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We study exponential dichotomy fo r  a linear quasiperiodic system with impulses. The piecewise smooth
ness o f separatrix manifolds is proved. For nonlinear quasiperiodic impulsive system with linearized
system that posseses the property o f  exponential dichotomy, the conditions fo r the existence o f  discon
tinuous quasiperiodic solutions are obtained.

Вивчаєт ься експоненціально дихотомічна лінійна квазіперіодична імпульсна система. Отри
мано умови кускової неперервност і та кускової гладкості сепаратрисних множин. Для слаб-
конелінійної імпульсної квазіперіодичної системи з експоненціально дихотомічною лінійною ча
стиною доведено існування розривних квазіперіодичних розв ’язків.

In trodu ct ion . We will consider an impulsive system o f the form

Yt = A ( V)x,»> € Т т \Г , (2)

Aar = B(<p)x, (3)
Uer

where x Є R ", <p Є Tm, Tm is an m-dimensional torus, Г is a smooth compact submanifold
o f Tm o f codimension 1, and u = (u>i,..., um) is a constant vector with rationaly independent
coordinates. Aar stands for the jump o f the functions x at the point ip obtained during the
motion along the trajectory o f equation (1). Suppose that det ( I +  B(ip)) — 0 ( / is the identity
matrix) for some or all ip Є Г. Therefore, solutions o f system (1) - (3) cannot be continued on

the negative semi-axis t < 0 or can be continued ambiguously.
In this paper, we introduce the concept o f exponential dichotomy for the system (1) -

(3) and investigate analytic properties o f separatrix manifolds. For a nonlinear quasiperiodic

impusive system with linearized system (1) - (3) that possesses the property o f exponential
dichotomy, sufficient conditions for the existence o f invariant set are obtained. Trajectories

on the invariant set are quasi-periodic with the first-order discontinuities. We continue the

investigations o f [1-7]. Piecewise smooth quasiperiodic impulsive systems were studied in [5, 

6] under the assumption that det (I + B(<p)) ф 0 for all ip Є Г.
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1. L in ear s y s tem . Denote by C *(Tm) the space o f s times continuously differentiable

functions or matrices on TOT. For f(<p) Є C s(Tm), we denote the norm

Il/(v0ll· = max sup | | ^ /M /V | | ,
°<bl<* v€Tm

where j = ( j i , ..., jm), ip* = (ірф ...ip%?), |jj = j i  + ... + jmi and ||*|| is the norm in R " or in the
space o f matrices.

Equation (1) has solutions o (t , p ) = p ■t = u t + <p. Suppose that solutions (p ■t intersect

the manifold Г transversally. We denote by t j (<p), j Є Z, the sequence o f points t where p-t
intersects the manifold Г.

For fixed p , system (1) - (3) has the following form:

— A(<p ■t)x , t # i , ·(</>), (4)

Аж = В(сті((р))х, (5)
\t=u(v)

where Oi{tp) = <j(ti(ip), (p). Let x (t , p , xo) be the solution o f the initial-value problem for (4),

(5) with initial value x(0, p , xo) = *o· The solution x ( t ,p , x o) is piecewise continuous and has 
discontinuities in t where solution <p · t intersects the manifold Г. Denote by X ( t ,p ) , t > 0, 

the fundamental solution for the system (4), (5), X (0, p ) = I . We assume that x (t , p , Xo) and

X (i, <p) are left-side continuous.

L em m a 1. The sequence {tk(<p),k Є Z } has equipotentially almost periodic differences

t3k{ip) = tk+j(ip) — tk(<p), i.e., fo r an arbitrary є > 0 there exists a relatively dense set o f

є -almost periods that are common to all sequences tk.

P roof. 1) Let 0 e be the set o f real numbers из for which there exists an integer hw such

that

1 - из\ = - tk - из\ < є for all к € Z.

