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We study monotonicity properties of the kneading invariant for one-parameter families of piecewise linear
unimodal maps, and prove a theorem on violation of monotonicity of the kneading invariant for maps that
are symmetric, convex, and consist of four linear pieces. The fact that such maps can not be approximated
with smooth mappings that have negative Schwarzian is proved using a dynamics argument.

Hocaioxcyromubces 6aacmugocmi MOHOMOHHOCMIE HIOUH? [H8aApIiaHmy 0asf 0OHONAPAMEMPUHHUX Cimell
KYCKOB0-AIHIUHUX YHIMOOAAbHUX 8I000pacenb. [losedeno meopemy npo nopyuieHHs MOHOMOHHOCHL
HIOUM?2 IH8apiaHMy 0Af 8I000PAXCeHb, AKI CUMEMPUYHI, ONYKAL MA CKAAOAIOMbCA 3 YOMUPBLOX ATHIUHUX
Kyckie. Hasedeno ounamiune 0osedetta ¢haxmy, w0 maki 8i000paNCeHHA He MOHCHA ANPOKCUMYBAMU
2AA0KUMU BI00ODANCEHHAMU 3 BIO EMHUM UUBAPUIAHOM.

1. Introduction. Let f, : [0,1] — [0,1], a € [a1, az], be a family of maps such that f, = a - f,
where f is a unimodal map with a unique critical point ¢, i.e., a continuous map that is strictly
increasing on the left of ¢ and strictly decreasing on the right of c. We assume that f(0) =
= f(1) = 0.

The kneading invariant of f, is an infinite sequence K = ejezes ... of symbols 0, C, and 1
defined by

\4

1 if fR(e)
er =4 C if f¥(c)
0 if f¥(c) <ec.

)

)

For sequences of symbols 0, C, 1, there is a signed lexicographical order < defined in the follo-
wing way: if K and K coincide up to entry n — 1 and ¢, < e;l (where 0 < C' < 1), then
K < K'(K » K') if the number of the symbol 1 in e; .. .e,_ is even (odd).

We are interested in the problem:

Is K(f.,) amonotone functionof a? (1)

The same question is asked for topological entropy hiep, Of f4, i.€.: iS hiop(fq) @ monotone
function of a?

It is well-known that the topological entropy of a unimodal map depends only on its knea-
ding invariant and the dependence is monotone with respect to the signed lexicographical order
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indicated above (see [1]). Hence, monotonicity of kneading invariant implies monotonicity of
topological entropy.

The problem (1) concerns the phenomenon that unimodal maps become more complicated
topologically if the map increases. This phenomenon was observed in many systems in physics
and biology (see e.g. [2, 3]). But in general (1) is not true. A positive answer is known only for
few families of unimodal maps. In particular, nondecreasing of kneading invariant was proved
for several polynomial families, f,(z) = ax(1 — z) [1,4, 5], fo(x) = a — 2!, forl = 4,6,8, ...
[6] and f,(x) = ax?(1 — ) [4]. Proofs for these families use methods of complex analysis and
no "real"proof is known. Note that the maps from the families indicated above have negative
Schwarzian derivative. A positive answer to the problem (1) is known for several families of
piecewise linear maps [4, 5, 7]. In particular, for the symmetric family of piecewise linear maps
with 2 pieces (so called tent maps) the kneading invariant is strictly increasing with respect to
the parameter. Note that the piecewise linear maps have zero Schwarzian derivative. However,
several counter examples have been found. The first example was given by Zdunik [8]. She
constructed piecewise-linear maps which consist of 8 linear pieces, convex, symmetric and
cannot be approximated in C° topology by maps with negative Schwarzian derivative. Other
examples are due to Nusse and Yorke [9] and Kolyada [10], but the map which they constructed
is not convex. Other examples can be found in [11]. Due to these examples, for the family of
maps f, = a- f the standing conjecture is:

Conjecture 1. If f, = a - f is a family of convex unimodal maps with negative Schwarzian
derivative then K (f,) is a nondecreasing function of a.

