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The paper contains sufficient conditions for the oscillation of all solutions of linear functional iterative
equations.

Hasedeno oocmamui ymosu KOAUBAHHA BCIX PO36°A3KIE NIHIUHUX QYHKYIOHAALHUX IMepauiliHux pie-
HAHD.

1. Introduction. Many authors investigate oscillatory properties of solutions of difference equati-
ons (see [1] and the references cited therein) with “advanced” arguments,

Ay(n) = > pi(n)y(n+i+1), €]
i=0
or with "delayed"arguments,
!
Ay(n) = 3 g (n)y(n — ), )
j=1

where [,m,n € X = {1,2,...},pi,q; : X" — R, i = 1,2,...,m;j = 1,2,...,[, are given
functions and the difference operator Ay is defined by

Ay(n) = y(n+1) —y(n).

If we “join” equations (1) and (2) we obtain a difference equation with “advanced” and “delayed”
arguments,

m l
Ay(n) =Y pin)y(n+i+1)+ > g(n)y(n—j), 3)
=0 Jj=1

where m,n and p;, ¢; are as above.
Some kind of generalization of difference and recurrence equations are iterative functional
equations. In this paper we consider iterative functional equation of the form

m l
Aga(t) =Y ait)z(g™ (1) + Y bi(H)a(g7 (1)), 4)
i=0 j=1
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OSCILLATION OF ALL SOLUTIONS OF ITERATIVE EQUATIONS 349

where t € 3, S is an unbounded subset of Ry = [0,00), m > 0,1 > 1. The difference operator
A, is defined by Agz(t) = x(g(t)) — =(t). The functions a;,b; : § — Ry, i = 0,1,...,m;
j=12,...,l,and g : & — $ are given and z is an unknown real-valued function. By ¢ we
mean the m-th iterate of the function g, i.e.,

go(t) =t gmH(t) = g(g™(t)), te S, m=20,1,....

By g~! we mean the inverse function to g and g~ !(t) = ¢g~!(¢7™(t)). In the whole paper

the upper indices at the sign of a function will denote iterations. In each instance we have the
relation g'(t) = g(t). We also assume that

g(t) #1t and tlim g(t) = oo, teS. (5)

Moreover we assume that g has an inverse function.

By a solution of equation (4) we mean a function z : & — R such that sup{|z(s)| : s €
€ Sy = [to,00) NS} > 0forany ¢y € R4 and x satisfies (4) on 3.

A solution z of equation (4) is called oscillatory if there exists a sequence of points {¢,,}22 ;,

t, € S, such that lim,,_,t, = oo and x(t,)x(t,+1) < 0forn = 1,2,.... Otherwise it is called
nonoscillatory.
k—1 k—1
As usual we take ) a; = 0and [] a; = 1.
j=k j=k

In this paper we investigate oscillatory properties of solutions of equation (4). The same
problem for functional equations has been considered in [2-7] and for equations (1) and (2)
for example in [1, 8—13]. The aim of this paper is to present new oscillation criteria for equation
(4).

Let us observe that in the particular case, i.e., & = N and g(t) = ¢t + 1 from equation (4)
we get equation (3). In the end of this paper we give an application of the obtained results to
recurrence equations.

In our considerations the following lemma will be useful.

Lemma 1. Consider the functional inequality

z(9(1)) = p(t)z(t) + a(t)z(g" (1)) (6)

wherek > 1, p, q : & — Ry, and g satisfies condition (5). If

£ g o) [ [ ole ™) ( i )M )
limin Yt I > | —— 7
REviie z-:oq g j:lp g k+1
k . k . .
limsup Y " q(g'(t) [T p(g™ (8))x
ISt—o0 i=0 j=1
7 k
x {1 +> ald* @) I p(gk+l+m(t))} > 1, (8)
=1 m=1

then the functional inequality (6) has not positive solutions for large t € .
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350 W. NOWAKOWSKA, J. WERBOWSKI

Condition (7) comes from [3] and (8) follows from Theorem 2 of [4].
Similarly we have the following lemma (see [5]).

