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ON INVARIANT TORUS OF WEEKLY CONNECTED SYSTEMS
OF DIFFERENTIAL EQUATIONS
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JUOEPEHUHIAJTBHUX PIBHAHDb
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We consider a family of systems of differential equations depending on a sufficiently small parameter
with zero value of which we obtained a couple of independent systems. We used the method of Green—
Samoilenko function to construct an invariant manifold of the pertubed system and presented some exam-
ples for application.

Poseaanymo cim’ro cucmem ougpepenyianbHUx pi6HARD, WO 3a4examb 610 0OCMAMHbO MAL020 NApa-
Mempa, AKA € NAPOIO HE3ANEHHUX CUCIEM, AKULO 3HAUEHHA napamempa 00pieHIoe Hyato. Buxopucmaro
memo0 ¢pyuxuyii I'pina— Camotinenka 0as no6y0o8u iH8APIAHMHO20 MHO208UOY 30YpeHOl cucmemu ma
HABEOEeHO NPUKAAOU.

Introduction. Let us consider a system of differential equations of the form
¥ = X(x,¢), (1)

where © = (z1,x2,...,2,) € R", ¢ > 0is a sufficiently small parameter.
Suppose that the unpertubed system

' = X(z,0), ()

has an invariant torus. The classical problem arising here is to find out what we can say about
the invariant manifold of the pertubed system?

The main tool of investigation of the above problem was the method of integral mapi-
folds of nonlinear mechanics by Krylov—Bogolyubov —Mitropolskiy, the method of Levinson —
Diliberto and others. Later, by using of the method of Green function, A. M. Samoilenko [1]
obtained new results on the theory of invariant torus. The method of Samoilenko was extended
to the other lasses of equations by Yu. V. Teplinskiy, D. I. Martynyuk, M. 1. Ilolov [2-5] and
others. We use this approach in a practically interesting case when the dimension of the given
space may be reduced.

We shall consider a system of equations of the form

y =Y(y,z2e),
3)
2= Z(y, z,¢€),
where y = (y1,92,---,Ym), 2 = (21, 22, - . -, 2) are vectors in the Euclidean space R = R™ @

@®RF, the parameter ¢ > 0 is a sufficiently small.
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ON INVARIANT TORUS OF WEEKLY CONNECTED SYSTEMS OF DIFFERENTIAL EQUATIONS 469
Rewrite the system (3) to the following form:

Y =Yo(y) + Yi(y, z,¢),

4)
2 = Zo(2) + Z1(z,y,¢),

where Yy(y) = Y(y,0,0), Zo(2) = Z(2,0,0), Yi(y,z,¢e) = Y(y,2,¢) — Yo(y), Z1(2,y,¢) =
= Z(z,y,€) — Zo(z).

Definition 1. A system of differential equations of the form (3) is called weakly connected if
for e = 0 we obtain two independent systems, i.e.,

y' = Yo(y), ©)
Z/ = Z()(Z). (6)

Let us give some examples of weakly connected systems of differential equations.
Consider weakly connected oscillators of the form

xz—l—QZ(:L'Z) = 6qi(t,x1,j:1,...,J:N,ch;a), 7 = 1,2,...,N, (7)

where ¢ is a sufficiently small parameter and ¢; are continuous periodic functions of ¢. This
system was investigated by L. D. Akulenko [6]. He constructed the stationary resonance rotating-
oscillating solutions of this system on infinite long period of time.

In [7] Yu. A. Mitropolsky and A. M. Samoilenko considered the system of the type

d*x 9 dx
(#z‘i‘)\w—&f(.l',dt),

where 2 = (z1,22,...,7,), A2 = diag(A2,03,...,02), \; >0 =1,n), f = (fi,fa,--» fn)
are polynomial function of its variables less than of order V; ¢ is a sufficiently small parameter.
They obtained results concerning the problems of existence, exponential stability and exponenti-
al dichotomy of the invariant torus in the resonance and nonresonance case.

Weakly connected networks of quasiperiodic oscillators of the form

X, = Fl(Xl) +5Gi(X1,X2,...,Xn,5), X;eR", i=1,2,...,n <1,

were considered by E. M. Izhikevich [8], who proved that this system csn be transformed into a
phase (canonical) model,

éi:Qi+5hi(917627"°79n75)7 i:l,...,n,

by a continuous, possibly noninvertible change of variables, where 6; is a vector of phases
(angles), €; is a vector of frequencies of the ith oscillator X;. It was shown also that whether
or not the oscillators interact depends not only on the existence of connections between them,
but also on their frequencies. One can find many examples of this system, especially in neural
networks.
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470 A. ELNAZAROV

Other type of weakly connected systems can be found in the works [9, 10]. In the present
work we assume that for ¢ = 0 each of the uncoupled systems of equations (5), (6) has an
asymptotically stable invariant torus of the following form:

M{y = f(¢), ¢ € Tr}, N ={z=g(0), 0 € T}, ®)
where f € CY(T}), g € CY(T)),

T = {p(1,92,- - ) 1 0< i <21, 0 < i <1},

1—}:{0(91’927"'791) : 039] S27ra OSJSZ}

We shall consider the problem, when pertubed system (3) has an invariant manifold. We used
the method described in [2]. To this end we have to transform the system about the invari-
ant manifolds M, N (8). We showed that under certain conditions the invariant torus of the
transformed system, which has dimension r + [, can be constructed from the invariant torus of
the unpertubed systems with less dimension 7 and {.

