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Two theorems concerning the existence of positive solutions for the singular equation (ϕp(y
′
))
′
+

+g(t, y, y
′
) = 0, y(0) = y(1) = 0, are presented. The results are obtained by using the nonli-

near alternative of Leray – Schauder and the lower-upper solution method.

Наведено двi теореми про iснування додатних розв’язкiв сингулярного рiвняння
(ϕp(y

′
))
′

+ g(t, y, y
′
) = 0, y(0) = y(1) = 0. Результати отримано з використанням

нелiнiйної альтернативи Лере – Шаудера i методу верхнього та нижнього розв’язкiв.

1. Introduction and results. In this article existence results are presented for the second-order
differential equation

(ϕp(y′))′ + g(t, y, y′) = 0, 0 < t < 1,

y(0) = y(1) = 0,
(1)

where ϕp(s) = |s|p−2 s, p ∈ R, and p > 1. Equations of the above form occur in the study of
the n-Laplace equation [1], non-Newtonial fluid theory [2], and the turbulent flow of a gas in a
porous medium [3].

Some basic results concerning the boundary-value problem (1) can be found in [4 – 11] (and
references therein). In all these papers the argument relies on the fact that g(t, y, z) is conti-
nuous or satisfies a Carathèodory condition. In [12], D. O’Regan established existence results
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c© Haishen Lü, D. O’Regan, Chengkui Zhong, 2003
ISSN 1562-3076. Нелiнiйнi коливання, 2003, т . 6, N◦ 1 117
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for the second-order differential equation

(ϕp(y′))′ + q(t)f(t, y, y′) = 0, 0 < t < 1, 1 < p ≤ 2,

y(0) = A, y(1) = B,
(2)

where f : [0, 1]×R2 → R is continuous, q ∈ C (0, 1) , and
∫ 1

0 q(s)ds < ∞.
In this paper, we present existence results for (1) with p > 1. The function g(t, y, z) can

be singular at both endpoints t = 0, and t = 1, and also y = 0. The present work is a di-
rect extension of some results in [12]. Our technique of proof uses the nonlinear alternative of
Leary – Schauder and the method of upper and lower solutions.

The paper is organized as follows. In Part 1, we present our main results: Theorem 1 and
Theorem 2. Part 2 is devoted to preparatory work for the proof. Finally, in Part 3 we prove the
main theorems.

The main results of this paper are as follows.

Theorem 1. Let g : (0, 1) × (0,∞) × R → R be continuous and suppose the following
conditions are satisfied:

(K1)∃L > 0 such that for any compact set l ⊂ (0, 1) there exists εl > 0 with

g(t, y, z) > L, for all (t, y, z) ∈ l × (0, εl]× R;

(K2) for every τ > 0, there are two positive continuous functions qτ ∈ C(0, 1) and ψ :
[0,∞) → (0,∞) such that

|g(t, y, z)| ≤ qτ (t)ψ(|z|), for all (t, y, z) ∈ (0, 1)× [τ,∞)× R,

with

1∫
0

qτ (t)dt < ∞, and

∞∫
0

du

ψ(ϕ−1
p (u))

>

1∫
0

qτ (t)dt;

here ϕ−1
p is the inverse function of ϕp.

Then (1) has at least one solution y ∈ C[0, 1] ∩ C1(0, 1) with y(t) > 0 for t ∈ (0, 1).

Theorem 2. Let g : (0, 1) × [0,∞) × R → R be continuous and suppose the following
conditions are satisfied:

(G1) there exist constants L > 0 and r > 0 with

g(t, y, z) > L, for all (t, y, z) ∈ (0, 1)× [0, r]× R;

(G2) there exist positive continuous functions ψ : [0,∞) → (0,∞) and q ∈ C(0, 1) such
that

|g(t, y, z)| ≤ q(t)ψ(|z|), for all (t, y, z) ∈ (0, 1)× [0,∞)× R,

ISSN 1562-3076. Нелiнiйнi коливання, 2003, т . 6, N◦ 1



EXISTENCE OF POSITIVE SOLUTIONS FOR THE SINGULAR EQUATION . . . 119

with

1∫
0

q(t)dt < ∞, and

∞∫
0

du

ψ(ϕ−1
p (u))

>

1∫
0

q(t)dt;

here ϕ−1
p is the inverse function of ϕp.

