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The paper is concerned with the existence and stability of an almost periodic solution of the system with
deviating argument

dx(t)
dt

= Az (t) + f(t,z(t), z(t — 11(8)), ..., z(t — 7% (t))-

The Wexler inequality for the Cauchy matrix is used. Conditions for stability of the solution are given.

Posenadaembca npobaema icHy8anna ma cmabiabHOCME matixce NepioOUdHO20 PO36 A3KY CUCHeMU 3
BIOXUNEHHAM 8 AP2YMEHMI
dx(t)
dt

= A@t)x(t) + f(t, (), x(t —11(2)),...,x(t — T%(t)).

Buxopucmosyemuca HepisHicmb Bekcaepa. HaseoeHo ymosu cmabiabHocmi po36’A3KY.

1. Introduction and preliminaries. Different aspects of the theory of almost periodic solutions
of quasilinear differential equations with deviating argument, including applications, has been
investigated by many authors [1-7]. The problem of existence of almost periodic solutions
for functional differential equations was considered by J. Hale [2] for the case when the non
perturbed system is autonomous or periodic and the argument is retarded. The paper [4] deals
with the existence of almost periodic solutions of a system with unique and constant deviati-
on. The aim of the present paper is to investigate the problem for the system (1), where the
deviations and the matrix of coefficients are almost periodic functions. Moreover, we assume
that the equation is of mixed type [3], that is, the derivative of = depends on the past as well as
the future values of ¢. This type of equations, apparently, can be applied to problems of antici-
patory systems [8]. One should emphasize that the general theory has not been considered for
this type of equations as well as for the equations with retarded argument or for the systems of
the neutral type [3, 9].

© M. U. Akhmet, M. A. Tleubergenova, 2004
ISSN 1562-3076. Heninitini koausanna, 2004, m. 7, N° 3 295



296 M. U. AKHMET, M. A. TLEUBERGENOVA

Let N, R be sets of all natural and real numbers respectively, || - || be the Euclidean norm
in R",n € N.Lets € R be a positive number. We denote G5 = {z € R"|||z|| < s} and
GH1l = Gy x Gy x ... x G, (that is, G¥T! is the Cartesian product of k copies of Gy).

Let a set Cy(R) (respectively, Co(R x G'I‘}H) for a given H € R,H > 0) be a set of all
functions that are bounded and uniformly continuous on R (respectively on R x G’;{H).

Definition 1. For f € Cy(R) (respectively Cyo(R X Gl;;rl)) and T € R the translation of f by
7 is the function Q, f = f(t+7),t € R (respectively Q. f(t,2) = f(t+7,2),(2,t) € Rx GY™).

Definition 2. A number 7 € R is called e-translation number of a function f € Cy(R)
(Co(R x G]I“_IH)) if||Q-f — fl| < eforeveryt € R((t,2) € R x Gh).

Definition 3. A function f € Cy(R)(Co(R x G’;_IH)) is called an almost periodic (almost

periodic in t uniformly with respect to z € G’;{“) if for every ¢ € R,e > 0, there exists a
corresponding dense set of e-translations of f.

Denote by AP(R) (AP(R x G%'")) the set of all such functions [10, 11].

The aim of this paper is to investigate the problem of existence and exponential stability of
an almost periodic solution of a system of differential equations with deviating argument of the
form

dx
i At)x + f(t,x(t), z(t — 1(¢)), ..., x(t — 7%(t)), (1)
where z € R",t € R. We will need the following assumptions:

(C1) A(t) € AP(R)isann x nmatrix, 7; € AP(R),j = 1,k.

(Co) f € AP(R x G¥*1) forevery s € R, s > 0.

Let X (¢,s), X(s,s) = I, be a Cauchy matrix of the associate homogeneous linear system

dx

— = A(t)z. 2
= A )
One of our basic assumptions is the following.
(C3) FHa,b} € R,b > 1,a > 0, such that
1X (¢ s)|| < bexp(—a(t —s)),t > s. ®)

Lemma 1[12-14]. Let A(t) € AP(R) and the condition (Cs3) be satisfied. Then

X (t+7,5+7) = X(t,9)]| < cexp (=5t —3)), )
. . ae .
if Tis ﬁ-tmnslatlon number of A(t).
Lemma 2 [10]. If f € AP(R x G%™)and » € AP(R),z : R — G%™. Then f(t,2(t)) €
€ AP(R).