This paper is organized as follows. In Section 1 the local coordinate system about the
invariant torus of the uncoupled systems (5), (6) is introduced and the definition of an almost
independent function is given. The proof of the preliminary Lemma 2 is also included in this
section. The method for constructing the invariant torus of the system (3) and a proof of the
main result is given in Section 2. Section 3 contains two examples of weakly connected systems.
We apply the method described in Section 2 to this systems of differential equations.

1. A local coordinate system about the invariant torus. To introduce local coordinate we
suppose that the functions f, g are such that

f(g) € C\(Ty), rankagg;” —r YeeT,

g(#) € C}(T}), rank 8%(09) =1l Voel

f(e)  , 99(0)
o and 20
R” respectively, and the complement matrix B(yp) € CY(T}), W() € C*(T}) is such that

of (¢)
i

and also assume that the matrix can be completed to a periodic basis in R™,

det’ ,B(sa)‘ # 0,

o6 €)
det "(];(Q),W(H)‘ # 0.

Under the above assumptions we can define local coordinates o, h (for (5)) and s, 6 (for (6)) in
a neighborhood of the invariant manifolds M, N by

y = f(p) + B(p)h, (10)

z=g(0+W(b)s. (11)
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ON INVARIANT TORUS OF WEEKLY CONNECTED SYSTEMS OF DIFFERENTIAL EQUATIONS 471

Following lemma [2] (A. M. Samoilenko) we can apply the transformation (10), (11) to (3).

Lemma 1. For every sufficiently small § > 0 there exists 61(5) — 0as & — 0 such that every
point y (or z) satisfying p(y, M) < & (or p(z, N) < §), has local coordinates o, h (or s, 0 ),
satisfying

||| <01, €T, (or]s|| <é, 6¢€Ty. (12)

By substituting (10), (11) into (3) we obtain

9f(p)  0B(p),] de dh
200 DT 4 B = YU+ Blohg(6) + W(O)s.e),
d9(0) . OW(0) 7 do ds _
200 TS| S W) = 2606+ WO)s. £9) + Bo),
and condition (9) allows us to solve this system with respect to Ccll—f, %, Z—f, % for all h, s, ¢,

6 from the domain (12), so that the system of equations (3), after transformation, will have the
form

dy
dt

dh
dt

= al (SO7 97 h7 S’ 6)’

= Pl(@? 07 h’ 576)7

(13)
d
dt
ds
dt

= GQ(QO7 07 h7 876)7

= PQ(W? 07 h7 575)7

where a1, a2, Pi, P> are periodic functions with respect to ;, ¢ = 1,...,7,0;, 5 = 1,...,1,
defined and continuous with respect to ¢, 8, h, s, € in the domain

b <d, weT., |s||l<d 06ecT, eec/(0¢), (14)

where d and ¢ are sufficiently small numbers.
It should be noted that for ¢ = 0 we have following systems:

%2 — ai(e.)

(15)
dh
i
do
i

= Pl*((pvh)v

= a(0,s),

(16)
ds .
% - P2 (07 3)7
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472 A. ELNAZAROV

where aj(p,h) = ai(p,0,h,0,0), Pf(p,h) = Pi(p,0,h,0,0), a35(0,s) = az(0,0,0,s,0),
P3(6,s) = P»(0,0,0,s,0).

By assuming that the systems of equations (5), (6) have the invariant manifolds (8) is equi-
valent to the systems (15) and (16) having the invariant torus

h=0, oeT., s=0, 6ecT.

Definition 2. A function a(yp,0,0) € CP(T; x T;) is called almost independent of 6 of the
order p if for any € > 0 sufficiently small there exists o > 0 such that

|CL(§0,9,0') - Q(W,0,0)‘p < E.

Remark. For the class of this functions we may put, for example,
H(p,0) = F(p) +0G(,0),
where F(¢), G(p, 8) are periodic functions with respect to each component of ¢ and 6; o is a

sufficiently small parameter.
Definition 3. According to [2] (A. M. Samoilenko), the Green function Gy(T, ) of the system

dy dh
_— = - = P
L —ale), o= P

is said to be rough if there exists § = const > 0 and an integer number p > 0 such that the system
of equations

dh

dp
i P(p)h, (17)

o a(p) + a1(p),

fora; € CP(T,,) (pp = max (1,p)) and
‘a1’p0 <0, (18)
has a Green function Go(t, ) satisfying the inequality

Go(r @) f(er(@)], < Ke 11, (19)

where f is a function in C?°(T,,), ¢, () is a solution of the first equation (17); K, ~ are positive
constants independent of v, ¢, f.