Lemma 2. Consider the functional inequality

(9" () = p(t)z(g" " (1)) + a(t)z(t) €)
where k > 1, and p, q and g are as previously. If

k-1

A k o O\ R
lim inf (g7(1)) (7)) > | —— (10)
%9tﬂooi:0qg j1;[1pg <k+1>

or
limsup »  a(g™' (1) ][ plg™~ (1))

o~
S3t—00 i=0 j=1

i k
X {1 +> alg™ @) I p(g_k_l_m(t))} > 1, (11)
=1

m=1

then the functional inequality (9) has not positive solutions for larget € .
To prove our main results we will also need the following.

Lemma 3. Let, for sufficiently large t € 3y,

k-1 A k o k k+1
S ata ) [[ota @) =50, 5< (A1) (12)

= 7j=1

Then every nonoscillatory solution x(t) > 0,t € $,, toa > t1 of inequality (6) satisfies the
following inequality:

p(t)z(t) = dx(g(t))  for  tE€ Ty, i3 =ta

Proof. Suppose that z:(t) > 0,t € Jy,, is a nonoscillatory solution of inequality (6). Then
also in view of assumption (5) imposed on the function g there exists a point t3 > t5 such that
z(gi(t)) > 0,i € {1,2,...,k+1},and t € y,. Thus from inequality (6) we get

z(g(t)) = p(t)=(t)

which gives, fori € {1,2,...,k+ 1},

z(g'(t)) = x(t) [[ p(’ (1))

J=0
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OSCILLATION OF ALL SOLUTIONS OF ITERATIVE EQUATIONS 351

and
k+1i

:L‘(gi+k+1(t)) k—i—l H p 7 = l,2,...,k‘+ 1. (13)
Jj=k+1

From (6) we obtain, fori = 1,2,...,k+ 1landt € 3y, t4 > ts,

2(g" (1) = p(g'(0))z(g' (1) + alg'()x(d" T (1)). (14)
k—1 ,
Multiplying both sides of this inequality by [[ p(¢’(¢)) and summing up from i = Oto k — 1
J=i+l
we obtain
k=1 k—1 k—1
2(g"(t) > x(t) [T p(d 1) + D _alg’®) ] ple?()a(g" ().
j=0 =0 j=i+1

Multiplying both sides of above inequality by p(g*(t)) we get

k—1 k
p(g" (®)x(g" () = > alg' () ] plo?®)z(g" "+ (#))
1=0 j=i+1
and from (13)
k—1 k+i
p(g"(£)z(g" (1) = Y alg'®) ] p(¢’@®)a(g"(1)).
=0 Jj=i+1

In view of assumption (12) we have

p(g"()x(g" (1)) = dx(g"*(1)).

Hence
p(t)z(t) > oz (g(t)).

Above inequality concludes the proof.
Similarly we can prove the following lemma.

Lemma 4. Suppose that for sufficiently large t € 3y, inequality

o

-1 k E+1
o [T o = >0 < ()

I
o

%

is true. Then every nonoscillatory solution z(t) > 0, t € S,, of inequality (9) satisfies for
sufficiently large t € Sy,, t3 > to, the following inequality:

p(t)z(g" (1)) = du(g*(2)).
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352 W. NOWAKOWSKA, J. WERBOWSKI

2. Main results. Notice that if in equation (4) one of the coefficients satisfies ay(t) > 1,
k = 0,1,...,m, then equation (4) has only oscillatory solutions.
So, further we will consider equation (4) with the assumption ax(t) < 1,k = 0,1,...,m.

We may observe that equation (4) has the form
[1—ao(®)]2(g(t)) = ar1(t)z(g°(1)) + az(t)x(g* (1)) + ... + am (D)2 (¢g" (1)) +

+a(t) + b (t)a(g (1) + ba(t)a(g (1) + ... + i)z (g (1)),

where the coefficients ay(t), b;(t) and [, m are as before. Thus,

m l
2(g(t) =D Ata(g™ (1) + > Bj(x(g (), 1>0, m=>1, (15)
i=1 J=0
where "
a; t
A;i(t) = ao(d) >0, 1=1,2,...,m,
and
b;(t) 1

Bj(t) = >0, 7=12,...,1, Bo(t)

= 427 0.
1= aot) ~ ”

T 1—aolt)
Further we will assume that inequalities are satisfied for sufficiently large ¢ € .