In this paper we improve on Zdunik’s result in the sense that we show that the kneading
invariant can be nonmonotone for unimodal maps which are convex, symmetric, but consist
of 4 linear pieces. We call such maps one-kinked maps (for precise definition see Section 2).
We should point out that nonmonotonicity of kneading invariant among (one)-kinked maps
was known. For example, in [12] (Chapter 9) it was mentioned that Bielefeld found a counter
example to monotonicity of the kneading invariant for some families of kinked maps. However,
to our knowledge, no explanation why this is true was ever published. In this paper we show
the mechanism why nonmonotonicity takes place in the families of kinked maps. Furthermore,
we construct an open region of kinks for which monotonicity fails.

In addition, we give a fundamental reason why our scheme of getting nonmonotonicity of
kneading invariants is not possible for maps with negative Schwarzian derivative.

2. Main result. A family of unimodal maps f, is called a family of one-kinked maps if f, =
= a- fa, Where f4 is convex and consists of 4 linear pieces, see [12] (Chapter 9). We assume
that f4(0) = fa(1) = 0, fa(c) = 1, where ¢ = 1/2 is the unique critical point of f4 and f4 is
symmetric. The kink A = (z1,y1) € (0,1/2) x (0,1) is the point of the graph of f4 to the left
of the critical point such that f4 is not differentiable (Fig. 1).

We write the family of one-kinked maps f, : [0,1] — [0,1],a € [0,1] as

si(a)x it0 <z <,

s2(a)(x —¢c)+a ifz; <z <eg
Jalz) = .

sa(a)(c—xz)+a ife<x<1-—u,

s1(a)(1 —x) ifl -z <z <1,
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0 c 1
Fig. 1. The map fa.
2(1 — 1)

where s1(a) = a?L and so(a) = a——p Also we will denote ¢, (a) = f(c). We prove the
T — &

following theorem:

Theorem 1. [fthe one-kinked family of maps f, has the following properties:

1) a, is such that | f (qa,)| = 1, where q,, the is the orientation reversing fixed point of f,, ;
2) ca(ay) < ¢ < qq, < c3lay) < 1—ux;.

Then there exists ag such that for all a € (ax,a0) K(fa) < K(fa.)-

Proof. To prove the theorem we show how the kneading invariant of the one-kinked map
K(f,) changes when we change the parameter a.

a; < 1/2is close to 1/2 then c¢;(a1) = ay, the slope sa(a;) of the map f,, is less than 1 and
there exists a fixed point 1 < ¢,, < 1/2 (i.e., fa,(qa,) = ¢a,) Which is attracting. Therefore
K(fq,) = 0= (Fig. 2).

Ga; C

Fig. 2. The map f,, .

ap = 1/2, then ¢(a2) = az = 1/2 and there exists a fixed point ¢,, = 1/2 and K(f,,) =
= C> (Fig. 3).

da,y

Fig. 3. The map fa,.
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ag > agis close to ag such that 1/2 < ¢q(a3) = ag < 1—x1, the slope |s2(a3)| < 1and there
exists a fixed point 1/2 < ¢,, < 1 — x1 which is attracting. Therefore K(f,,) = 1°° (Fig. 4).

Ca3
Fig. 4. The map fa,.

a4 is a bit larger than a3 such that ¢1(as) = a4 > 1 — x; and ¢o = 1/2 (therefore ay =

= 1/2+ +/1/4 — x1/2y1). Then the slope |s2(a4)| < 1, the fixed point ¢,, > 1/2 is attracting
and K (fa,) = (1C)> (Fig. 5).

