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We present conditions ensuring the existence of a solution in the class C*([0,T)) for the singu-
lar periodic boundary-value problem (r(z')) = H(p(t) + q(x))k(z") f(t,z,2"), x(0) = =(T),
2'(0) = a/(T). Here the function k is singular at w = 0 in the following sense: 7113% k(u) = oo.
Since the derivative of any solution to our periodic boundary-value problem vanishes at least
once on [0, T, solutions of the considered problem pass through the singular point ' = 0 of
the phase variable x'.
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1. Introduction, Notation

LetT > 0and J = [0,T]. Throughout the paper ||z| = max{|z(¢)| : ¢ € J} denotes the
norm in C°(J) and ||z, = fOT |z(t)| dt the norm in L(.J). Next we use the following sets.

Ly (R) is the set of Lebesgue integrable functions on any compact interval [a, b] C R.

AC(J) is the set of absolutely continuous functions on J.

AC1oc(R) is the set of functions = such that z € AC([a, b]) for any compact interval [a,b] C

AC*(J) is the set of functions having absolutely continuous derivative on J.

Caryc(J x D) is the set of functions satisfying the local Carathéodory conditions on J x D,
where D is a subset of R2,

Consider singular differential equations of the form

(r(2'(£)))" = H(p(t) + q(x(t))k(2'(t)) £ (£, 2(t), 2' (1)) (1)
together with the periodic boundary conditions
.%'(0) = x(T)v .T}/(O) - x,<T)7 (2)

where r, H, p, and ¢ are continuous, k is continuous on R \ {0} and singular at v = 0 in the
following sense lin%) k(u) = oo and f € Caroe(J x D) or f € C°(J x D).
u—r
In the case of f € Caro.(J x D), we say that z is a solution of the periodic boundary-value
problem (PBVP) (1),(2) if z € CY(J), r(z') € AC(J), theset A = {t : t € J, 2/(t) = 0} is
finite, = satisfies the periodic conditions (2) and (1) holds a.e. on J.
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In the case of f € C°(J x D), a function x € C*(J) is said to be a solution of PBVP (1), (2)
if theset A = {t : t € J, 2/(t) = 0} is finite, r(2’) € CY(J \ A), z satisfies the periodic
conditions (2) and (1) holds on J \ A.

There are many papers which deal with singular PBVPs where the considered second order
differential equations have singularities in the phase variable x at the point z = 0 (see, e.g., [1 -
7] and the references therein). Common in these papers is the fact that the considered solutions
are either positive or negative, that is, solutions do not pass through the singular point x = 0.
This situation has been partially overcomed in [8] where differential equations of the form

(r(2(t)2'(£))" = pq(t) fu(t, x(t))

with a positive parameter p were studied. Here f, may be singularatz = Oand x = A > 0.

If lim+ r(u) = oo and some assumptions on r, g and f, are satisfied, then there exists y, > 0
u—0

such that for z € (0, ) the above differential equations have a solution x in the class C(.J)
satisfying the periodic boundary conditions z(0) = 2/(0) = 0, z(T) = 2/(T) = 0and 0 <
xz(t) < Afort € (0,T) (see [8], Theorem 2).

In this paper we present conditions ensuring the existence of a solution to the singular
PBVP (1),(2) where the differential equation (1) is singular at the point 2/ = 0 of the phase
variable 2. Since for any solution 2 of PBVP (1), (2) the derivative 2’ has at least one zero on J,
we see that solutions of our PBVP pass through the singularity of (1). The proofs of existence
results are based on a trick in [9] by which we transform the singularity on the right-hand side
of (1) to its left-hand side. The obtained differential equation has now regular right-hand side,
and so we can apply, to the transformed PBVP, existence results given in [10]. The solvability
of PBVP (1),(2) is presented in Theorem 1 under the assumption that f satisfies the local
Carathéodory conditions and for continuous f in Theorem 2.