Now we present sufficient conditions for all solutions of equation (15) to by oscillatory. Let
us start with the following.

Theorem 1. If] < m and

o m—1 ‘ m " m m-+1
it 3 Qo) [] P > () (16)
lim sup > Q@) [T e (1)x
Jdt—o00 i=0 j=1
X {1 + i@(gk+m(t)) ﬁ P(9m+k+s(t))} > 1, 17)
k=1 s=1
where
!
P(t) = Bo(t) + > _ Be(t)Ax(g™* ' (1) (18)
k=1
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OSCILLATION OF ALL SOLUTIONS OF ITERATIVE EQUATIONS 353

and

m—1

Q) = Y Ap(t)Am—r(g" () + Am(1), (19)

k=1

then equation (15) possesses only oscillatory solutions.

Proof. Suppose that x is a nonoscillatory solution of (15) and let z(¢) > 0. Then, in view
of assumption (5) about the function g and positivity of the functions Ay (t) and By(t), from
equation (15) we have

z(g(t)) > Ai(t)z(g" (1)), i=1,2,...,m. (20)
Hence,
2(g"H (1) = Ag"()a(g"H(@)  for 1<k <m.

Thus
2(g"H (1) = Ami(g"(@)a(g™ () for 0<k <m—1. (21)

Similarly from inequality (20) we have for [ < m that
(g M) > Ap(g " @)x(t)  for 1<k <m. (22)

Using now inequalities (21) and (22) in (15) we obtain

m—1
z(g(t)) = { D At A ik(g" (1) + Am(t)} (g™ (t))+
k=1

and

(g(t) = P(t)z(t) + Q()(g™ (1)) (23)

Applying now Lemma 1 to the above inequality, in view of assumptions (16) and (17) we obtain
a contradiction to the fact that x(¢) is a positive solution of equation (15). Thus the theorem is
proved.

Remark 1. From conditions (16) and (17) of Theorem 1 it follows that the coefficients a;,
i = 0,1,...,m, make an essential influence on oscillation of solutions of equation (15) the
coefficients b;, j = 1,2,...,l. Let us observe that if in equation (4) all coefficients b; = 0 for
Jj =1,2,...,1 (then in equation (15) Bj(t) = Ofor k = 1,2,...,l and By # 0 ) conditions (16)
and (17) take the following respective forms:

m—1 - m o -
ggrggg ; Q(gl(t))jI;[lBO(gzﬂ(t)) > <mﬂj_1>
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354 W. NOWAKOWSKA, J. WERBOWSKI

or

lim sup Z ﬁ gt

o~
SDt—00 i=0

x {1+ZQ<gk+m<t>> HBo<gm+k+S<t>>} > 1,

k=1 s=1

where Q(t) is as before. The above conditions could be satisfied and depend only on the coeffi-
cients a;. On the other hand, in case where in equation (4) all the coefficients a; = 0 for
i = 0,1,...,m, the left-hand sides of conditions (16) and (17) equal to zero independly of
the coefficients b;.

Now we give sufficient conditions for all solutions of equation (15) to be oscillatory which
can be applied when inequality [ < m is not satisfied.

Theorem 2. Suppose thatl > m — 2, m > 3, and

41
nggg;ﬁzs o [Tt > ()" @4
» »
lim sup Zg S(g™' (1)) JUI R(g™"(t)x
x {1 S s ) ] R(g—’f—l—s—%t»} >1 (29)
i o
where

R(t) = Au(g (1)) + kfj A9 (1)) Bia(g™ (1) (26)

and _
ZBk 0)Bi_k(g" ™" (1) + Bu(g!(1))- @7)

Then every solution of equation (15) oscillates.