The following lemma takes a central place in the future investigations.
Lemma 2. Assume that the functions ay(p,0,0), Pi(p,0,0) and a2(p,0,0), Pa(p,0,0) are
almost independent of 0 and p, respectively. Let each of the systems of equations

dep

% - a1(307070)7

df

E - a2<07670)7 (20)
dh

E - Pl(cp,H,U)h
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ON INVARIANT TORUS OF WEEKLY CONNECTED SYSTEMS OF DIFFERENTIAL EQUATIONS 473

and
%2 = a(,0,0),
% = a(0,0,0), (21)
% = P(¢,0,0)s

have a rough Green function. Then there exist y = u(0) (uw — 0,0 — 0) and o¢ > 0 such that
forevery o € (0,00), functions a3, P?, a3, Py € CP(1} x T,) satisfying the inequalities

latlp + a3l + [Prlp <

(22)
lallp + laglp + |P2lp <
and functions f1, fo € CP(T, x T}), each of the systems of equations
d
— = ai(p,0,0) +ai(p,0).
de .
= = a2y, 0,0) +a3(e,0), (23)
dh .
= = [Pi(,0,0) + PI(p,0)[h + 10, 0)
and
d .
digo - al((P, 07 U) + a’l((pa 0)7
t
de .
% = (J,Q((P, 07 U) + a’2((p7 0)7 (24)
ds .
E = [PQ(QO?HuU) + P2 (@70)]8 + f2(g079>
has an invariant torus of the type
h=u(p,0,0), s=uv(p,0,0), pecT0cToc(000)
satisfying the inequality
[ulp,0,0)lp < Kilfilp,
(25)

|U(So> 97 J)|p < K2|f2|p’

where Ky, Ky are positive constants independent of i, f1, fa.
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474 A. ELNAZAROV

Proof. Let us rewrite the system of equations

de

E - a1(907970-)7

df

E - a2(907970-)7

dh

— =P, h
dt 1(‘)07970-)

in the following form:

d

d—f = a1(p,0,0) + a11(p,0,0),

df

—_ = GQ(O,Q,O) + a21<907070-)7

dt

dh

a = [Pl((p,0,0) +P11(§07970-)]h7

where a11(p,0,0) = a1(p,0,0)—a1(p,0,0),a2(p,0,0) = az(p,0,0)—a2(0,6,0), P11(p,0,0) =
= Pi(p,0,0) — Pi(p,0,0). Since the functions a1, P; and ay are almost independent of § and ¢,
respectively, for every € > 0 we can choose oy > 0 such that for any o € (0, 0| the following
inequalities hold:

’all(@7670)‘p < €, ]a21(cp,0,a)\p < €, |P11(907070')’p < g, (26)
pel, 0el.

By using the fact that the system (23) has a rough Green function we can choose § > 0in (18)
and £ > 0in (26) such that the system of equations

d .

4 o,0) (00,

do .

E = CLQ(SO,H,O') +CL2(SO,9),

dh o

== [Pi(g,0,0) + Pr(p,0)|h + fi(p,0)

with the functions a$ (¢, 0), a3(e, 0), Py (p, 0) satisfying the inequality
lallp + larilp + |a3lp + a21lp + [T p + [Pulp <6, ¢ €T, 0 €T, (27)
has a Green function Gy (7, ¢, §) which satisfies

|Go(7,¢,0) f1(0r (), 0(0)], < Kae Tl i, (28)
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ON INVARIANT TORUS OF WEEKLY CONNECTED SYSTEMS OF DIFFERENTIAL EQUATIONS 475

Let us denote by

Gf(p.6) = / Co(m.0.0)f (0r (). 0 (6))dr

the operator defined on f € CP(T, x T;) and let consider the following equation:
u=GPlu+Gfi.
A solution of this equation exists if
|GP? |, =d < 1, (29)

but we can choose a sufficiently small § > 0 such that (29) holds and we obtain a unique
solution in the form

u=> (GP)"Gf, (30)

k=0

which satisfies the inequality

\u((p, 0, U)’p < Kl’f1|p

for any o € (0, 0¢]. Obviously, u = u(p, 0, o) defined by (30) for any o € (0, 0] is an invariant
torus of the system

d o
df‘/’ = a1(p,0,0) +al(p,0),
t
do N
CT = a2(¢,9,0)+a2(¢,9),
t
dh o
E = [P1(90,9,0)+P1 ((Pae)]h+fl(90’9)

Lemma 2 is proved for h = u(p,0,0), 0 € (0,00}, ¢ € T, 6 € T;. For the case when s =
v(p,0,0),p € T, 0 € T;, we can prove it in the same way.