From now on, we assume that the functions r, H, k, p, q, and f in (1) satisfy the following
assumptions:

(H1) r € AC)oc(R) is increasing and maps R onto R, 7(0) = 0;

(Hs) k € C°(R) \ {0}) is positive, 11}36 k(u) = oo, and liminf k(u) > 1;

|u|—o0
0

1 1
(Hg)/Mds < 00, /k:(r—l(s))ds < 00,

0

0
1 1
————ds = too———— ds = o0;
/ k() | TR T
—00 0
T
(Hy) Theinverse z ' toz : R — R, z(t) = / K1(s) ds, is a locally Lipschitzian function

0
on R;
(Hs) H € C°(R) is increasing on R and H(0) = 0;
(Hg) p € CY(J) and there exist a, B € R, a < f3, such that ¢ € C°([a, B]) is increasing on
[ev, B3],

p(t) +q(a) <0 < p(t)+q(B) forte J,
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¢ (—p) is differentiable on .J and (¢~ '(—p(t)))’ # 0fort € .J, where ¢~! is the inverse to g
and either
(H7) f € Carpe(J X [, 8] X R) and

X(t) < f(tz,y) < (h(t) + |yw(lyl) for (t,z,y) € J x o, B X R,
where x, h € L(J) are positive on J and w € C°([0,0)) is positive and nondecreasing on
[0,00) or
(Hg) f € C%J x [a, 8] x R) and
0 < ft,z,y) < (h(t) + |y[w(lyl) for (t,z,y) € J x [, f] X R,

where h € C°(J) is positive on J and w € C°([0, 00)) is positive and nondecreasing on [0, c0).

Remark 1. The condition liminf k(u) > 1 in (H2) can be replaced by the weaker one

|u|—o00

liminf k(u) > 0. Indeed, if v = liminf k(u) < 1, we use in (1) for example the functions 2k /~

and v f/2 instead of k and f, respectively.

Remark 2. If we set

(u)

0 for u =0,

o(u) =

1
{ —— for ueR\{0},

then g is continuous and bounded on R.

Letw € AC)oc(R) and for each n € N the functions [1/k], € C°(R) and w,, € AC)o(R) be
defined by the formulas
r(u)

1
w(u>_ {k(r_l(s))ds, (3)
1 k02
Mn(“): noif k:(u)<%, (4)
0 if uw=0,
r(u) )
w() = [ [ s )

Then [1/k],, (u) < [1/k],,; (u) foru € Randn € N, nh_)rgo [1/k],, (uv) = 1/k(u) foru € R\ {0}

and
+1(u) foru € [0,00), n € N,

(6)

0 < wn(u) < wnyr
0> wy(u) > wpt1(u) foru € (—o0,0], n € N.
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By (H3), there is a ¢ € (0,00) such that k(u) > 1 for |u| > ¢, and so [1/k], (u) = 1/k(u) for
|u| > cand n € N. Hence, by (H;) and (H3),

ull)I:Eoo wp(u) = oo forn € N. (7)
According to Levi’s theorem
r(w) )
0

and combining (6), (8) and Dini’s theorem we conclude that ILm wp(u) = w(u) locally uni-

formly on R and
0 < wp(u) < w(u) foru e [0,00), n €N,

9
0> wp(u) > w(u) foru € (—o00,0], n € N. ©

For the inverse w,, ! to w,, we have (cf. (6) and (7))
wi H(u) > w;il(u) >0 foru € [0,00), n €N, (10)

wyt(u) < wpti(u) <0 foru € (—00,0), n € N
and since lim w;, Yu) = w™(u) for u € R, where w™! is the inverse to w, Dini’s theorem
n o

gives that the last convergence is locally uniform on R.