Proof. Suppose that z(t) > 0 is a nonoscillatory solution of equation (15). Then, similarly
as in the proof of Theorem 1, in view of assumption (5) on the function g and positivity of the
functions Ay (t) and By(t) from equation (15) we obtain

z(g(t)) > Bi(t)z(g7 (1)), 1=0,1,...,1.
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Hence we get
2(g7 () = B (g (0)a(g (), 0<k<I-1, (28)

and, form < 1 +2,
z(g"H (1) = Broa(g"(®))a(g*(t),  2<k <m. (29)

Applying now inequalities (28) and (29) in (15) we have

m

z(g(t)) = {Al(t) + ZAk(t)Bk—2(gk(t))} z(g?(t)+

k=2

-1
+ {Z By(t)Bi—j—1(g7 "1 (1)) + Bl(t)} z(g7'(t))
)

and
z(g"t (1) = R(t)z(g"2 (1) + S(t)=(1). (30)

Thus, in view of (24), (25) and Lemma 2, the above inequality cannot possess a positive solution.
We get a contradiction which completes the proof.

Remark 2. Let us observe that Theorems 1 and 2 have "common area", i.e., both could be
applied forl = m—2, [ =m—1 and [ = m.ButTheorems 1 and 2 are independent. To
prove this, we consider a functional equation of the form

1 1 1
p(t+1) = fpat+2)+ Tu(t+3) + [t22:(t 4 4) + tx(t) + W:c(t —~1), t>2
The above equation has only oscillatory solutions because condition (16) of Theorem 1 is sati-
sfied. However assumption (24) of Theorem 2 is not satisfied. On the other hand, for the functi-
onal equation

w(t+1) = [tl]Qx(t $2) 4 Lalt+3) + galt 4+ 4) + gald) + salt—1), 122
condition (16) of Theorem 1 is not fulfilled but the above equation has only oscillatory solutions
because condition (24) of Theorem 2 is true.

We present now conditions for all solutions of equation (15) to be oscillatory. These condi-
tions can be applied in the case where the assumptions of Theorems 1 and 2, respectively, are
not satisfied.

Theorem 3. Let! < m and

m—1 . m L m m+1
Y QW OIIPE ) zd>0 4 (1) G1)
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where P(t) and Q(t) are given by (18) and (19). If

m

lim sup Z ﬁ gt

~
S3t—o00 i=0 =1

x {1 £ Q) ﬁP<gm+’“+5<t>>} S1-mt (3

k=1 s=1

then every solution of equation (15) is oscillatory.

Proof. Suppose that x is a nonoscillatory solution of (15) and let (¢) > 0. Then, similarly
as in the proof of Theorem 1, inequality (23) is true. Hence we have

x(g(t)) = P(t)z(t)

and similarly as in the proof of Lemma 3,

(gt E) > (g™ (¢ ﬁ P(g i=1,2,...,m+ 1. (33)
Jj=m+1
From (23) fori € {1,2,...,m} we get
z(g" (1) = Pg'(D)z(g' (1) + Q(g' (1))x (g™ (1)). (34)

Multiplying both sides of the above inequality by [] P(g’(t)) and a subsequent summation

J=i+l
from ¢ = 1 to m we obtain
z(g" (1) > 2(9() [[ P @) + Q') [[ P ®)z(gm(1)).
j=1 i=1 j=it+1
Applying now inequality (23) we get
z(g™ T (t) H ) +Q(t H z(g™ (1) +
7=0 7j=1
+> Q'®) I P& @)a(g™ (1)) (35)
i—1 j=it1

From (34) we obtain fori € {1,2,...,m}andj € {0,1,...,m} that
(g"TI() = Pg" T ()2 (g (1) + QUM () a (g7 T (1)
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and, in view of (33),