C2 C1
Fig. 5. The map fa,.

aq < as < a, is close to a,. Then since by the assumption of the theorem ca(a,) < 1/2 <
< @a, < c3(ax) < 1 — xq, using continuity argument ca(as) < 1/2 < qq5 < c3(as) < 1 —zq.
It follows that c4(as) < g¢q; since f,, is orientation reversing for x > 1/2. Also since |sa(as)|
is a bit less than 1, the fixed point g, is attracting and c4(a5) = s2(as5)(1/2 — c3(as)) + a5 >
> c1(as) — (e3(as) —1/2) > c1(as) — (1 —x1—1/2) > 1/2.Le., ca(as) < 1/2 < cs(as) < qqy <
< c3(as) < 1 — zy. Therefore K(f,,) = 101°°.

ag = a,. By the assumptions of the theorem, a fixed point ¢,, > 1/2is neutral (| f}_(¢a.)
= 1) and c2(as) < 1/2 < qq, < c3(ax) < 1 — z1. This implies that 1/2 < c¢4(as) < qa.,
cs(ax) = c3(as) and therefore K (f,,) = 101> (Fig. 6).

P

62064‘ C3C1

Fig. 6. The map fa, -
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a7 > ay, such that ay is close to a,. Then c4(ay) lies close to c4(as) and ¢, is close to g, ,
hence c4(a7) < qq,. So there exists a ky > 2 such that for 2 < k < ko, 1/2 < cor(ay) <
< cye—1y(ar), carg—1(az) > 1/2, ey (ar) < 1/2. This means that the kneading invariant
K(fa;) = 10111...10, where the number of 1 before the second 0 is even. Therefore K (f,,) <
< K(fa,) = 101%°. In addition, qq, > 1/2is repelling (| f;.(qa,)| > 1).

The theorem is proved.

Remark 1. Comparing the family f, to the family of quadratic maps Q,(z) = az(1 — z) we
have the following:

ifa < 2then K(Q,) = 0* and ¢, < 1/2is attracting;

ifa = 2then K(Q,) = C* and ¢, = 1/2;

if2 < a < 3then K(Q,) = 1°° and ¢, > 1/2 is attracting;

if a = 3 then K(Q,) = 1*° and ¢, > 1/2 is neutrally attracting (|Q'(¢a)| = 1);

if a > 3 then K(Q,) = 1 and q, > 1/2 is repelling (|Q'(¢,)] > 1) and there exists a
period 2 orbit 1/2 < Q(p) < ¢ < p; this orbit is attracting;

if @ = a, then K(Q,,) = 101 and q, = Q3(1/2) is repelling and there are no attracting
periodic points.

Lemma 1. Let f, be a unimodal map, c its critical point, S f, < 0 and suppose there exists a
nonrepelling periodic orbit x1, xs, ..., x,. Then one of the x; has c in its immediate basin.

Proof. See [13] (Chapter 1.11).

Corollary 1.For a unimodal map f, with Sf, < 0 and a fixed point q, > c there is no
parameter a for which K(f,) = 101°° and q, is nonrepelling.

Proof. If such a parameter a exists then, since S(f,) < 0 and g, > c is nonrepelling by
Lemma 1, g, will have c in its immediate basin. Therefore all ¢,, must be greater than c. But this
is impossible since ¢z < c.

Example. Let f, be a family of one-kinked maps given above. Then for the open region

F = {A = ($17y1)|0 <721 < 1/3>

222 — 2,5x1 — 0,25 — /4t — 623 + 3,252 — 0, 7521 + 0,0625 _
2.%'% — 1 — 1

<y <

14 521 — 222 + /4] — 1223 + 1327 — 621 + 1
2(2 — xl)

Theorem 1 holds. The region F' corresponds to the conditions q,, < c3(ax), c2(ax) < 1/2 and
c3(ax) < 1 — 1 from Theorem 1. The region F' is shown in Fig. 7

Remarks. 2. 1t is not difficult to see that a similar result holds for a family of maps with more
than one kink. Recall that Zdunik considered the case of three-kinked maps.

3. Moditying slightly a result of Taylor [14] one can construct a smooth and convex function
F with the same properties as f,,. A local geometric argument of Nusse and Yorke [9] shows
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that any smooth map that approximates kinked maps cannot have negative Schwarzian derivati-
ve. Lemma 1 and Corollary 1 above give a dynamical argument why this particular procedure of
getting nonmonotonicity cannot be realized at all by maps with negative Schwarzian derivative.

3
0,75
0,7
0.65
0.6
0.55

>

0 005 0,1 0,15 02 025 03 X

Fig. 7 The region F.
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