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In this work a theoretical investigation is performed on modeling interfacial and surface waves in a layered
fluid system. The physical system consists of two immiscible liquid layers of different densities py > po
with an interfacial and a free surface, inside a prismatic-section tank. By using the potential formulation of
the fluid motion, a nonlinear system of partial differential equations is derived applying an Hamiltonian
formulation for irrotational flow of the two fluids of different density subject to conservative force. As a
consequence of the assumption of potential velocity, the dynamics of the system can be described in terms
of variables evaluated only at the boundary of the fluid system, namely the separation surface and the
free surface. This Hamiltonian formulation permits to define the evolution equations of the system in a
canonical form by using the functional derivatives.

Buxonano meopemutne Mo0ea08aHHA 8HYMPIUHIX Ma NOBEPXHEBUX XBUAL Y ULAPOSILL CUCHEeMT PIOUH.
Dizuuna cucmema ckaadaemuvcsa 3 080X PIOUH, U0 He 3MIUYIOMbCA, PISHUX WIAbHOCHEl p1 > po 3
BHYMPIUHBOI MA BLALHOK NOBEPXHAMU 8 NpuamamuyHomy bayi. Ha ocnosi nomenuyiany pyxy piou-
HU 3a OONOMO010 2aMIALIMOHOB8020 NiI0X00Y 00 6e368UXpP080i meuii 080X PIOUH Pi3HOT WiabHOCMI NiO
0i€r0 KOHCepB8AMUBHOL CUAU OMPUMAHO HEAIHIIIHY cucmemy OugepeHuianbHUx pPiBHAHbL 3 4aCMUHHU-
MU ROXIOHUMU. STK HACAIOOK NPUNYUEHHS NPO HAABHICMb NOMEHUIANY UBUOKOCHI OUHAMIKA CUCIeMU
OnUCyemMbCa 3a O0NOMO2010 3IMIHHUX, 3A0AHUX AULLE HA MENT CUCeMUL PIOUH, MOOMO HA NO8EPXHI PO3-
nooiay ma 6iabHoi nogepxri. Taxuii niOXi0 0A68 MONCAUBICb BUSHAUUMU BOAFOYILIHI PIBHAHHA CUCHEMU
8 KAHOHIYHIIL (hopMI 30 OONOMO2010 PYHKUIOHAALHUX NOXIOHUX.

1. Introduction. In the present paper a theoretical investigation is performed on a stratified
fluid system constituted by two immiscible liquid layers inside a prismatic tank, separated by an
interfacial surface and with a free surface in the upper layer.

From the theoretical point of view, several mathematical models on this physical problem
have been formulated but many issues need still to be studied in depth. In many problems of
applied fluid dynamics, the hypothesis of stratified fluids furnishes a more realistic description
of the examined phenomenon: for instance, the determination of dimensioning parameters of
the risers of floating offshore platform operating in deep water, where an accurate knowledge
of properties of internal and surface waves is necessary.
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Interfacial waves dynamics has been largely illustrated in scientific literature.

The experimental work of Kalinichenko [1] on a two layer liquid analyzes the parametric
instability of interfacial waves, while Kalinichenko et al. [2] experimentally study the velocity fi-
eld. The parametric instability of interfacial waves was also analyzed by Benielli and Sommeria
[3], both from an experimental and theoretical point of view. Recently, the properties of solitary
interfacial and internal waves received attention. In particular, Grue et al. [4, 5] studied both
experimentally and theoretically such kind of waves.

From the numerical point of view, there is a huge literary production. It is interesting to
mention the work of Michallet and Dias [6], focused on the solitary, interfacial waves, and the
work of Wright et al. [7], focused on the numerical study of two-dimensional oscillations of a
two layer liquid.

From the analytical-numerical point of view, linear or weakly nonlinear analysis is performed
on two layer fluids, expanding the unknown functions, describing kinematic and dynamic quanti-
ties, by means of suitable function spaces (Kumar and Tuckermann [8], King and McCready [9]).
Perturbative techniques have been and are applied to study both surface and interfacial waves.
In particular, concerning the interfacial waves, in the works of Choi et al. [10, 11] perturbative
techniques are applied to Euler equation. Among the analytical approaches to the study of the
interfacial waves dynamics, variational methods with Hamiltonian formulation for the motion
equations have recently obtained great attention, as in the works of Benjamin and Bridges [12],
Berning and Rubenchik [13], Craig and Groves [14], Ambrosi [15].