(g™ () 2

2m—+i—j

> P(g" T (0)2(g" () +QUe™T(®) T Ple@)x(g™ T (1)

l=m+1

Applying now (36) for j = 0in (35) we have

w(g"(t) = w(t) H P(g (1)) + Q1) [T P(o7 #)(g™ " (1)) +

7=0 J=1
+3 Q6w TI P ®)x
=1 Jj=i+1

Hence,

+Y QM) [ P W)Pg™ (1)a(g™ (1)
i=2 j=i+1
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Using now (36) for j = 1 in the above inequality we obtain

m

2(g" (1) = 2(t) [ P(¢ (1) +a(g™ ! (1) x

J=0

m 1 m
+> QUM TP @) T] P @)a(g™  (#))
1=3 =0 Jj=i+1

Finally we have

(g™ FH(t)) > a(t) H P(g (1) + (g™ () %

7=0
m m 2m
x {z; Qly Hl (gt (t Z; Qg'(1)Qg™ (1)) H1 P(g" () +

m—+1 m
+ Q"R M) [T Ple™ ) ] P(Q’"“@))} : (37)
j=1 s=2

From assumption (31), in view of Lemma 3, we have that a nonoscillatory solution of (23)
satisfies the following inequality:

P(t)x(t) > dz(g(t)).

Hence

[I P ®)a(t) = 6™ ta(g™(1)).

Jj=0
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Using the above inequality in (37) we obtain

z(g" (1) = 8" a(g™ () + a(g™ () %

m m m 2m
X {Z Q') [T P (1) + > QI ®)QM™ () [T Pla™ )+ ...

=0 7=1 i=1 j=1

m m-+2 m
+ 3 QW) [T P ) [ Pl 1)+
i=m—1 j=1 s=3

m+1 m
+ Qg™ @) [ P ) 1 P(gm“(t))} :
7j=1

Dividing now the above inequality by x(g™"!(t)) we obtain

Y QW) [T Pt ()%
i=0 J=1
w {1 + iQ(gk+m(t)) ﬁp(gm+k+5(t))} < 1— 5m+1.
k=1 s=1

The last inequality contradicts assumption (32). Thus the proof is complete.

Theoremd. Letl > m —2,m > 3,and

l +1 1+2
Sswon [ rawr = o=0. o< () (9)

where R(t) and S(t) are given by (26) and (27). If
I+1 ol o
limsup Y S(g~" () [[ Rlg™ (1))

o~
S3t—00 i=0 j=1

I+1

% {1 4 is(gfkflfl(t)) HR(gklsl(t))} > 11— 5l+27 (39)
k=1 s=1

then equation (15) has only oscillatory solutions.

Proof. Let x(t) > 0 be a nonoscillatory solution of equation (15). Then, as in the proof of
Theorem 2, inequality (30) is satisfied. Thus fori € {1,2,...,l+ 1} we get

2(g 1 (E) = R(gTH0)2 (g H(0) + S(gT ()29 (1)),
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I+1 ,
Multiplying both sides of the above inequality by [[ R(¢~7(¢)) and then summing fromi = 1
j=i+1
to ! + 1 we obtain

+1 I+1 I+1

w(t) = (g O) [TR @) + > Sa®) [T Ra™®)z(g~ (1))
j=1 i=1 j=i+1
Applying now inequality (30) we get

+1 I+1

w(t) = 2(¢2 () [T R (1) + S&) [[ Rlg™7 (8)=(t)+

J=0 Jj=1

+1 I+1

+> S(g7'®) T Rla™@)z(g~ (1))
i=1

j=i+1

Further in the same way as in the proof of Theorem 3 from the above inequality we have

I+1 ' ‘ +3 o -2 ‘
Y ST @S ) [T R ) [T Rl () +
i=l j=1 s=0
142 ' -1
+ S )S( P [TRe™ e I R(982l2(t))} : (40)
j=1 s=0

From assumption (38), in view of Lemma 4, we get
R(t)a(g"?(1)) > d2(g™ (1)
Thus
I+1 '
[T R ®)a(g™2 (1)) = 6" F2a(1).

J=0
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Applying now the above inequality in (40) and dividing both sides of the obtained inequality
by z(t) we obtain

A +1
x {1 38 [T R(g—k—l—5—1<t>>} <1-0
k=1 s=1

This contradicts assumption (39). Thus the proof is complete.