2. Constructing an invariant torus. Let us, by using the method of Samoilenko, construct an
invariant torus of system (13). To this end we select the «linear» part of P, (¢, 0, h, s, ), Pa(¢, 0,
h, s,e) and obtain

d

dis: = al(‘paevh?S?E)?

dh .

= = P (p,0,h,s,e)h+ fi(p,0,¢),
do

E = a2(<p,9,h,s,€),

ds "

== P5(p,0,h,s,€)s + fa(p,0,¢),
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where
1
. I[P (g, 0,th,s,e) — Pi(,0,0,0,¢)]
P pu—
1(90797}7‘7876) / 8(th) dt,
0
[ O[Ps(,0,h, t5,) — Po(,6,0,0,¢)]
s Uy 7t87€_ 2(¥p, 0,0, U, €
P* — 2 SD
2(80797]7“3376) / 8(t8) dt,
0

filp,0,e) = Pi(¢,0,0,0,¢), fa(p,0,e) = Pa(p,0,0,0,¢). When ¢ = 0, system (13) has the
invariant torus h = 0, s = 0, therefore fi(p,0,0) = 0, f2(,0,0) = 0.
We can also rewrite the above system in the form

d

di: = aio(p) + a11(p, 0, h, s,2),

df

= = a20(0) +az(p,0,h,s,¢),

dh .

ar [Plo(SD) + Pli(p, 0, h, 876)]h + fi(p,0,¢),
ds . .

% = [PZO(Q) + P21(¢767h7375)]s + fQ(QD,Q,E),

where
a10(p) = a1(¢,0,0,0,0),a11(p, 8, h,s,e) = ai1(p,0,h,s,e) — aip(p),
az(0) = a2(0,6,0,0,0),a2(p,0,h,s,c) = a(p,0,h,s, &) — az(8),
Pio(p) = Pr(#,0,0,0,0), Pfi(¢,0,h,5,6) = Py (9,0, h,5,8) — Po(p),
P3,(0) = P5(0,0,0,0,0), Ps;(p,0,h,s,e) = P5(0,0,h,s,e) — Py(0).

Consider the systems of equations of the type

dp de

E = alO(‘P)y dt alO((P)’

do de

a d 2% _— 31
§7 az0(0), an o azo(0), (31)
dh . ds *

T [Plo(@) + Pioi(e,0,€)]h, o [P5o(6) + Paoi (12, 0,€)] .

We can prove the following theorem for the system (13).

Theorem. Suppose that for every Pip1(p,0,¢), Pao1(p,0,¢), almost independent of 6 and ¢
respectively, each of the system of equations (31) has a rough Green function of order p, satisfying
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ON INVARIANT TORUS OF WEEKLY CONNECTED SYSTEMS OF DIFFERENTIAL EQUATIONS 477
inequality (19). Assume that the functions a1, az, Py, Py, in the domain
|h|l < d, ¢ €T, IIs|| <d, 6 €T;, ee€(0,¢e,

are continuous together with all derivative with respect to , 0, h, s up to the order p. If p > 1
then there exists a sufficiently small £y > 0 such that for every € € (0, 0] the system of equations
(13) has an invariant torus,

707
H ="U(p,b,¢) = <zgz93>y pel, e,

where u(p,0,¢), v(p,0,¢) € CP~YT, x T;) and satisfy the inequality
|u(¢?976)|p*1 < K1|f1|p*17

[v(p,0,€)lp—1 < Kalfalp-1,

where K1, Ko are positive constants independent of .

Proof. We may find the invariant torus by an iteration process. To this end for the zero
approximation we put

uO((P, 0) = 07 ’UO(S079> = 07 2 S T’r‘v 9 S j-‘l7

and the first approximation u; (¢, 6, €) can be obtained from

d
d;f = ao(p) + a11(p,0,0,0,¢),
do
ar aso(0), (32)
dh . .
% = [PlO(SO) + Pll((P; 07 07 07 €>]h + fl(g@, 0, E)
and vy (g, 0, ¢) from
d
jf = a0(y),
do
E = a20(9) +a21(90,9,0,0,€), (33)
ds . .
o = [Boo(0) + P31(2,0,0,0,0)]s + fi(¢.0,2).
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We may choose ¢ sufficiently small such that for ¢ € (0, o] the following inequalities hold:

’all(@v 0, u(‘P? 0, 5), v((p, 0, 6)? 8)‘p + ‘a21 (go, 0, u((p, 0, 5)7 U(‘Pa 0, 5)a 8)‘p‘i‘