Remark 1. Lemma 1 is due to D. Wexler [12] and is of principal significance in the arti-
cle. It states that the matrix X (¢, s) is "diagonal almost periodic". Information relevant to this
assertion can be found in the book by W. A. Coppel (see Proposition 4 in Lecture 8 of [15]).
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2. Main result. In this section we consider the problem of existence of an exponentially
stable almost periodic solution of (1).

Lemma3. If¢ € AP(R), then ¢(t — 7;(t)) € AP(R),j = 1,k.

Proof.Fixe € R,e > 0. Since ¢ € Cy(R) there exists § = 6(%) such that ||p(t1) —o(t2)|| <

< g if [t; — t2| < 0. Denote 1 = min(%,é). By using the method of common translati-

on numbers [10, 11] one can show that there exists a corresponding dense set of e-translation
numbers of ¢ and 7;(t). Let 7 be one of them. Then

lp(t +7 =75t + 7)) = ot = 7 (D) < NPt +7 —75(¢ + 7)) — ¢t + 7 — 75(8)) ||+

+ ot +7—75(t) — ot — ()] < %+% =e.

The lemma is proved.
Assume that the following conditions hold:
(Cy) Jl € R, > 0, such that

k
1f(tz1) = f(t )l <1112 = 2l; ©)
j=0

where z; = (29,...,2F) € R0 = 1,2,

7

Fixo € R,0 < ¢ < a. Denote

Top = max {O,Suij(t),j = 1,}’<:}7 m(l) =1— M‘
t

a—0o

We assume in addition that [ is sufficiently small so that
(C5)1 < %;
(Cs) m(l) > 0.
Theorem 1. Assume that (C1)—(Cs) hold. Then there exists a unique almost periodic solution

So(t) of (1).
Proof. Let T be an operator on AP(R) such that

Té = / X(t,8)Fy(s)ds. ©6)

Let ¢ € AP(R).
By using Lemma 3 one can prove that Fy(t) € AP(R), and by Lemmas 1, 2 on the base of
the method of common translation numbers one can verify that there is a corresponding dense
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set I' C R of e-translation numbers for Fy such thatif 7 € I" then (4) is valid for t > s. Then

ITo(t +7) — Tot)]| = /X(t+7-,s)F¢(s)ds—/X(t,s)F¢(s)ds <
< /|X(t—l—r,s+7‘)|||F¢(s—|—7')—F¢(s)|]ds—l—

t
+/|\X<t+f,s+7>—X(t,s>||||F¢<s>||ds <

t

< / bexp(—a(t — s))eds + /5exp <—ag(t — 5)) Myds =

[e.o]

b+ 2M,
—E€
a

()

where My, = sup, ||Fy||. Thus T¢ € AP(R). Moreover if ¢1,¢2 € AP(R) then, for every
t > to,

t

1T61() = Toa®)l = || [ X(t.5)Fn(s)ds = [ X(t9)Fan(o)is| <

< / Xt )1y (5) — Fp(5)]lds <

t
bkl
< / bexp(—a(t — s))lk||p1 — P2|lods = 7||¢1 — ¢2llo-

The last inequality implies that

bkl
| T¢1(t) — Ta(t)]o < 7H¢>1 — ¢2llo, 3)

and the condition (C5) implies that the operator T : AP(R) — AP(R) is contractive. Thus
there exists a unique fixed point §, € AP(R) of T' which is a solution of (1).
The theorem is proved.

Remark 2. Apparently, the general problem of existence of solutions for equations of mixed
type has not been considered yet. Even for the case of advanced argument there are certain
difficulties if we try to define a solution for inceasing ¢ [16, 17]. J. Hale remarked in [3] that
"these equations seem to dictate that boundary conditions should be specified in order to obtain
a solution in the way as one does for elliptic partial differential equations". We regard the
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boundedness of the solution on R as a boundary condition in the proof of Theorem 1. Authors
of [18] used this method to prove existence of a bounded solution for the equation of advanced
type when t > tq.