Then (1) has at least one solution y ∈ C1[0, 1] and y(t) > 0 for t ∈ (0, 1).

2. Preparatory work. For ρ ∈ (0, 1], define the operator

Nρ : C[0, 1] → C[0, 1]

by

(Nρ y)(x) := ϕ−1

Ay + ρ

x∫
0

g(τ, (J y)(τ), y(τ))d τ

 , (3)

where

J (y)(τ) = b−
1∫
τ

y(s)ds, for all 0 ≤ τ ≤ 1, (4)

and Ay ∈ (−∞,∞) is such that

1∫
0

ϕ−1

(
Ay + ρ

∫ x

0
g(τ, J (y)(τ), y(τ)) d τ

)
dx = b− a. (5)

Lemma 1. Let g : (0, 1)×R2 → R be continuous and suppose there exist positive continuous
functions q ∈ C(0, 1) and ψ : [0,∞) → (0,∞), with

1∫
0

q(t) < ∞,

and

|g(t, y, z)| ≤ q(t)ψ(|z|) for all (t, y, z) ∈ (0, 1)× R2.

Then
(1) Nρ : C[0, 1] → C[0, 1] is completely continuous;
(2) if Ω ⊂ {z ∈ C[0, 1] : (Nρz)(t) = z(t)} and sup{supt∈[0,1] |z(t)| : z ∈ Ω} < ∞, then Ω

is a relative compact set in C[0, 1].
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Proof. From the proof of Theorem 2.3 in [12], we easily obtain that Ay exists and is unique
for every y ∈ C[0, 1].

Let Ω ∈ C[0, 1] be bounded, i. e. supt∈[0,1] |y(t)| ≤ NΩ for all y ∈ Ω (here NΩ > 0
is a constant). Now (5) and the Mean Value Theorem for integrals implies that there exists
ξ ∈ (0, 1) with

ϕ−1

Ay + ρ

ξ∫
0

g(τ, (J y)(τ), y(τ)) d τ

 = b− a.

Consequently,

Ay = ϕ(b− a)− ρ
ξ∫

0

g(τ, (J y)(τ), y(τ)) d τ,

which implies ∣∣∣∣∣∣Ay + ρ

x∫
0

g(τ, (J y)(τ), y(τ)) dτ

∣∣∣∣∣∣ ≤ |ϕ(b− a)|+ 2MΩQ(1) =: PΩ (6)

for 0 ≤ x ≤ 1; here MΩ = supz∈[−NΩ,NΩ] |ψ(|z|)|, and Q(x) =
∫ x

0 q(s)ds.
We first show that NρΩ is bounded. This follows since

|(Nρy)(t)| ≤ sup
−PΩ≤u≤PΩ

|ϕ−1
p (u)|, 0 ≤ t ≤ 1, ∀y ∈ Ω.

We next show the equicontinuity of NρΩ on [0, 1]. Notice ϕ−1
p (u) is uniformly continuous on

[−PΩ, PΩ], so for ε > 0, there exists δ1 > 0, such that∣∣ϕ−1(u1)− ϕ−1(u2)
∣∣ < ε, if u1, u2 ∈ [−PΩ, PΩ] and |u1 − u2| < δ1.

Let

uk := Ay + ρ

xk∫
0

g(τ, (J y)(τ), y(τ)) d τ, 0 ≤ xk ≤ 1, k = 1, 2.

Since Q is uniformly continuous on [0, 1], we know for the above fixed δ1 > 0, that there exists
δ > 0, such that

|u1 − u2| < MΩ |Q(x1)−Q(x2)| < δ1,

if x1, x2 ∈ [0, 1], and |x1 − x2| < δ.
Consequently, for ε > 0, there exists δ > 0, such that if x1, x2 ∈ [0, 1], and |x1 − x2| < δ,

then

|(Nρy)(x1)− (Nρy)(x2)| < ε,
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for every y ∈ Ω. This shows thatNρΩ is equicontinuous. The Arzela – Ascoli theorem guarantees
that Nρ is completely continuous.