+ | Pr1(p, 0,u(p, 0,¢),v(p,0,¢),¢)lp <6, (34)

’a11(907 97“((10a 075)7 ’U((,D,G,E), 5)’}7 + ’an((p’ 07“((10a 075)7 ’U(C,D,@,E),S)’p"‘
+ P51 (e, 0, ulp, 0,€),v(p, 0,€),€)[p <6 (35)

for every u(yp, 0,¢), v(yp,8,c) € CP(T, x T;) satistying the inequality

|u(()07 97€)|p < K1|f1’p7

‘U((pv 0, €)|p < K2|f2‘p'

By using Lemma 2 we obtain that (32), (33) have an invariant torus satisfying

‘U1(g0, 675)|p S Kl’fl ’pa

lv1(p,0,)lp < Kalfolp.

Therefore, we can continue the iteration process and at the (i + 1)th approximation

U; ,0,¢
Uis1(p,0,¢) = ( U::E:g 0 5; >7

the u;41(¢p, 6, ¢) are obtained from the following system:

d

dff = a10(p) + ar1(p, 0, ui(p, 0,¢),vi(p, 0,¢),¢),

df

E == a20(0) + a1 (SO: 07 ui—l(@? 97 8)7 Ui—l((p7 07 8)7 8)7 (36)
dh

E = [Pl*O(SO) + Pl*l((,O,0,’LLi(QO,H,&“),’Ui(QO,H,E),&)]h + fl(QO,H,E),

and v;+1 (¢, 8,¢) from

df

E = a20(0) + CLQl(Q,QD,’LLi(QD,H,&‘),UZ‘(QO70,€),€)7

dip

E - alO(SO) + a11(¢7 07“i—1(¢7 975)71)1'—1((107 078)78)7 (37)
ds * *

E = [P20(0) + P21(97 S07ui(807 975)7'01'(()07 075)78)]8 + f2(97 <pa€)'
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ON INVARIANT TORUS OF WEEKLY CONNECTED SYSTEMS OF DIFFERENTIAL EQUATIONS 479

Since the functions a11, a1, Py, Py for all ¢ € (0,¢p] satisfy inequalities (34), (35), the
invariant torus of (36) and (37) exists and satisfies

[uir1(p, 0,¢)lp < Kilfilp,
(38)
’Uz'+1(90,9,€)’p < KZ’fQ‘P'

By using the induction we can prove that each iteration for all ¢ € (0,¢g] is defined and
satisfies an inequality of type (38).

Now, we need to prove the uniform convergence of the sequence of the invariant tori. To
this end we consider the following functions:

wi((paeae) = ui+1(907975) - ’LLZ'(SO,H,E':), (39)

Vi(tp,e,E) = Ui+1(907975) - Ui(9079’5)- (40)
After the calculation of the differences between

ai 797
D (D 0:2) (410 + 11,0, 9,0, ), w0, 6, )+

e
+ W[a%(a) +az1(p, 0, ui—1(p,0,¢),vi_1(p,0,¢),¢)] =
= [PiolFi)+ Piy(,0,u(,0,), 4(.0,2),) i (0,0,) + fa(.6.2)
and
W[aw(@ +a11(p, 0, ui—1(p,0,¢),vi—1(p, 0,€), )]+

(9ul(<,0, 07 E)

50 la20(0) + a21(p, 0, ui—2(p,0,€),vi—2(p,0,¢),¢)] =

= [PI*O(SO) + Pl*l(gpv 07 ui,1(80, 0> 5)) Uifl(SO, 9, 5)7 5)] ui((pv 07 5) =+ fl (907 97 5)
we obtain following expression:

Owiy1(p,0,¢)

8@ [alo(go) +all((p,9,Ui(§0,9,8),vi(tp,0,6),5)]+

8&)@'4-1 (@7 07 E)
00

= [PI*O(QO) + P1*1(907 Haui(% ‘978)7 Ui((pv 975)75)]“‘)2'4-1(907 9’5) + fz(% 975)7

la20(0) + a21(p, 0, ui—1(p,0,€),vi-1(p,0,¢),¢)] =
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where

fi(907 9’5) = [Pl*l(go,H,Ui(cp,Q,e),vi(go,G,a),&?)—
- P1*1(907 97 ui—1(<)07 9,5),’1)1‘_1(@, 076)75)]1%’(@7 075)+

oui(p,0, e
+ %080)[(111(%0, 0, UZ(SO, 9’ 5)7 Ui(SD, 0’ 8), 5)_

- all(‘P? 0) ui—l(()pv 97 5)7 Vi—1 (307 97 5)7 5)]+

@ui ,9,5
* (ge)[azl (SO’ 0’ ui_1(907 9) E)) vi—l(@a 07 5)7 5)_

- CLH(QD, 9, ui*Q(SOa 97 5)7 ’UZ'*Q(SO) 97 5)7 E)L

which means that the function w;;1(p, 0, €) is an invariant torus of the following system:

d

2 = aw(p) +anlp,8.ulp. 6,2), vilp,0.2).2),

df

E == CLQO(Q) + a1 (SO7 97ui—1(()07 078)7 Ui—l(gov 075)78)7

dh . .