Formulation of stability conditions for the solution &, (¢). Fix ¢y € R, denote Cltg — 7, to]
the set of all initial functions. Let z(¢) be a solution of (1) such that
71'(75)EC[to—To,to},to—TogtSto, if 70 > 0,

(D1) (t) =
xg € R", if 70 = 0.
(D2) x(t) satisfies the equation (1) for all ¢ > ¢y.

Definition 4. The solution &y(t) is called uniformly exponential stable if there exists a number
a € R, > 0, such that for every ¢ > 0 there exists a number § = () such that the inequality
maxy,—r,<t<t, ||7(t) — &o(t)|| < 0 (or inequality ||xo — ¢(to)|| < 6, if 0 = 0) implies that
there exists a unique solution x(t) which satisfies conditions (D1), (D2) and ||x(t) — & (b)|] <
< eexp(—a(t —tg)) forallt > to.

Remark 3. Analyzing definitions of Lyapunov stability for different types of equations it is
possible to stress the following two generic conditions. The first one is the closeness of the initial
values (the initial functions) for a solution whose stability is tested and a neighbour solution.
The second one is the condition that the process after the initial moment of time should be
governed only by a differential equation.These circumstances are described by conditions (D)
and (D3). And evidently, (D) induces the condition of ignoring the negative values of 7;(¢)
for the construction of initial conditions.We decided to make this comment after Definition 4,
since the formulation of stability of solutions of the equations with mixed type of deviating
arguments has not been encountered in the literature previosly.

The following theorem holds.

Theorem 2. Assume that (C1) — (Cg) hold. Then the almost periodic solution &y(t) of (1) is
uniformly exponential stable.

Proof. One can see that v(t) = x(t) — &y(t) is a solution of the equation

Ccliitj = A(t)v +w(t,v(t),v(t — 11(t)),...,v(t — 1x(1)), ©)

where

U(t) = 9(t)(9 = 7T(t) — fo(t)) on [to — To,to],
w(t,v(t),v(t —71(t)),...,v(t —1K(t)) =

= f(t,&(t) +o(t),..., 6ot — () +v(t — 7(t))) — f(t,E0(t), .-, ot — Tk(1)),

and w satisfies

k
llw(t,v1) —w(t,va)l| < 1D [[o] = w3,
=0
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v = (v) vF) € RM*1) i = 1,2, Thus we can reduce the problem of stability of &y(t)

i Yg

to the problem of stability of the zero solution v = 0 of (9) . Let us fix ¢ > 0 and denote

K(l,0) = lzl)é’ where § € R,6 > 0. Take § so small that K(I,0) < . Assume, without lost
m
of any generality, that ty = 0,79 > 0 and let C[—7, 0] be the set of all initial functions. Fix
0(t) € C[—70,0] such that max|_,, o ||0(t)|| < J and let
Uy = {¢ € Co[—70,400)|p(t) = 0(t) if —79 <t <0,]op@)|1 < K(L,0)exp(—at)},

where Cy[—70, +00) denotes the restrictions of all functions from Cy(R) to [—7p, +0o0) and
l[¢[l1 = sup;>y, ||¢(t)|]. Define on Wy an operator II (see [2]) such that if ¢ € ¥y then

0(t) for all -1 <t <0,

ITp = t
X(£,0)6(0) + / X(t,5)Fy(s)ds, otherwise.
0

We shall show that IT : ¥y — Wy. Indeed, for ¢ > 0 we have that

t k+1
||IIg|| < bexp(—at)d + / bexp(—a(t — s))IK(l,6) Zexp(—a(s —7j(s)))ds <
0 J=0

(k+ 1) exp(om9)blK (L, 0)

a— 0o

< exp(—ot) {b5+ ] = K(1,9) exp(—ot).
Differentiating II¢ on [0, 00) it is easy to show that [II¢]" is a function uniformly bounded

on [0, c0) and, hence, I1¢ is a uniformly continuous function.
Let ¢1, ¢2 € Uy. Then

t
blk
161~ Tn]| < [ bexp(~at — 5))bllén — dallids < *l}on = ol

0

From (Cj5) it follows that there is a unique fixed point of the operator I : ¥, — ¥y which
is a solution v(t) of (9) such that x(t) = v(t) + &(t) is a unique solution of (1) which satisfies
conditions (D), (Dz).

The theorem is proved.
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