By Lemma 25 [3], the sequences { t3k(ip), к Є Z ) are equipotentially almost periodic if and

only if the set 0 e is relatively dense for every є > 0. We prove that 0 £ is relatively dense in
our case.

2) Denote V$(v?) = {y?i € Tm : p(ipi, ip) < £ }, where p(·, ·) is a metric on the torus Tm. By
Kronecker’s theorem [8], for any є > 0, there exists a relatively dense set o f numbers тє such

that p(ip · тЕ, <p) < є for all ip Є Tm.

3) By assumption, the trajectory ip · t intersects the compact manifold Г transversally;

therefore, for є > 0, there exists 6 = 5(e) > 0 such that

р{<Р,Ф і)<є, |Д(у>і,£і)| <e ,

for all ip Є Г, ірі Є Vslfp). Here, ipi is the point nearest to ipi at which the trajectory ip ■t
intersects the manifold Г. The number A(<^i, ^ i) is defined by the equality ipi·A(ipi, ipi)= ip\.

4) By 2), there exists a relatively dense set o f numbers t$ such that

РІІТ · ti ) - Ts,<P· t j) < S for all j Є Z.
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By 3), for fixed j , there exists a point p ■t j+ / Є Г such that

p {p ■tj+ i , p · t j) < є, |А(уз · tj+h (p ■tj) · tj)| < є.

We prove that the number I is the same for all j Є Z. For the point (p · t j+ i) · rg, there exists
a point p · tj+ і +тп Є Г such that

РІЧ* ■tj+ i+m,p ■tj+ i) < є, |A(p ■tj+1+m, ( p ■tj+1) ■rs)l < є.

We get

|A((V*j-H»V>-tj+i+m)| < I M v t j + h P · (tj + TS))\+

+|А(уз · {tj + rg), P · (tj+ i + r*))| + |А(уз ■(tj+ i + Tg), P · tj+ i+m)| <

< Є + tj+1 — tj + Є. (6)

Therefore, m = I.

5) Using |А (уз · tj+ i, (p ■tj) ■r«)| < є, we get

|tj+i - tj - r g \ < є for all j Є z. (7)

The numbers rg satisfying (7) form a relatively dense set. The lemma is proved.
D e fin ition 1. System (1) - (3) is said to be exponentially dichotomous if, fo r all p Є Tm,

the space R " can be represented in the form o f the direct sum o f the subspaces U {p ) and S {p )
so that

1) any solution o f system (4), (5) with Xo Є S (p ) satisfies the inequality

\\x(t, p , x0)|| < A 'ex p (—a (t —г))||ж(т,уз,ж0)||, t > т> 0; (8)

2) any solution with xq € U (p ) satisfies the inequality

Ik (t,y3 ,x0)|| > A 'iexp(a(t-r))||x(r,y3 ,xo)|| , t > r > 0; (9)

where positive constants a, K , K\ are independent o f p , xq;

3) X { t ,p )S {p ) C S (p - t ) , X { t ,p )U {p ) C U {p - t ) , t > 0;

4) projectors P (p ) and Q (p ) = I - P {p ) corresponding to S {p ) and U (p ) are uniformly
bounded

sup ||-Р(уз)|| + sup \\Q{p)\\ < oo.
УЄТт ¥>ЄТm

T h eo rem 1. Assume that system (1) - (3) is exponentially dichotomous and the functions
A {p ) ,B (p ) are continuous on Tm. Then the projector P {p ) is continuous on the set Tm \ Г

and has discontinuities o f the first kind on the set Г and, moreover,

P {p + 0) ( /  + B (p )) = (I + B (p ) )P (p - 0).

For this case, {p - 0) and (p + 0) are defined during the motion along the trajectory p - t o f

equation (1) fo r increasing t.