% = [PIO(SO) + Pll(cpv93“@'(807975)7Ui(@a075)75)]h + fi(S@,Q,E),

and, as mentioned above, the functions a11, a2, P} satisfy all conditions of Lemma 2. So we
have an invariant torus of the above system which satisfies an inequality of type (38) withp — 1,

wilp, 0, €)lp-1 < Kilfilp-1, (41)

and for p = 1 we have

wit1(p,0,€)l0 < K1[Li{wi(w, 0,¢)| + [vi(e, 0, )]} uilo+
+ Lo{|wi(p, 0,€)| + |vi(p, 0, €)[ Husl1+

+ La{|wi—1(, 0,2)| + [vi1(p, 0,€)[ }uil1]. (42)

We may choose L = max(Lj, L2, L) and obtain from (42)

wit1(p,0,€)|o < KiL{{|wi(,0,¢)| + |vi(p, 0, )|} uilo+
+ {|wi(p, 0, )| + |vi(, 0, &) [Huil1+
+ {lwic1(p,0,8)| + [vi1(p, 0, ) Hual1 }- (43)
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Analogously, we can show that the function v;(¢p, 6, ) is an invariant torus of the system

d

dicf = alo(@) + (111((,0, 07 Uz’fl(% 9’ 8)’ Uz’fl(% 9, 5)a 5)7

df

E = GQO(G) + as1 (907 97 u2(807 95 8)7 Ui(@, 07 5)7 5)5 (44)
ds

a = [PQ*O(G) + P2*1(Q0a e,ui((p, 9’5)7%’(@7‘9’5)’8)]5 + gi(@’ ‘975)’

where
gi(907075) = [P2*1(90107ui(@aeae)avi(q}?eag)ag)_
— Pyi(p,0,ui—1(p,0,2),vi—1(p, 0,¢),2)|vi(p, 0,€)+

&l}i(géeﬂg)[an (ga, 97 uz((pa 07 8)7 ’Uz‘(@, 67 6)’ 6)_

- a21(907 97 ui—l(@) 97 5)7 Ui_l(S(?, 97 5)7 5)]+

81}1» ,(9’5
+ gp)[an(% 0, ui_1(p,0,¢),vi_1(p,0,¢),e)—

— all (@7 07 ui—2(907 9) 5)7 U’i—Q(SO? 07 8)7 E)]’

and, by using the inequality of type (38), we have

vis1(e,0,¢)lo < KiL{{|wi(,0,€)[o + |vi(e, 0, €)]o}Hvilo+
+ {[wi(p, 0,€)|o + |vi(p, 0, €)[o tHvil1+

+ {lwi1(@,0,€)lo + [vi—1(e, 0, €)|o}|vil1 }- (45)

Adding expression (43) and (45) we obtain

wit1(#,0,)l0 + [Vit1(p,0,€)l0 < M{{lwi(p,0,¢)lo + [vi(e, 8, )lo}{|vilo + [uilo}+
+ {’wi(¢> 975)|0 + |Vi(907 975)|0}{|Ui|1 + ’ui‘l}"i_

+ {Jwi-1(p,0,€)l0 + [vi—1 (@, 0, ) o }{|vil + [uil1}}, (46)

where M is a positive constant independent of ¢. It is known that

luiliv < Kilfili, |vih < Kilfali (47)
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and, by denoting

ai = |wip,0,¢)lo + [vi(p, 0,€)lo,
it is easy to show that (46) is equivalent to

aip1 < KiMA{|fili + | fol1 H{or + ai—1} (48)

The property of the functions f1, f2 allows us to choose a sufficiently small £y such that

)

N |

KiMA{[fil1 + [f21} <
but then

lim a; = 0,
1—00

which means that for every ¢ € (0,¢p] there exist functions u(y, 8, ¢), v(p,0,¢) in C(T, x T;)
for which

lim u;(p, 0,¢) = u(p,0,¢),

(49)
lim v;(p,0,¢) = v(p,0,¢)

1—00
uniformly with respect to ¢, 6.

Since the sequences u; (¢, 0,¢), vi(p,0,¢),i = 1,2,..., are bounded in the space C? (7T, xT}),
they are compact in the C?~!(T}. x T}) which means that

lglo ”U«L(QO, 9, 5) - U(gp, 9, 5)‘1’)*1 =0,

(50)
hm ’Ui(907 67 E) - U((,O, 07 5)‘[)—1 - 07
and taking limits in (38) we obtain
[u(p,0,€)lp—1 < Kilfilp-1,

|U((;07 97 5)|P*1 < K1|f2‘p*1'

The final stage of the proof is to show that the function

v = (4707 )

is an invariant torus of the system (13).
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Let us consider the system of equations

C;—f = a(p, h), % = P(p,h)h+ f(p) (51)

and define a sequence of invariant tori
h=uTlp), @eT, i=0,1,..., (52)
each of which is an invariant torus of the system

W =l G = Pl fe) 3)

The following lemma is proved in [2].