We now claim that Nρ : C[0, 1] → C[0, 1] is continuous. Let yk ∈ C[0, 1], k = 0, 1, . . . ,
and yk → y0 uniformly on [0, 1]. We must show Nρ yk → Nρ y0 uniformly on [0, 1]. Associate
Ayk with yk in (3). Then

(Nρ yk)(t)− (Nρ y0)(t) = ϕ−1
p

Ayk + ρ

t∫
0

g (s, (J yk)(s), yk(s)) ds

−

− ϕ−1
p

Ay0 + ρ

t∫
0

g (s, (J y0)(s), y0(s)) ds

 , k = 1, 2, . . . , (7)

where Ayk is such that

1∫
0

ϕ−1
p

Ayk + ρ

x∫
0

g (s, (J yk)(s), yk(s)) ds

 dx−

−
1∫

0

ϕ−1
p

Ay0 + ρ

t∫
0

g (s, (J y0)(s), y0(s)) ds

 dx = 0.

The Mean Value Theorem for integrals implies that there exists ξk ∈ (0, 1) with

ϕ−1
p

Ayk + ρ

ξk∫
0

g(s, (J yk)(s), yk(s)) ds

−

− ϕ−1
p

Ay0 + ρ

ξk∫
0

g(s, (J y0)(s), y0(s)) ds

 = 0, (8)

for k = 1, 2, .... . Thus for k = 1, 2, .... we have

Ayk −Ay0 = ρ

ξk∫
0

(g (s, (J y0)(s), y0(s))− g (s, (J yk)(s), yk(s))) ds.

Now since yk → y0 uniformly on [0, 1], we have limk→∞ Ayk = Ay0.
Then (7), and the fact that ϕ−1

p (u) is strictly increasing and continuous, guarantees that
Nρ : C[0, 1] → C[0, 1] is continuous.

(2). The proof is easy and omitted.
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Lemma 2. Let

en =
[

1
2n+1

, 1− 1
2n+1

]
, n ≥ 1, e0 = ∅.

If 0 < εn < 1 and εn ↓ 0, then there exists λ ∈ C1[0, 1], with
(1) ϕp(λ′) ∈ C1[0, 1] and max0≤t≤1 |(ϕp(λ′(t)))′| > 0,

and
(2) λ(0) = λ(1) = 0 with 0 < λ(t) ≤ εn, t ∈ en \ en−1, n ≥ 1.

Proof. Let r : [0, 1] → [0,∞) be such that r(0) = r(1) = 0 and r(t) = εp−1
n for all

t ∈ en \ en−1, n ≥ 1. Moreover, let

u(t) =

t∫
0

r(s) ds, v(t) =

 t∫
0

u(s) ds


1
p−1

,

and w(t) =
t∫

0

v(s) ds. It is obvious that u, v, and w :
[
0,

1
2

]
→ [0,∞) are continuous and

strictly increasing, with w

(
1
4

)
< ε1.

Choose a natural number k ≥ 2 with[
(4 k + 1) v

(
1
4

)
+ 4 v′

(
1
4

)]
[ 16 k (k + 1)]

≤ ε1 − w
(

1
4

)
and (2k + 1) (p− 1) > 1 if 1 < p < 2. Let

c0 =
42k

[
(2k − 1) v

(
1
4

)
+ 4 v′

(
1
4

)]
(k + 1)

,

c1 = −
42(k−1)

[
(2k − 1) v

(
1
4

)
+ 4 v′

(
1
4

)]
k

,

c2 = w

(
1
4

)
+

[
(4 k + 1) v

(
1
4

)
+ 4 v′

(
1
4

)]
[ 16 k (k + 1)]

,

and

p(t) = c0

(
t− 1

2

)2(k+1)

+ c1

(
t− 1

2

)2k

+ c2.
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Define λ : [0, 1] → [0,∞) as follows:

λ(t) =


w(t), 0 ≤ t ≤ 1

4
;

p(t),
1
4
≤ t ≤ 3

4
;

w(1− t), 3
4
≤ t ≤ 1.