3. Final remarks. Asit was mentioned, functional equations are a generalization of recurren-
ce equations. So, from oscillation criteria given for the functional equations we also obtain suffi-
cient conditions for oscillations of solutions of the recurrence equations. Consider a recurrence
equation of the form

m l

x(n—1) = ZAl(n)a:(n —i—1)+ ZBj(n)x(n—i—j), >0, m>1. (41)
i=1 =0

Applying now the results obtained, for example, in Theorem 3 we obtain the following conditi-
on for equation (41). Let I < m and

m—1 m m m+1
ZQ(n—zH (n—i—j)>4d>0, 5<<m—|—1> ,
=0 j=1
where
l
P(n) = By(n) + Y _ Bi(n)Ag(n+k + 1) (42)
k=1
and
m—1
Q(n) = Ap(n)Ap—k(n — k) + Ap(n). (43)
k=1
Ifforl <m
hmsupZQ (n—1) H (n—i—j)x

. {Hiczm_k_m)ﬁﬂn—m—k—s)} > 1-0m @

k=1 s=1
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then equation (41) possesses only oscillatory solutions.
Conditions similar to the above were presented by Chatzarakis and Stavroulakis [8] and
Stavroulakis [13] for a difference equation of the form

z(n+1) —z(n) 4+ p(n)x(n —m) = 0, m > 0, n=0,1,2,..., (45)
where p : X — R, \ {0}. From [8] and [13] it follows that if
m m m+1
and one of the conditions

2

“ a
I )12 46
im sup ;p(n i) > 1 (46)
lim supr(n —i)>1-—a™, (47)

n—oo T
or

. = . o?

IITILILSOlip ZZ;p(n —i)>1- m, (48)

hold, then all solutions of equation (45) oscillate. It was shown in [8] that for any m condition
(48) is better than (46) and for m = 1,2 condition (48) implies (47), for m > 4 condition (47)
implies (48) but for m = 3 conditions (47) and (48) are independent. Now we show that our
condition (44), in many cases, is better than conditions (47) and (48). For m = 1 condition (47)
is better than (48), so it suffices to prove that condition (44) is better than (47). Let us consider
an equation of the form

z(n+1) —z(n)+pn)z(n—1) =0, n=20,1,2...,

where n
p(n) = 4(2 —1—1(9—1) ) N %
For this equation condition (44) is fulfilled but condition (47) is not satisfied because o = 1%
and
liﬂsolipp(n -1) = % <l-ou

Now let m = 3. In [8] it was shown that conditions (47) and (48) are independent because, for
the difference equation

z(n+1) —z(n)+p(n)z(n—3) =0, n=20,1,2..., (49)
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where
1 1 6731 nr
M) = — d M4 1) = — 4+ -0 2 T
p(n) =45 an pCn+1) = 75+ 10000 ™ 2

condition (47) is satisfied and (48) is not but if, in equation (49),

8 8 744 nw
0m) = — d Mm41) = — 4+ ——sin® —
) =15 and pCn L) = st g s
then condition (48) is fulfilled and (47) is not. Observe that our condition (44) for equation (49)
of the form
2 3\ 4
i=0
and
3 i
limsupr(n—i){1+Zp(n—k—3)} >1-61 (50)
e i=0 k=1
is satisfied for both sequences p(n) defined above. But if we take
9 9 632 nmw
M) = — d Mm+1) = — + ——sin? —
P = qgp  and o pErA L) = a5t g i

then conditions (47) and (48) are not satisfied but condition (50) is true. On the other hand, for
m > 4 it suffices to show that condition (44) is better than (48). For example, the difference
equation

z(n+1) —z(n)+pn)z(n—4) =0, n=0,1,2,...,

where

3 27
p(dbn) = p(bn+1) = p(bn+2) = p(5n+3) = 0 and  p(bn+4) = 0

has only oscillatory solutions since condition (44) is satisfied. However condition (48) is not
fulfilled.
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