Lemma 3. Let functions a, P, f are defined and continuous with respect to ¢, h in the domain
[hl <d, ¢eT, (54)

and be periodic with respect to p,, v = 0,1,...,r, with the period 2n. Suppose that for every
i =1,2,...the system (46) has an invariant torus of the type (45) belonging to (47). If

lim u'(p) = u(yp) (55)

1—00

uniformly convergent with respect to ¢ € T, then the function u(y) defines an invariant torus of
the system (44).
Now, by applying Lemma 3 we finish the prove of the theorem.

3. Application. 1. The interaction of chemical reactors, described by a plane autonomous
system of the type

x; = Fi(x1, x2),

Yi = Gi(yl)yQ)a
i=1.2,

each admitting an exponentially attractive limit cycle, was considered by J. C. Neu [10], and
a further investigation on bifurcation of periodic orbits was made by U. Kirchgraber [11] and
A. Freidli, U. Kirchgraber, J. Waldvogel [12]. To get nearly identical reactors they put

Fi(z1,29) = F(x1,22) + Af(x1,22), Fa(z1,22) = G(z1,22) + Ag(x1, 22),
Gi(y1,92) = F(y1,92), Ga2(y1,v2) = G(y1,v2),
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where A is a small parameter. If this reactors are separated from each other by a membrane
which allows for diffusion from one reactor to the other, they obtained coupled chemical reactors
of the form

1 = Fi(z1,22) + K(y1 — x1),
T9 = Fo(x1,22) + K(y2 — x2),
(56)
71 = Gi(y1,92) + K(21 — 1),
U2 = Ga(y1,y2) + K(z2 — 12),

where K is a small coupling parameter.
Let

r1 = Xi(p1), 2 = Xo(¢),

y1 = Yi(p2),  y2 = Ya(p2)

be limit cycles of the uncoupled systems with periods 77, T5, respectively. We can transform
them into the unit circle

2
0<<p2§ﬂ7 )‘l_%a Z:1727
and by using
o= (2) = uten )
€2
v= () = utea+o
Y2
the system (56) can be reduced into the form
dh
E = Pl(gﬁl, h)h — K(l + h) + K(l + S) COS()\lgol — )\2§02),
dpy 1+s
T =N - K— A1 — A
dt 1 ML+ h) sin(A11 202),
ds
i Py(p2,8)s + K(1+s) — K(1+ h)cos(Aapa — A1),
dpa 1+h .
= X+ K— A - A
i 2+ Nl +5) sin(A2¢2 191),
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where

P(¢1,h)h = [F(p1,h) + Af (1, h)] cos Apr — [G1, h) + g, h)] sin A,

P(p2,8)s = F(pa,s) cos Aawa — G(pa, $) sin Agpa,
F(p1,h) = F(x1,12), F(p2,5) = F(y1,32), fle1,h) = fla1,22),

G(p1,h) = G(x1,12), G(p2,5) = Gly1,12), §le1,h) = g(a1,2).
Let us introduce the notations

1+h

L(h,s) = s

K =ck, A=c¢),

where ¢ is a sufficiently small parameter; k, A are fixed numbers. Then

dh

i Pi(¢1,h)h + ek[L(s,0) cos(A1¢1 — Aap2) — L(h,0)],
dpy k :
SFL _ . 2 _

o A 5)\1 (s, h)sin(A1¢1 — A2p2),

ds

== Py(p2,s)s — ek[L(h,0) cos(Aap2 — A1p1) — L(s,0)],
d k
&2 _ A2 +e—L(h,s)sin(Aagpa — A\p1).

dt A2

Let p1t(p1) = At + @1, pai(p) = Aot + 92, Por(p1) = Pi(i1,0) and suppose that Goi (7, ¢1)
is a Green function of the equation

dh

il Po1(p1t(¢1))h.

Then we can write

e J7 Porlon(en)dt o < )
Goi(T,¢1) =

and the first approximation is obtained from

—+o00
pH) = u(p1,p2,¢6) = €k / Go1 (T, ¢1)[cos(A1p1 — Aaga) — 1]dT.