In fact the presence of a separation surface in stratified fluids implies the existence of
a constraint which forces the evolution of the system to respect the corresponding physical
condition. In particular, the components of the velocity field normal to the separation surface
must be equal in each layer. From a mathematical point of view, this constraint is defined by
a nonevolutive (in the time sense) condition between the velocities at the interface of the two
immiscible fluids. By using a mathematical model which does not implicitly take into account
this nonevolutive condition, the evolution of the physical assigned system requires a particular
numerical technique, in order to impose the fulfillment of the nonevolutive condition at any
instant (LaRocca et al. [16]). When the hypothesis of potential motion is sufficiently realistic,
mathematical models which automatically take into account the nonevolutive condition can be
constructed. In fact, from the assumption of potential velocities, it follows that the motion of
the fluid is completely determined from the motion of the boundary. Moreover, Zakharov [17]
showed that the water elevation and the potential at the free surface can be used as canonical
variables for free surface wave problems described by an Hamiltonian formalism.

In this paper, following the approach of Ambrosi [15], applied to a bounded fluid domain,
it is shown that the elevations of the separation surface and the free surface, the jump of
momentum potential density evaluated at the fluid interface and the momentum potential
density evaluated at the upper free surface can be used as canonical variables. An accurate
description of the method of transforming the classical hydrodynamic problem into the Hami-
Itonian formulation is furnished. The detailed analysis permits to have all the tools necessary
for the implementation of an operative mathematical model.

2. Formulation of the hydrodynamic problem. The problem concerns a fluid system consti-
tuted by two immiscible perfect fluids of different densities p; > p2 subjected to the gravity
force. These are inside of a prismatic tank, separated by an interface z = n;(x,y,t) and with
a free surface z = ny(z,y,t) where the pressure is constant. The x-y-z system of coordinates is
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attached to the tank whose domains is defined by 0 < » < B,0 <y < L, —H; < z < o©
where z defines the vertical direction. At last, the separation surface is at z = 0 while the free
surface is at z = Ho.

The hydrodynamic problem (neglecting surface tension effects) consists in finding two veloci-
ty potential functions ®(z,y, z,t), P2(x, y, z,t) which satisfy the Laplace equation in the do-
mains D1 = {0 <2 < B0<y<L-H <z<m}jandDy = {0 <z < B0<y<
< L,m <z < p1 > p2 < 2}, respectively.

Then the following problem has to be solved:

V2@, = 0,

on,
on

L 1)

on rigid boundaries

V2®y =0,
(2)

oL
on

=0,

on rigid boundaries
with the kinematic conditions
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and the pressure condition which, in terms of Bernoulli integrals, furnishes

od; 1 0Py 1
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where g is the gravity acceleration.
From Condition 3 and 4, we obtain the following the nonevolutive condition:

[V - (VO — V&y)] =0 (6)

2=
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which imposes the equality between the velocity components of the two fluids normal to the
separation surface (La Rocca et al. [16]).

3. Hamiltonian formulation. In the previous treatment of the problem, a classical fluid
dynamic framework has been given. Now, following the approach of Ambrosi [15] and Craig et
al. [14] the problem is reformulated introducing an Hamiltonian function defined by the sum
of kinetic and potential energy of the fluid system and expressed (as shown in the following) in
terms of four variables evaluated only at the moving boundaries.

Two of these variables define the spatial configuration of the fluid system while the other
two can be considered as the natural conjugate momenta. For all these variables it is possible to
define a set of canonical Hamiltonian equations in a pure evolutive form avoiding the treatment
of the nonevolutive Condition 6 which is automatically taken into account by the Hamiltonian
formulation of the problem.

The Hamiltonian function is the total energy,

H=U+E,

where U is the potential energy and E the kinetic energy. It follows that

Lt 72
U= /plgsz—l—/,ozgsz = /dA / plgzdz—i—/pggz dz| =
D1 Do A —H; m

/dA [p1gnt + p2g (05 —n3)]
A

1
2

where

The kinetic energy F can be expressed as

1 1
E = §/p1v¢’1 -Voidr + §/p2v®2 -Voodr.

D1 D2

Due to the harmonicity of ®; and ®,,by using the divergence theorem, the homogeneous
Neumann condition on the rigid walls and the nonevolutive Condition 6, it follows after some
calculations that

1 I 0o
E= - ‘/ (p1®1 — pady) — \/1 + (0em)? + (9ym)*dA —
2 I 877,1 2=
A
1 [ 8(1)2 2 2
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where n; and ny are, respectively, the inward normal vectors to the separation surface and the
free surface relatively to the domains D; and Ds.
Introducing the new variables £ = [(p1 P — p2<1>2)]zzm J = [pg%]zzm it is possible to wri-

te the Hamiltonian function in terms only of the four canonical variables 71, 72, £, 1 (Ambrosi

0P 0P
[15]), namely H = H (n1,m2,&,%) , provided that a—nl and 8—712 are expressible in terms of the
1 2

same variables. How to do this is shown in the next section.

3.1. Mapping of boundary data into normal derivatives. First of all, two mathematical problems
are defined as follows.
In the first one, in the D; domain the elliptic boundary-value problem

V2P, = 0,

(I)1|Z:’r71 = X?

