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We deal with an integral inequality with a power nonlinearity in its left-hand side, with n nonlinearities in
its right-hand side, and weakly singular kernels. The obtained result is an extention of the Bihari, Henry,
Pachpatte and Pinto inequalities and results obtained by the author. Using these results we prove sufficient
conditions for existence of global solutions of some nonlinear Volterra integral equations with singular
kernels and n nonlinearities.

Poseasnymo inmezpaabhi HepiBHOCMI 31 CMENEHEB0I0 HEATHILHICMIO 6 AL6IIL YaCMUHL, N HeATHILHOCM -
MU Y NPABIl 4acmuMi ma caabkocureyaapHumu aopamu. Ompumanuii pe3yabmam € y3a2aibHeHHAM
HepisHocmetl, odepxcanux Bixapi, Ienpi, [launamm ma Ilinmo, a maxkoxc pesyavmamis asmopa. Ha
OCHOGI YUX pe3yAbmamis 6CIMAaHO8AeHO OOCMAMHI YMO8U ICHYBAHHA 2A00AAbHUX D036’ A3KI6 0eAKUX
HEeAIHILHUX [HMe2PAAbHUX PIBHAHb Boabmeppu 3 CUH2YAAPHUMU AOPAMU MA 1 HEAIHILHOCMAMU.

1. Introduction. In the paper [1] the integral inequality

u(t) < e+ / No(s)wi (u(s))ds, (1)

has been studied. The aim of this paper is to study a singular version of the inequality (1) and
to generalize the results published in the papers [2—5]. A desingularization method developed
in these papers was applied in the papers [3, 5-9] to the study of boundary-value problems,
stability problems, and the problem of the existence of global solutions of parabolic differential
equations. It is applied in the paper [10] to the study of integral inequalities of two and more
variables with singular kernels. Using this method a result on the discrete version of an integral
inequality with a singular kernel is also proved in [9]. The method is also used in the papers
[11-14].
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72 M. MEDVED

2. Main result. First let us consider the inequality

u(t)® < a+ /(t — 5)% 7N\ (s)wi(u(s))ds+
i=1 0
+ /)\j(s)wj(u(s))ds, t e (0,7), (2)

where 0 < G; < 1,7 = 1,2,...,n, k > 1,0 < T < oo and a is a positive constant. The
nonsingular version of the integral inequality (2) with one nonlinearity and £ = 2 has been
studied by B. G. Pachpatte in the paper [15]. We recall the following notation introduced in [1].

. wy | .
A C Rbeasetandwi,wy : A — R\ {0}. If the function w = 2 s nondecreasing on A, then
w1
we write w; o wo. Obviously the relation « is transitive and reflexive.

Lemma 1. Let o € (0,1), 3 > 0. Then there exists a constant C = C(«, 3) > 0 such that

(t — s)" % ds < cePt, t>0 (3)

o _

(see also [4, p. 352, 354, 358)).

Theorem 1. We make the following assumptions:

(H.) the functions w; : Ry := (0,00) — R,i = 1,2,...,n, are continuous and positive on
(0, 00) such that w;, x w;, X ... X w;, forsome iy ia,... i, € {1,2,...,n} simultaneously
different,

(Ho) the functions u, \; : (0,T) — (0,00),7 = 1,2,..., N, are continuous, nonnegative, and

a is a positive constant,

(H3)O < 62 <l = 1,2,...,’0,,61' 7& /ijOI"Z #]
If e > 0 and the function u(t) satisfies inequality (1) fort € (0,T) then

where

d
Wim(u> = /0-1u Z Ump = W_l (uimfl)a ug > 0,
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1
7":7’(6) ‘=q192 ...49N, qi:ﬁ‘i’é_, 2,:_>07
7
. = , ;> 0’ ) — 17 27 cee ]\f7
B@ 1+ P Z )
Wi;l is the inverse function of W co = (n+1)"'a",
) - >0, f ! >0
r=réE) = s ) i — 5 g, 5 5 P — 5 Zi )
q192 an, qi 3; i 1+ 2 i

T
Ci,y = Wl-;l Wi, (ci. )+ /S\im(s)ds , m=12...,n,
0

Ai(t) = T4 Y+ 1) " Mdie ™™ N d = q1g2- - i—1i41 - - - AN

1
Pi

di =crel, i=1,2,...,N, \(t) =T Yn+1)""\(s),
: I1+2z+e
]:N+]—7N+2a"°7na pZ:La C::Ci:C’i(aiapi)>0
zZi + €

satisfies the inequality (3) with « = a;p;, oy = 1 — ;, 8 = [; and the number b € (0,T) is the
largest number such that

b oo
. . d
”)\Z Hb = >‘Z (S)dS S 707 m = 1,2,...,71.
m m 1 r
) oL Wi (0F)]

