+00). It is easy to check that the
conditions of Theorem 3, as well as the conditions of Theorem 4 are satisfied. Indeed,

1 1,
I;Lnj&g plh—o)+ E Dk lgﬁmig 6(2 1) + E 4 4+ S 2 2.25
t+o<1,<t+h t+1<7, <t+2

Therefore, by Theorem 3, or by Theorem 4, all solutions of the above equation are osci-
llatory. For example, one oscillatory solution of this equation is the "pulsatile exponent"y(t) =
= Ailtot) =Xt o > 0, where A = —0.5698188218 is the "pulsatile constant"and \, =
= 0.14437601777 is the exponential argument.
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