09,

it — 0
on ’

on rigid boundaries

shows clearly that to the boundary data x there is associable the harmonic function ®; and,
. ... 0P
consequently, its derivative -1
6n1 z=m
The operator which realizes this transformation is called Dirichlet —Neumann operator for
the domain D;. Clearly this operator depends nonlinearly on n; but its action on the boundary

data is linear. Then, denoting by (G5 this operator, we will use the notation

In the second problem, in the domain D, the elliptic boundary-value problem

V2P, = 0,
Dol = o1,

Do,y = ¥2,

0P2

on =0

on rigid boundaries

shows that the boundary data 1, @9 is associable with the harmonic function ®5 and, consequently,
. . 009 0o
with its derivatives —— , ——
8712 Z=n2

= ,where n| = —n;. As before, introducing the operators
mn
1

=M
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F1 ((pl, (,02) s F2 ((,01, QOQ) it follows that

6(1)2 a(1)2

Fy (S01,802) = an—* , Fy (901,@2) = 8_712 .
1 lz=m Z="n2

It is useful to split the operator F} into the sum of two operators which linearly act on 1, @9,
respectively,

Fi (¢1,92) = Lip1 + Lapo,

where Lip1 = Fi(¢1,0), Laps = F1(0,p2), as a consequence of linearity of the Laplace
equation. For the sake of simplicity, the nonlinear dependence of (1, F1, F5 on the n; and 72 is
omitted.

The last step in defining the Hamiltonian in terms of the canonical variables 71, 12, &, ¥
consists in transforming the dependence of the normal derivatives in terms of these canonical
variables.

Putting &)1 = <I>1|Z:n1 , 52 = <I>2|Z:771 , 52 = <I>2|Z:772 from the nonevolutive Condition 6
we have
0P 0P ~ ~ =
a—l —E = G191+ L1Py + Lo®Py = 0, (7)
ny z=n 8’01 2=

and then, remembering that £ = ,oltil — pgffg, ) = pg&gg and using eq. 7 we get
L€ = p1 Ly @1 — pol1 By = p1 L1 By + po (Gl‘il + L1‘52>

this obtaining
&y = (p1L1 + paGr) "' (L1€ — Loy .

Finally,

09

Tne = G1(p1L1 + p2G1) 7" (L1 — Latp) . ®)
m Z=m

In the same manner,

GiE = p1G1®1 — paG1Dy = py <—L1&>2 — L2<T>2> — paG1 Py,
4 P1
(=p1L1 — p2G1) @2 = G1€§ + p—sz
2
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Then
z -1 o1
Oy = — (p1L1 + p2Gr) (G1§ + ELQZﬁ)
and, finally,
0P ~ = _
3—2 = Fy(Pg, ®) = F> ((—0114 — p2G1) 7! (G1€ + &LW) ,£> : )
o |, p2 p2

So the Hamiltonian function is defined in terms of the four canonical variables 7y, 1, £, ¥
and can be expressed by the following relation (H(n1, 72, &, 1) being the Hamiltonian density):

H(m,m,&v) = /dAH(n17U2,§a¢) = %/dA

A A

p1gni + p2g (m3 — i) —

— Gy (p1Ly + paGr) " (L1€ — Lay) \/1 (0xm)® + (Bym)® —

— Yy <— (p1L1 + p2G1)_1 <G1f + %Lﬂ/}) )\/1 xng (ayn2)2
(10)

By using the functional derivatives (Goldstein [18]) of the Hamiltonian functional in
terms of the canonical variables, the following Hamilton equations hold (Ambrosi [15], Craig
et al. [14]):

) )

ot o’ at — omy

(11)
dny  OH A SH

ot &’ ot om
As can be seen, this system is a purely evolutive differential system which takes automatically
into account the nonevolutive Condition 6, used in deriving the system itself.
From an operator point of view, taking into account the necessity to approximate both the
operators (G, F, F») and the unknowns 71, 12, &, %, it is useful to write variational principle a
equivalent to the (11) (Goldstein [18]),

to
5 / dt / AGHLE + 1t — H (1, 12, €,0)) = 0, (12)

where (#) = J(#)/0t. This form is particularly useful when an expansion of the canonical
variables 71, 12, &, ¥ in terms of unknown coefficients time-depending with a finite number of
modes is adopted.
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3.2. Conclusion. In this work a theoretical investigation is performed on modeling interfaci-
al and surface waves in a layered fluid system. The physical system consists of two immisci-
ble liquid layers of different densities p; > py with an interfacial and a free surface, inside
a prismatic-section tank. By using the potential formulation of the fluid motion, a nonlinear
systems of partial differential equations is derived applying an Hamiltonian formulation for
irrotational flow of the two fluids of different density subject to conservative force.

This Hamiltonian formulation permits to define the evolution equations of the system in a
canonical form by using the functional derivatives.

An accurate and detailed description of the nature of the Neumann — Dirichlet operators
necessary to implementation of an operative mathematical model is furnished.
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