Then λ satisfies (1) and (2).
The lemma is proved.

Let’s consider the two-point boundary-value problem

(ϕp(y′))′ + g(t, y, y′) = 0, 0 < t < 1,

y(0) = A, y(1) = B.
(9)

We say α is a lower solution for (9) if α ∈ C1[0, 1], ϕp(α′) ∈ C1(0, 1) and

(ϕp(α′(t)))′ + g(t, α(t), α′(t)) ≥ 0, 0 < t < 1. (10)

The definition of an upper solution for (9) is given in a similar way (just reverse the above
inequality).

Lemma 3. Let g : (0, 1)× R2 → R be continuous, q ∈ C(0, 1) with

1∫
0

q(t)dt < ∞,

and

|g(t, y, z)| ≤ M q(t), for all (t, y, z) ∈ (0, 1)× R2,

where M > 0 is a constant. Then (9) has at least one solution y ∈ C1[0, 1] with ϕp(y′) ∈
∈ C1(0, 1).

The proof is easily obtained using the Leray – Schauder nonlinear alternative and Lem-
ma 1. We leave the details to the reader.

Lemma 4. Suppose
(H1) g : (0, 1)× R2 → R is continuous.
In addition suppose α ∈ C1[0, 1],β ∈ C1[0, 1] are lower and upper solutions of (9), q ∈

∈ C(0, 1), and ψ : [0,∞) → (0,∞). Assume the following conditions are satisfied:
(H2) α(t) ≤ β(t) for all 0 ≤ t ≤ 1,
(H3) α(0) ≤ A ≤ β(0) and α(1) ≤ B ≤ β(1),
(H4) |g(t, y, z)| ≤ q(t)ψ(|z|) for all (t, y, z) ∈ Dαβ × R, where Dαβ = { (t, y) : 0 < t <

< 1, α(t) ≤ y ≤ β(t) },
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(H5) q(t) > 0 for all t ∈ (0, 1) and

1∫
0

q(t) dt < ∞,

and
(H6) ψ : [0,∞) → (0,∞) is continuous with

∞∫
ϕp(|B−A|)

du

ψ(ϕ−1
p (u))

>

1∫
0

q(t) dt.

Then (9) has at least one solution y ∈ C1[0, 1], ϕp(y′) ∈ C1(0, 1), with α(t) ≤ y(t) ≤ β(t) for
all 0 ≤ t ≤ 1.

Proof. Choose

N > max

{
sup
t∈[0,1]

|α′(t)| , sup
t∈[0,1]

|β′(t)| , |B −A|

}

with

ϕp(N)∫
ϕp(|B−A|)

du

ψ(ϕ−1
p (u))

>

1∫
0

q(t) dt. (11)

Consider the boundary-value problem

(ϕp(y′))′ + g∗(t, y, y′) = 0, 0 < t < 1,

y(0) = A, y(1) = B,
(12)

where

g∗(t, y, z) =


g(t, β (t) , u∗) + q(t)

β(t)− y
1 + y − β(t)

, y > β(t);

g(t, y, u∗), α(t) ≤ y ≤ β(t);

g(t, α(t), u∗) + q(t)
α(t)− y

1− y + α(t)
, y < α(t),

and

u∗ =


N if u > N ;

u if −N ≤ u ≤ N ;

−N if u < −N.

Notice g∗ : (0, 1)× R2 → R is continuous with

|g∗(t, y, z)| ≤ C q (t) for (t, y, z) ∈ (0, 1)× R2; (13)
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here C = supz∈[N,−N ] ψ(|z|) + 1. Now Lemma 3 guarantees that (12) has at least one solution
y ∈ C1[0, 1], with ϕp(y′) ∈ C1(0, 1).