P roof. Fix p and consider system (4), (5). By Lemma 1, the sequence { t j {p ) , j € Z }

has equipotentially almost periodic differences. By Lemma 30 [3], the sequence {B {cr j{p )) ,

j € Z } is almost periodic. By Theorem 2 [9], system (4), (5) is exponential dichotomous
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on the axis t Є R and dimensionalities o f stable S (p · t) and unstable U (p · t) manifolds do
not depend on t. Limiting systems o f system (4), (5) are exponentially dichotomous and the
dimensionalities o f stable and unstable manifolds for limiting systems remain the same. Hence,
the dimensionalities o f stable S (p ) and unstable U {p ) manifolds o f system (1) - (3) are the
same for all p Є Тш.

Now we prove that the projectors P (p ) and Q (p ) are piecewise continuous. We first prove

that S (p ) is closed {U (p ) is considered similarly). Let Xk Є S{pk ), ||*it|| = l,y>* -)■ p , Xk ->
—»■x , k oo. Assume that p ф Г. In order to show that ж Є S {p ), let us consider system
(4), (5) for p = pk, k = 1 ,2 ,. . . . Using the uniqueness o f solutions for system (4) and the
transversality o f intersections a { t ,p ) with Г, we conclude that the theorem about continuous

dependence on parameters [3] is valid for the impulsive system (4), (5). Hence, for T > 0 and
for є > 0, there exists N = N (T ,є) such that the inequality j > N implies

||x { t , x j , p j ) - x { t , x , p ) \ \ < £ (10)

for t Є [0,T] satisfying |t — t{(p)\ > £· The sequence {ж&} is bounded. By (8), there exists a 
compact set K, C Rn x Tm such that x(t, X j, p j) Є 1C for t > 0. By (10), one has x (t , x, p ) £ K,
for t > 0. If the solution x(t, ж, p ) of the exponential dichotomous system (4), (5) is bounded

for t > 0, then it belongs to S {p ). Hence, ж Є ^(i^).
If p Є Г, we consider left-side and right-side sequences pk —»· p and prove similarly that

S (p ) is closed in p —0 and p + 0.

Analogously to the proof o f Lemma 7 [10], one can prove that the projector P {p ) is
continuous for p ф Г. This completes the proof o f the theorem.

It follows from Theorem 1 that the subspace U (p ) has a unique negative continuation such
that

||x(t, p, ж0)|| < K 2exp(ai)||xo||, p Є Тто, ж0 € U (p ), t < 0.

Hence, X ( t ,  p )Q (p ) is well defined for all t < 0, and we can define the Green function for
system (1) - (3)

{
X ( t — r, р -т )Р (р -т ), t > r,

(11)

- X ( t - T , p - T ) Q ( p - r ) , r > t .

For t ф r, the Green function G(t, r, p) satisfies system (4), (5):

< С (М - ,у > = д ( у . , ) C ( t r y ) ' І ф и м , (12)

A G(t,T ,p )\ = B {(T i{p ))G {ti{p ),T ,p ). (13)

If system (1) - (3) has exponential dichotomy, thenthe Green function G (t, r, p ) is bounded

by an exponent:

||G(i, т,уз)|| < A 3 exp (-a| t - r|), f , r G R ,A 3,o :> 0 . (14)

The linear inhomogeneous system
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^ = A {p - t ) x + f ( t ) , t ^ t i { p ) ,

Ax\ = B((Ti(<p))x +  gt

has the following unique bounded solution:

u (t ,p ) = f G { t ,T ,p ) f { r )d T + ^ 2G (t,U {p ) ,p )g {c r i {p ) ) . (15)

-oo ie Z

T h eo rem 2. Suppose that
1) the manifold Г is smooth o f class C s;

2 ) A ( p ) ,B ( p ) e C ° i Tm);
3) solutions o f equation (1) intersect the manifold Г transversally;

4 ) system (4), (5) is exponentially dichotomous.
Then the projector P (p ) has continuous partial derivatives o f  order s with respect to p on

the set Tm \ Г.
Proof. Let А уз,· be an increment o f the г-th coordinate o f p and p + А р і = (y>i, ... 