This theorem obviously extends the Bihari lemma [16] to n nonlinearities. This is a singular
version of the Pinto inequality [12 | (Theorem 1) and it is also a generalization of an inequality
proved by J. D. Dauer and N. I. Mahmudov [7] (Theorem 4). They consider the inequality (2)
with N = 1,n = 2,4; > 0 and in the proof of their result the method of desingularization
developed in [4] is applied.

The following proof of Theorem 1 is based on the method of desingularization of singular
integral inequalities (see [4]), the method applied in the study of integral inequalities with
power nonlinearities in the left-hand sides in the papers [5, 15] and the Pinto’s method [1]
(a generalization of Bihari’s method to integral inequalities with n nonlinearities).

Proof Theorem 1. 1Let
1
ap =1-4;, 5i:m, z; > 0,
1 142z +¢ .
, = — +¢&, = — =12,...,n.
& Bi pi 2 + € ’ "
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. 1 1 .. . . .
Obviously . + i 1. The Holder inequality and (3) yield

/t i(s)wi(u(s))ds =
0

(t—s)"%e® e N(s)wi(u(s))ds <

Il
o

t
< /(t _ 8)_Oéipz‘epi5d5
0

S diet (

o\{*
S
—
V>
S~—
&
=
i~
—
Va)
~
S~—
S
QL
V>
SN——

where
1
vi(t) = e Wi\ (1)%, di = ¢" el
t

/ (t — 8)~iPiePisds < c;ePit t >0, ¢i = ci(ag,pi) > 0,

0
see Lemma 1.

From the inequality (2) we obtain
1
t o ot
F<a+ Zd /1/Z s)wi(u(s))%ds + /)\j(s)wj(u(s))ds

If we define r = q1q2...qy then applying the inequality (A1 + As + ... + Ap11)" < (n+
+1)"H AT+ AL+ 4+ AT L), Ar, Ao, ..., Apyr > 0, we obtain

Gi

u(t) < (n4+1)"71 |a” +Zd” /Vi(s)wi(u(s))qids +
=1 0

j=N+1

t
+ / Aj(s)wj(u(s))ds ) 4)
0
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where §; = q1g2...¢i—14i+1 -..qn > 1. The Jensen’s inequality in the form

)

¢
/g(s)ds < tél/g(s)‘sds, J>1,
0

0

yields

[uitatonds | <17t [ogsrwtuts)ds
0 0

and from inequality (4) it follows that

where
o= (411", N(t) = T4 Y n+1)"tdle N0, i =1,2,...,N,

AN =T n+1)"N0", j=N+1,N+2,...,n.

This inequality can also be written as
n t
u® <ot Y [ R i uls))ds,
m=17

where the condition (Hy) is satisfied for some i1, 2, . . . , im.
We shall proceed in the sequel by induction with respect to n. For n = 1 the result follows

from [S5] (Theorem 2). Let n = 2, i.e., we have the inequality
t t
szsV+/M@mmmww+/&@mmwww. )
0 0
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Without loss of generality one can assume that i; = 1,4y = 2,1i.e., w; X ws.
Let

() = / A (s)wr(u(s))ds, z(t) = v+ / So(s)wa(u(s))'ds, () = 21(t) + 2a(t).
0 0

Obviously,

and therefore we have

L mey) = 2

where w = —2. Hence by integrating over (0, 7"), we obtain
w1

t t
Wi(2(t)) < Wa(co +/ ds+/ %)}rds.
0 0
Putting v(t) = W1 (2(t)) we have

T t
wwswmm+/&ww+/&<MMTwwwm
0 0

i.e.,

where

and consequently we obtain from (6) that

u(t) < z(t)lTlr = (V[/fl(v(t))ﬁ < (Wll oWt (W(CO) +/5\2(s)ds>) .
0

M. MEDVED

(6)

™)
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Obviously

Ww:/igz/mwi@wr:

where u; = W, ! (ug) and therefore (7) yields

t
w(t) < Wyt | Wa(er) + / So(s)ds
0

where ¢; = W, (Wi(co) + [ Ai(s)ds). In the case n > 2 one can proceed by induction in the
same way as in the Pinto’s proof of [1] and we omit this part of the proof.