If we show

α(t) ≤ y(t) ≤ β(t) for t ∈ [0, 1] and sup
t∈[0,1]

|y′(t)| ≤ N, (14)

then y is a solution of (9).
First we show α(t) ≤ y(t). If this is not true, then from (H3) there exists t0 ∈ (0, 1) with

min
t∈[0,1]

(y(t)− α(t)) = y(t0)− α(t0) < 0, and y′(t0) = α′(t0).

Notice also that

(
ϕp(y′)

)′ (t0)− g
(
t0, α(t0), α′(t0)

)
= q (t0)

y (t0)− α(t0)
1 + y (t0)− α(t0)

< 0,

since N > supt∈[0,1] |α′(t)| ≥ α′(t0). Consequently

(
ϕp(y′)

)′ (t0) <
(
ϕp(α′)

)′ (t0) ,

so there exists ε > 0 with(
ϕp(y′)

)′ (t) < (ϕp(α′))′ (t) for t ∈ (t0, t0 + ε).

Now since y′ (t0) = α′ (t0) we have

ϕp(y′ (t)) < ϕp(α′ (t)) for t ∈ (t0, t0 + ε),

and so

y′(t) < α′(t) for t ∈ (t0, t0 + ε),

a contradiction. Then α(t) ≤ y(t) for t ∈ [0, 1]. A similar argument shows y(t) ≤ β(t) for
t ∈ [0, 1].

It remains to show supt∈[0,1] |y′(t)| ≤ N . The Mean Value Theorem guarantees that there
exists ξ ∈ (0, 1) with y′ (ξ) = B −A. Without loss of generality assume y′ (t) 6≤ N . Then there
exist t1, t2 ∈ [0, 1], with y′(t1) = |B −A|, y′(t2) = N , and

|B −A| ≤ y′(t) ≤ N for t between t1 and t2.

Without loss of generality assume t1 < t2. Now α(t) ≤ y(t) ≤ β(t), t ∈ [0, 1] and (H4)
guarantees that

(ϕp(y′))′ (t) ≤ q(t)ψ(y′ (t)) for t ∈ (t1, t2) .
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126 HAISHEN LÜ, D. O’REGAN, CHENGKUI ZHONG

Divide by ψ(y′ (t)) and integrate from t1 to t2 to obtain

ϕp(N)∫
ϕp(|B−A|)

du

ψ(ϕ−1
p (u))

≤
t2∫
t1

q(s) ds ≤
1∫

0

q(s) ds.

This contradicts (11). A similar argument yields a contradiction in the other cases.

3. Proof of Theorems 1 and 2. Proof of Theorem 1. Let I = (0,∞), e0 = ∅ and

en =
[

1
2n+1

, 1− 1
2n+1

]
for n = 1, 2, . . . .

For n = 1, 2, .... let

θn(t) = max
{

1
2n+1

, min
{
t , 1− 1

2n+1

}}
, 0 ≤ t ≤ 1,

and

fn(t, y, z) = max{g(θn(t), y, z) , g(t, y, z)}.

Note for each n that fn : (0, 1)× I × R → R is continuous. Next we define, inductively

g1(t, y, z) = f1(t, y, z),

and

gn+1(t, y, z) = min{gn(t, y, z), fn+1(t, y, z)}.

Each gn : (0, 1)× I × R → R is continuous. In addition

g(t, y, z) ≤ . . . ≤ gn+1(t, y, z) ≤ gn(t, y, z) ≤ . . . ≤ g1(t, y, z)

for (t, y, z) ∈ (0, 1)× I × R, and

gn(t, y, z) = g(t, y, z) for (t, y, z) ∈ en × I × R.

It follows easily that for all n ≥ 1 and (t, y, z) ∈ (0, 1)× I × R we have

|gn(t, y, z)| ≤
n∑
i=1

|g(θi(t), y, z)|+ |g(t, y, z)|.

Now condition (K1) guarantees that there is a constant L > 0 such that for any en, there exists
a εn > 0 with

g(t, y, z) > L for all (t, y, z) ∈ en × (0, εn]× R. (15)
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Without loss of generality, we may assume that {εn} is a decreasing sequence and limn→∞ εn =
= 0.