2. Auxiliary Regular Periodic Boundary-Value Problems

Consider the family of regular differential equations

(wn(2'(2)))" = H(p(t) + a(x(t))) f(t,2(t),2'(t)) (11)
depending on n € N. Here w,, is defined by (5).
If f € Carye(J x D), afunction z is said to be a solution of PBVP (11),, (2)ifz € C(J),
wy(2') € AC(J), z satisfies the periodic conditions (2) and (11),, holds a.e. on the interval .J.
Lemma 1. Let n € N and let assumptions (H,)—- (H7) and

0 o
1 1
RO T D) 12
/Oow(lwfl(s)l) {w(wfl(s)) (12)

be satisfied with w; L the inverse to w, given by (5). Then there exists a solution of PBVP
(11)n, (2) such that

a<z(t) < B, ) <P fortel (13)
where P is a positive constant satisfying the inequality
0 w1 (P)
min / %ds, / %ds > 2L(||hllL + 2max{|al, |B]|}) (14)
AT O] ofwy ' (s))

with L = max {|H(u)]| : |u| < ||p| + max{|q(a)|, |¢(B)|}}.
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Proof. By (Hg) and (H7),

H(p(t) + q()) f(t, 2, 0) <0 < H(p(t) +q(8))f (¢ 5,0)

for a.e. t € J, and so we see that the constant functions « and S are lower and upper functions
of PBVP (11),, (2) (for the definition of lower and upper functions of PBVP (11),,, (2), see
[10]. Then, by [10], there exists a solution z of PBVP (11),,, (2) such that

a<z(t)<p fortelJ (15)
and from (15) and (H7) it follows

(wn(2'(1)))" < [H(p(t) + q(x()))|(R(t) + ") )w(|2"(£)])

< L(A(t) + |2/ (8) w (|2 (2)])

for a.e. t € J and applying Lemma 1 in [10] to the above inequality we have ||z’|| < P,,, where
P, is a positive constant satisfying the inequality

0 wn(Pn)

1 1
min / w(ids’ /w(_l))ds > 2L(||h]|z + 2max{|al,|B]}). (16)

wi ' (s)]) Wy (s
wn (—Pn)

We are going to show that P,, can be selected such that P, = P. First assume that u € (—oo, 0].
Since 0 > wi(u) > wp(u), w;'(u) < w,'(u) < 0 by (6) and (10), and w is positive and
nondecreasing on [0, co) by (H7), we see that w(|w; ! (u)|) > w(|w;, *(u)]) and

0 0
1 1
———ds ——————ds foru € (—o0,0]. 17
w/(u)wuw;l(sm Zw/u)waw;l(sm or e (e o

Similarly we can verify that

wn(v) wi(v)
1 1

——ds > —————ds forv € [0,00). 18

| ez | S e e o
Set
0 . wj(v) .

Aj(v) = min ds, ds
o w(/_ |l Gl | @

forv € [0,00) and j € {1,n}. Then A;, A, are continuous and increasing on [0, cc) and
Ay < A, on [0,00) by (17) and (18). In addition, 1i_>m A1(v) = oo by assumption (12). Since
A1(P) > 2L(J|h||L + 2max{|a|, |B|}) by (14), we deduce that (16) is satisfied with P, = P. We
have proved that ||2/|] < P.
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Remark 3. If the function £ in (1) satisfies k(u) > 1for u € R\ {0} then [1/k]; (u) =
1/k(u) foru € R\ {0} and so (cf. (5)) w1(u) = w(u) on R. Hence conditions (12) and (14) can
be written in the form

0 00
1 1
. ds= /ds =
_/OOW(le(S)I) | w(w™i(s))
and
0 ) w(P) )
min ——— s, /ds > 2L(||h||L + 2 max{|a|, |B|}),
| s | s (14l + 2max{lal, 161})
w(—P) 0
respectively.

3. Existence Results

Theorem 1. Let assumptions (Hy)— (H7) and (12) be satisfied. Then there exists a solution x
of PBVP (1), (2) satisfying (13), where P is a positive constant for which (14) holds.