3. Applications. In this section we apply Theorem 1 to a study of properties of solutions of
the integral equation

¢®=NHZ/WﬁW%®%Wﬁ
0

i=1

n t
+ > [P ow)s (8)
where @, f, P;;i = 1,2,...,n, are vector-valued functions, and the scalar integral equation of
the form
N t
z(t)F = h(t) + Z/(t — 5)%71Q;(s, z(s))ds+
i=1Y)
n t
+ > /Qj(s,:r(s))ds, k> 1. )

By a solution of (8) and (9), respectively, we mean a continuous solution defined on an
interval (0,7"), where 0 < T < oco. If T = oo, the solution is called global. A result on the
existence of global solutions of (8) with n = 1 is proved in [5] and it is applied there in the proof
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of a theorem on the existence of global solutions of some evolution equations. The special case

+/ (t—s) (x(s))ds (10)
0

of the equation (8), where x, h, w are scalar functions, has been studied in several papers, e.
g. in [9, 17]. In the paper [18] a necessary and sufficient condition for the existence of global
solutions of this equation is proved and this result is used in the paper [19] in the proofs of
some results on the existence of global solutions to a semilinear parabolic evolution equations.
Scalar equations with power nonlinearities in the left-hand sides, i.e., equations of the form (9),
however with n = 1, are studied e. g. in [20]. In this paper the function 1 = @ is supposed
to be linear, ~(t) = 0 and there is a function of ¢ before the integral. The authors have proved
some results on lower and upper estimates of solutions of such equations. Equations of such
type are arising in various applications, e. g., in the nonlinear theory of wave propagation [21].

Theorem 2. Let f € C(Ry,RM), P, € C(R;y x RM RM) with
1P (t,0)l < F@willlvl]),  (tv) € Ry xRY, i =1,2,...,n, (11)

where F; € C(R4,Ry) and w;,i = 1,2,...,n, are functions satisfying the condition (Hy) of
Theorem 1. Assume that there exists an € > 0 such that

r—1
/T‘ I _ o i=12...m (12)

1
wherer = r(e) := qiq2 ... qN, ¢ = 54—5,0 < Bi<1l,i=1,2,...,N. Then

(2

limsup || ®(t)]| < oo
t—T—

for any solution ® : (0,T) — RM of the equation (8) with0 < T < oo.

Proof. Assume that ® : (0,7) — R" is a continuous solution of the equation (8), where
0 < T < oo with limsup,_,; ||®(¢)|| = oco. The condition (11) yields

N t
@@ < 11£(2) +Z/(t—S)ﬁi_lFi(S)wi(l|‘1>(8)||)d5+
0

=1

n

t
+ 3[R eelhs

and applying Theorem 1 we obtain
¢
Wi (120)) < Wi, (i) + [ Bi(s
0
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where
ko = (n+ 1) 4", = max
o= 1 = max O],
T
_ -1
K/Zm - im Tm K/Z'm 1 +/ im
0
[od
g _
Wint(u) = /17 u 2 um = Wimlfl(um_l)7 UO = ”(D(O)Hr7
Wiy (07)]"
Um
By, (t) = T%n Y n 4+ 1)1} F,,(¢),
=
4 = 4q1-.-4;—19;+1 "‘deim = Cimpim€ P m = 1727' 3N Chy D,
are constants from Theorem 1 and the functions W; , m = 1,2,... n, are as in Theorem 1.
This yields
@) T
g
_— L (Kiy) —i—/ in(s)ds < o0.
. =T
I wnon) /
We remark that all the numbers u,,,, m» = 1,2, ..., n, are well defined because of the divergence
of all integrals from (12). However
eE” el
. do . T ldr
lim sup ———— = rlimsup =
t—T— [wi, (o)]" t—T~ wi, (7)
Un uo

and this is a contradiction with (11).
The theorem is proved.

Theorem 3. Leth € C(R4,R), Q; € C(R4+,R) with
Qi(t,w)) < Gi(wi(lw]),  (tw) € Ry xR,i=1,2,...,n,

where G; € C(R4,Ry) and w;,i = 1,2,...,n, are functions satisfying the condition (Hy) and
the condition
oo
rhr=ldr .
=00, i=12...n,
wi ()
0

where r = r(c) is as in Theorem 2 and k > 1. Then limsup,_,p- |V(t)| < oo for any solution
U :(0,T) — R ofthe equation (9) with0 < T < oc.
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This theorem can be proved applying Theorem 1 in the same way as we have proved
Theorem 2.
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