Let’s consider the two-point boundary-value problem

(ϕp(y′))′ + gn(t, y, y′) = 0, 0 < t < 1,
(16n)

y(0) = y(1) = εn.

Next we establish four propositions.

Proposition 1. If cn ∈ (0, εn] and αn(t) = cn for all 0 ≤ t ≤ 1, then

(ϕp(α′n (t)))′ + gn(t, αn (t) , α′n (t)) ≥ 0 for 0 < t < 1

(i.e. αn(t) is a lower solution for (16n)).

Proof. We must show

gn(t, cn, 0) ≥ 0 for all cn ∈ (0, εn]. (17)

We prove this by induction. Let c1 ∈ (0, ε1]. Then (15) implies

g1(t, c1, 0) = f1(t, c1, 0) = max{g(θ1(t), c1, 0) , g(t, c1, 0)} ≥

≥ g(θ1(t), c1, 0) ≥ min
t∈e1

g(t, c1, 0) > L > 0.

Suppose that (17) holds for a given index n ≥ 1. Let’s check its validity for n + 1. If cn+1 ∈
∈ (0, εn+1] ⊂ (0, εn], then

gn+1(t, cn+1, 0) = min{gn(t, cn+1, 0) , fn+1(t, cn+1, 0)} ≥

≥min{0 , max{g(θn+1(t), cn+1, 0) , g(t, cn+1, 0)}} ≥

≥min{0, L} = 0.

Proposition 2. If yn ∈ C1[0, 1], ϕp(y′n) ∈ C1(0, 1), is a solution of (16n), then

(ϕp(y′n (t)))′ + gn+1(t, yn (t) , y′n (t)) ≤ 0 for 0 < t < 1

(i.e. yn is an upper solution of (16n+1)).

Proof. Notice

(ϕp(y′n(t)))
′
+ gn+1(t, yn(t), y′n(t)) ≤ (ϕp(y′n(t)))

′
+ gn(t, yn(t), y′n(t)) = 0,

and we are finished.
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Proposition 3. For all n ≥ 1, (16n) has at least one solution yn ∈ C1[0, 1], ϕp(y′n) ∈ C1(0, 1),
with εn+1 ≤ yn+1(t) ≤ yn(t) for all 0 ≤ t ≤ 1.

Proof. From (K2), for all n ≥ 1, there exists qn ∈ C(0, 1) with

1∫
0

qn(t)dt < ∞ and

|g(t, y, z)| ≤ qn(t)ψ(|z|) for all (t, y, z) ∈ (0, 1)× [εn,∞)× R.

Let

q̃n(t) =
n∑
i=1

qn(θi(t)) + qn(t) for 0 < t < 1.

Then q̃n ∈ C(0, 1),

1∫
0

q̃n(t)dt < ∞, and

|gn(t, y, z)| ≤ q̃n(t)ψ(|z|) for (t, y, z) ∈ (0, 1)× [εn,∞)× R.

On the other hand, we can easily verify, using Lemma 1 and the Leray – Schauder nonlinear
alternative, that the two-point boundary-value problem

(ϕp(y′(t)))
′
+ q̃1(t)ψ(|y′|) = 0, 0 < t < 1,

y(0) = y(1) = ε1,

has at least one solution y0 ∈ C1[0, 1], ϕp(y′0) ∈ C1(0, 1), and ε1 ≤ y0(t) for 0 ≤ t ≤ 1.
Since (t, y0(t), y′0(t)) ∈ (0, 1)× [ε1,∞)× R, we have

(ϕp(y′0(t)))
′
+ g1(t, y0(t), y′0(t)) ≤ − q̃1(t)ψ(|y′0|) + g1(t, y0(t), y′0(t)) ≤ 0.

Thus y0 is an upper solution for (161).
Proposition 1 guarantees that α1(t) = ε1, 0 ≤ t ≤ 1, is a lower solution of (161), and

α1(t) = ε1 ≤ y0(t) for 0 ≤ t ≤ 1.