Proof. By Lemma 1, for each n € N, there exists a solution z,, of PBVP (11),,(2) such
that
a<z,(t)<B, |z, <P forteJ neN. (19)

By (19), {x,} is bounded in C*(J). We now verify that {2/ ()} is equicontinuous on J. First
we show that {w,(z},(t))} is equicontinuous on J. Since f € Cary(J X [a, 8] x R), there is a
v € L(J)suchthat 0 < f(t,x,(t),z),(t)) < v(t)fora.e. t € Jandn € N. Then

to

|wn (27, (t1)) — wn(25,(t2))| < L /f(tvxn(t),ib‘%(t))dt <L /V(t) dt

t1 t1

fort1,to € Jandn € N, where L is defined in Lemma 1. Consequently, {w, (2'(t))} is equicon-
tinuous on J. Assume, on the contrary, that {2/ (¢)} is not equicontinuous on J. Then there
exist g > 0, a subsequence {k,} of N, and sequences {i,}, {f,} C J such that
nli_>n;o(fn —1%,) = 0and

|2, () — zy, (tn)] > e0 forn € N. (20)

From the boundedness of {,,} and {#,} it follows that we can assume their convergence and,
with respect to lim (£, — £,) = 0, we then have
n—o0

lim t, = lim %, = t,. (21)

n—oo n—o0

We claim that there is a ¢ > 0 such that
r(v) .
/ mds > o whenever u,v € [P, Pland v —u > . (22)
r(u)
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If not, there are sequences {u, }, {v,} C [—P, P], vy, — u, > €o for which

7(vn)
li ———ds = 0.
e | B @
7(un)

Without loss of generality we may assume that {u,}, {v,} are convergent, say h_)m Up = Us,
n—oo
lim v, = v,. Of course, v, — uyx > €o. Then

n—oo
7(vp) . 7(vs) )
— 1. _— — _—
0=00 | Wiy ® / 1(s)
r(un) r(ux)

contrary to r(vi) > r(us) and 1/k(r~!(s)) > 0 on R\ {0}. Hence (20) and (22) yield

r(@}, (in)

1
k(r=1(s))

ds| > o forn € N. (23)

We know that li_>m wy(t) = w(t) uniformly on [—P, P] and {w,(z},(t))} is equicontinuous on
J. Therefore there exist ;1 € (0,00) and n, € N such that

|wkn(x§€n(t1)) —wkn(x%n(tg))] < g forn € N and t1,t9 € J, ’tl —tg‘ < W, (24)
lwp,, (1) — w(u)| < % foru € [P, P, n > n,, (25)

and
ltn —tn| < p forn > n,. (26)

By (24)-(26),

lwi, (@, (tn)) — w(z, ()] < g, |wk, (2, (En)) — w(xy, ()] <

DI

and

for n > n.. Hence,
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for n > n,, contrary to (23). Therefore {2’(¢)} is equicontinuous on .J.
Applying the Arzela— Ascoli theorem we can assume without loss of generality that {x,,}
is convergent in C1(J), ILm r, = z. Then x € C!(J) satisfies the periodic conditions (2)

and inequalities (13). Since h_)m wp(t) = w(t) uniformly on [P, —P] and ILm 2V )(t) = z0)(¢t)
uniformly on J for j = 0,1, we have li_>m wp (2, (1) = w(@'(t)), li_)m q(zn(t)) = q(x(t))
uniformly on J and, by the Lebesgue dominated theorem,

lim [ H(p(s) + q(wn(5)))f(s,2n(s), 2, (s)) ds

n—00
0

Z/H(p(S)+q(x(S)))f(S,w(S),I’(S))dS
0
for t € J. Taking the limit as n — oo in the equalities
t
wn (2, () = wn(27,(0)) + /H(p(S) +q(n(9))) f (s, 2n(s), 27, (5)) ds
0
fort € Jandn € N, we have
w2’ () = w(z'(0)) + /H(p(s) +q(z(5))) f(s,2(s),2'(s))ds fort € J. (27)
0

Set A= {t:teJa(t)=0
exists a sequence {t,} C A,
li_}rn tn, = to. Clearly, ty € A.