— 00
Since the limit cycle is exponentially attractive, the function G (7, 1) will satisfy the inequality

|G01(7-7 901)‘ < 677‘7—'7 v > 07

ISSN 1562-3076. Heainitini koausarnnsa, 2005, m. 8, N> 4



486 A. ELNAZAROV

and, obviously, this function is a rough Green function.
Analogously we can find s(!) and other iterations of the torus of the system (57).
2. Consider two harmonic weakly connected oscillators

d:c1
a =z +x1(1 — 35% - x%) + efi(z1, 2, y1, y2),
L = —r1 + x2(1 — 27 — 23) + e fa(1, 72, Y1, Y2),
(57)
diyy
’ =y +uyi(l— Z/% - y%) +eg1(x1, 2,91, Y2),
dys 2 .2
E =~ + y2(1 — Y — y2) + 592(1’1,1‘2,y1,y2),

where f1, f2, g1, g2 are continuous with respect to all variables.

Obviously, for e = 0 we have two independent systems, each of which has a limit cycle since
the invariant manifold has the type

u—u(qﬁ)—(“l(@))—( cos ) 0< <o

uz(p) —sinp

For the transformation we may use

o= (2) = uoaen),

= (1) =+,

and by substituting it to (57) we obtain

dy € [z . x
i 1—m[f18111@+f200580],
do € . . -
i 1—17_'_8[9181119-1-920089],
(58)
dh z . 5
bl —(1+h)(2+ h)h —€[fasinp — fi cos ],
ds - . -
o= —(1+5)(2+4 s)s — e[gasinf — g1 cos b,

Whereﬁ“&ag)h?s) - fi(xlu'r27y17y2)7 gi(‘paea}% 8) == gi($17$27y1ay2)7i == 1)2
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By substituting the zero approximation h = 0,s = 0 to (58) we can find the first approxi-
mation from

de

=1
dt ’

d ~ ~
df =1—¢[f)sing + f3 cos ], (59)

dh

2 — b=l sing— Fooss,

and

dp

=1
dt ’

df

o =1 —5[§?sin0+§gcos9], (60)

ds

i —25 —e[g9sinf — g} cos b,

where f0(,0) = fi(¢,0,0,0), 3(¢,0) = §i(¢,6,0,0),i = 1,2.
The Green function has the form

We can explicitly find an invariant torus of this equations,

+oo
hY(p,0) = e / Go(7) [£5 (0 (), 0-(0)) sin o7 (9) — f7 (107 (), 0-(0)) cos o ()] dr,

+00
sW(p,0) = ¢ / Go()[31(pr (), 0-(0)) sin 0-(6) — 1 0+ (1), 0+ (6)) cos 0-() | dr,

where ¢, (p), 6-(6) are solutions of the first equations of (59) for h(!) (¢, #), and solutions of the
first equations of (60) for s(1) (¢, §) and satisfying the initial conditions (@) = ¢, o(#) = 6.

The (i + 1)th approximation u'™1(p,0,¢) = (R (p,0,¢), s (p,0,¢)) can be found from
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following two systems of equations:

dy € - , , _
P 1 7
dt 1+ h’(go,@,s) [fl(% 0,h ((1079’5)’ S ((10"975)) Sin -+

+ fo(ip, 0,0 (0, 0,¢), 5 (0, 0,€)) cos ],

db €

—1_ ‘ ~ i1 i1 .
dt 1 —i—SZ_l(gO,Q,E) [91(90,19,h (907075)78 (@,9,6))SIH9—|—

+ gQ(Sov 97 h’i_l (907 97 6), Si_l ((,0, 9, 5)) COS 0} ,

Cfl]z = —(1+h¥(p,0,¢))(2+ hi(p,0,¢))h—
—£[fa(0. 0,0 (,0, ), 5' (9,0, €)) sinp — fi(p, 0, 1 (0,0, €), 5 (p, 0, €)) cos o],
and
dy _ 1— ,_5 [fl(go,H,hi’1(<p,0,5),si’l(w,e,g))singo—i-
dt 14+ hi=Yp,0,¢)
+ fg(go, 0,h (e, 0,¢), 571 (p,0,¢)) cos gp] ,
ng =1- m[gl(gp,@,hi(gp,9,5),si(g0,9,5))sin@—i—
+ G2(, 0, W' (¢, 0,¢), 5 (¢, 0,€)) cos 9],
ds . ,
- = —(14+s'(p,0,¢))(2+ s (¢, 0,2))s—

- €[§2<907 67 hl(@? 97 8)7 Si((pa 07 8)) sinf — gl (QO, 07 hl(@? 97 8)7 Si(@? 07 8)) cos 6] .

It should be noted that the Green function in this case is rough with for order p, where 0 <
< p < oo. Now, by using the main result from Section 2 we may choose €y > 0 such that for

every € € (0,¢ep] there exists an invariant torus u(¢p, 0, ) of (57), which we can find by the above
process as a limit function, i.e.,

U(QD,Q,E) = le%U(k)(W,Q,E) = lim (h(k)((pa075)75(@(507‘9’5)) .

k—o0
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