From Lemma 4 we deduce that (161) has at least one solution y1 ∈ C1[0, 1] with ϕp(y′1) ∈
∈ C1(0, 1) and

α1(t) = ε1 ≤ y1(t) ≤ y0(t) for 0 ≤ t ≤ 1;

to see this apply Lemma 4 to g∗1 where

g∗1 (t, y, z) =

{
g1 (t, y, z) , y ≥ ε1;

g1 (t, ε1, z) , y < ε1.
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Suppose now that (16n) has a solution yn ∈ C1[0, 1] with ϕp(y′n) ∈ C1(0, 1) and εn ≤ yn(t)
for 0 ≤ t ≤ 1. Proposition 1 guarantees that

αn+1(t) = εn+1, 0 ≤ t ≤ 1,

is a lower solution for (16n+1). From Proposition 2 we deduce that yn is a upper solution for
(16n+1). Now

αn+1(t) = εn+1 ≤ εn ≤ yn(t) for 0 ≤ t ≤ 1,

and Lemma 4 guarantee that (16n+1) has at least one solution yn+1 ∈ C1[0, 1] with ϕp(y′n+1) ∈
∈ C1(0, 1) and

αn+1(t) = εn+1 ≤ yn+1(t) ≤ yn(t) for 0 ≤ t ≤ 1.

Proposition 4. Suppose h : (0, 1)× I × R → R is continuous with

h(t, y, z) ≥ g(t, y, z) for all (t, y, z) ∈ (0, 1)× I × R.

Let ỹ ∈ C1[0, 1] with ỹ(t) > 0 for 0 ≤ t ≤ 1 and

(ϕp(ỹ ′(t)))
′
+ h(t, ỹ(t), ỹ ′(t)) = 0 for 0 ≤ t ≤ 1.

Then, there exists a function λ∗ ∈ C1[0, 1], λ∗(0) = λ∗(1) = 0 with λ∗(t) > 0 for 0 < t < 1,
and ỹ(t) ≥ λ∗(t) for all 0 ≤ t ≤ 1.

Proof. Lemma 2 guarantees that there exists λ ∈ C1[0, 1] with ϕp(λ′) ∈ C1(0, 1), λ(0) =
= λ(1) = 0, M = sup0≤t≤1 |(ϕp(λ′(t))′| > 0, and

0 < λ(t) < εn for t ∈ en \ en−1, n ≥ 1.

Let m = min

{
1,
(
L

M

)1/(p−1)
}

. We now show

ỹ(t)−mλ(t) ≥ 0 for 0 ≤ t ≤ 1.

Suppose that there exists t0 ∈ (0, 1) with

min
0≤t≤1

{ỹ(t)−mλ(t)} = ỹ(t0)−mλ(t0) < 0. (18)

Then ỹ ′(t0)−mλ′(t0) = 0. Also there exists a ε > 0 with

ỹ ′(tε)−mλ′(tε) ≥ 0 for tε ∈ (t0, t0 + ε).
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Since ϕp is an increasing function, we get

(ϕp(ỹ ′(t)))
′ |t=t0 = lim

ε→0+

ϕp(ỹ ′(tε))− ϕp(ỹ ′(t0))
tε − t0

≥

≥ lim
ε→0+

ϕp(mλ′(tε))− ϕp(mλ′(t0))
tε − t0

=

= (ϕp(mλ′(t)))′|t=t0 .

Suppose t0 ∈ en \ en−1. Then 0 < λ(t0) < εn. From (18) we obtain

0 < ỹ(t0) < mλ(t0) < εn,

and so

L < g(t0, ỹ(t0), ỹ ′(t0)) ≤ h(t0, ỹ(t0), ỹ ′(t0)) = −(ϕp(ỹ ′(t)))
′ |t=t0 ≤

≤ − (ϕp(mλ′(t)))′|t=t0 ≤ mp−1
[
(ϕp(mλ′(t)))′|t=t0

]
≤

≤mp−1M ≤ L,

a contradiction. Now let λ∗(t) ≡ mλ(t).