}. On the contrary, suppose that A is an infinite set. Then there
t; # tj for i # j and we can assume that {¢,} is convergent,
Now from (27) it follows

/H(p(s) +q(z(5)) f(s,2(s),2'(s))ds = 0, n € N.

to

By (Hr), f(t,z(t),2'(t)) > x(t) for a.e. t € J with xy € L!(J) positive on .J and consequently,
by the mean value theorem, there exists a sequence {¢,}, where &, lies in the open interval
having the end points ¢; and ¢,, such that p(§,) + ¢(z(&,)) = 0. Then from the continuity of
p, q and from nh_}rgo ¢, = to we deduce that p(tg) + g(x(tg)) = 0. Since x(&,) = ¢ (—p(&,))

and z(to) = ¢ *(—p(to)), we have

z(&n) —z(to) g ' (=p(&n)) — ¢ (—=p(to))

= , néeN.
gn_tO gn_t()

/

Letting n — oo yields #/(tg) = (¢ (—p(t)))j=y,- But o € A gives 2/(tg) = 0, contrary
to (¢~ (—p(t)))j—, # 0 by (He). Hence A is a finite set. Now from (27) we deduce that
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r(z'(¢))
1
w(a’) € AC(J) and since w(z / R1s) ds, we have r(z'(t)) = 2~ (w(2'(t))) for
T‘ S
t € J, where 27! is the inverse to 2 g1ven in (Hy4). By (Hy), 271 is locally Lipschitzian on R,

and so r(2’) € AC(J). We know that w(z/(t)) = 0if and only if ¢ € A, where A is a finite set
and k(u) > 0 foru € R\ {0}. Hence

(w(a'(t)) = @' ®)y forae.t € J

and then (27) implies
(r(@'(t))" = H(p(t) + q(x(t) k(' (1)) f(t,x(t),2'()) forae.t e J.
Hence z is a solution of PBVP (1), (2).

Theorem 2. Let assumptions (Hy) — (Hg), (Hs), and (12) be satisfied. Then there exists a
solution x of PBVP (1), (2) satisfying (13) with a positive constant P for which (14) holds.

Proof. Asinthe proof of Theorem 1, let {x,, } be a sequence of solutions of PBVPs (11),,, (2)
satisfying inequalities (19). Since now f is continuous by (Hs), we have x/,, w,(z),) € CL(J)
and (11),, with x = z,, holds for ¢ € J. Arguing as in the proof of Theorem 1 with

v(t) =v = max{f(t,z,y) : (t,z,y) € J X [a, ] x [-P, P]}

we show that without loss of generality {z,,} is convergent in C*(.J), liﬁm x, = x and (13) and
(27) hold. Therefore w(z') € C*(J). By (Hg),

min{f(t,z(t),2'(t)) :t € J} = >0

and setting x(¢) = ¢ in the proof of Theorem 1, we verify that A = {¢t : t € J, 2/(t) = 0}
is a finite set. Now from the equality 7(2/(t)) = 2z~ (w(2'(t))), t € J, we deduce that r(z') €
CHJI\ A), (w(2'(t)) = (r(2'(t))) /k(2'(t)) for t € J\ A, and so (27) yields

(r(2'(1))" = H(p(t) + q(x(®)k(' (1) f(t,2(t),2'(t)) for t € J\ A
Hence z is a solution of PBVP (1), (2).

Example 1. Letn € N,y € (0,00), and a € (1,00). Consider the differential equation

2’ = (sint + z)*"H! <|;|7 + a> Nt ), (28)

where f1 € Car(J x[—1,1]) and x(t) < fi(t,z) for (t,z) € J x [—1, 1] with a positive function
X € L(J). Then (28) satisfies assumptions (H;) — (H7) and (12) with 7(u) = u, k(u) =
1/|ul” + a, H(u) = u?>"*1, p(t) = sint, ¢(z) = 2, w(u) = land a = —1, 3 = 1. Hence
Theorem 1 can be applied to PBVP (28), (2).
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