Proposition 3 guarantees that (16n) has at least one solution yn ∈ C1[0, 1] with ϕp(y′n) ∈
∈ C1(0, 1),

0 < εn+1 ≤ yn+1 ≤ yn ≤ . . . ≤ y1, 0 ≤ t ≤ 1, (19)

and

yn(0) = yn(1) = εn. (20)

Proposition 4 (note gn ≥ g) implies that there exists λ∗ ∈ C1[0, 1], λ∗(0) = λ∗(1) = 0, with
λ∗(t) > 0 for 0 < t < 1 and yn(t) ≥ λ∗(t) for 0 ≤ t ≤ 1, n ≥ 1. Let

y(t) = lim
n→∞

yn(t), 0 < t < 1.

Now (20) and yn(t) ≥ λ∗(t) for t ∈ (0, 1) imply y(0) = y(1) = 0, and y(t) > 0 for t ∈ (0, 1).
Now let [a, b] ⊂ (0, 1). There is an index n∗ with [a, b] ⊂ en for all n > n∗ and so for

n > n∗ we have

(ϕp(y′n(t)))
′
+ g(t, yn(t), y′n(t)) = 0, a ≤ t ≤ b.

On the other hand λ∗ ∈ C1[0, 1], λ∗(t) > 0 for 0 < t < 1, and r = mina≤t≤b λ∗(t) > 0.

Moreover (K2) guarantees that there exists qr ∈ C(0, 1) with

1∫
0

qr(t)dt < ∞ and

|g(t, y, z)| ≤ qr(t)ψ(|z|), (t, y, z) ∈ (0, 1)× [r,∞)× R.
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It is easy to see that there exists a continuous function g̃ : (0, 1)× R2 → R with

|g̃(t, y, z)| ≤ qr(t)ψ(|z|) for (t, y, z) ∈ (0, 1)× R2,

and

g̃(t, y, z) = g(t, y, z) for (t, y, z) ∈ (0, 1)× [r,∞)× R.

It is clear that yn(t) ≥ r for a ≤ t ≤ b, for all n ≥ 1. Moreover,

(ϕp(y′n(t)))
′
+ g̃(t, yn(t), y′n(t)) = 0 for a ≤ t ≤ b.

It is easy to see (look at Lemma 1) that there exists a subsequence S of {n∗ + 1, n∗ + 2, . . . }
with

sup
a≤t≤b

|yn(t)− y(t)| → 0 and sup
a≤t≤b

|y′n(t)− y′(t)| → 0 as n → ∞ in S.

Consequently ϕp(y′) ∈ C1(a, b) with

(ϕp(y′(t)))
′
+ g(t, y(t), y′(t)) = 0 for a ≤ t ≤ b.

Since [a, b] ⊂ (0, 1) is arbitrary, we find that

y ∈ C1(0, 1) and (ϕp(y′(t)))
′
+ g(t, y(t), y′(t)) = 0 for 0 < t < 1.

It remains only to check the continuity of y at t = 0 and t = 1. This follows immediately (see
[14]) from the fact that yn(t) ↓ y(t) and yn(0) = yn(1) = εn ↓ 0. Thus y ∈ C[0, 1]. The proof
of Theorem 1 is complete.

Proof of Theorem 2. Note (G1) and (G2) imply (K1) and (K2).

Remark 1. Notice that the regularity of the solution y ∈ C[0, 1] ∩ C1(0, 1) of Theorem 1
can’t be improved. For example consider

g(t, y) =


(1 + y4)

4y4
, 0 < y ≤ 2;

17
4y3

, 2 ≤ y < ∞.

Then g satisfies (K1). It is clear that the problem

(ϕp(y′(t)))
′
+ g(t, y(t)) = 0, 0 ≤ t ≤ π,

y(0) = y(π) = 0,

has a unique positive solution y =
√

sin t (note y ∈ C[0, π] ∩ C1(0, π)). It is easily seen that
y 6∈ C1 [0, 1].
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Remark 2. (K1) is more general than (G1). For example let

g1(t, y, z) = cos
(yπ

2t

)
sin z.

Then g1 satisfies (K1) but not (G1).
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