..., pi + A pi, ..., p n). Let us consider the difference R = G ( t , r ,p + A уз,·)- G ( t , r ,p ) , where

<PЄ Tm\ r. It satisfies the following system:

^ = A (cr {t ,p ))R + (A (c r ( t ,p + А р і) ) - A ( o ( t ,p ) )G ( t , r ,p + Ay?,·),

AR\ = B (< jj)R - B (< T j)G (t j ,r ,p + А р і),

Ar| = B (o ? )G (t j , т, p + А р і),

where t) = t j ( p ) , t j = tj (уз T А р і ) , (jj = a (ij (уз), уз), cr| = o ( t j (p + A p i ) , p + А р і). By (15),
one has

G (0 ,r ,уз+ Дузі) - (7 (0 ,r , уз) = J G (0 ,s ,p ) (A ( c r ( s ,p + А р і ) ) -

- A(<x(s, p )) )G (s , т ,р + A p i)d s+

+ J 2 G (°> *}> ~ B {(T j) )G {t ) ,T ,p + A p i )+
je Z

+ X )  (^(O) *j> ¥>) - G (0 ,t1j ,p ) )B (< j j ) )G (t1j ,T ,p + A p i)+

je Z

+ £ G (0, t j, p )B (o ] ) {G ( t ) ,  т ,р + A pi) - G {t] ,  т ,у з+ Дуз,·)). (16)

je Z
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Intersections o f  solutions a (t, p ) with the compact manifold Г are transversal. Therefore,

tj+ 1 (p ) - t j (p ) > 0 > 0, (17)

\\tj{v)\\.<C, j e Z, (18)

where в and C are positive constants independent o f j Є Z, p Є Tm.
Now we compute limits. Let t j(p ) > r, t j (p  + А р і) > r. Then

= л!1“ o A ^ ( * ' + Alfi) ~ T’ a ( r ’ v  + A<Pi))~

- X ( t j ( p ) - т ,(т (т ,р+Арі))^Р ((т (т ,р+ А р і)) =

_ 8 X ( t j (p ) - г, g (r , у ) ) ^ ^ j ( y ) =

= А ( ^ ) £ ( ^ ) , т , у з ) ^ | М . (19)

The case t j(p ) < r, t j ( p + A p ) < r in (19) is considered analogously.

We consider the next limit for tj (p ) > tj (уз + Дуз,·) > 0 :

o ~Kpi ( G 0̂, tj^  + Alfi^ ^ ~ G ( ° ' tj^ '  ^ ) =

= д1™ Qд^Т ^(-ij(v»)i *(fj(v). (*>), ¥>))“

- X ( - i j (y >  + Дуз,·), ff (ij(v? + Дузі), y3))Q(<r(ij(y3 + Дузі), уз))^ =

= дК т Q- ^ -X ( - t j ( p ) ,< r ( t j ( p ) ,p ) )Q ( ( r ( t j ( p ) ,p ) ) x

x ( ^ I - X (t j(уз) - tj (уз + Дуз,·), £7(*j(y3 + Дуз,·), уз))^ =

= - G { 0 , t j { p ) , p ) A { c r j { p ) ) ^ - . (20)

Here, we have used the fact that X (t , уз)ф(уз) = Q {p ■t ) X (t , уз) and

i ! 5 o i i ( A ' (A i ’ v ) " i ) = '4 M ’ ^ e T “ \ r ·

112 Нелінійні коливання, 1998, № -l



With the use o f the definition o f the function G {t, r, уз), the cases t j (p  + Дуз;) > ij(y>) > 0

and t j {y>) < 0, t j {уз + Дуз,·) < 0 in (20) are considered similarly.

Taking into account (19) and (20), we get

< te> = / G(0

+ E G (0 .« i W . y ) a y ) ^ GttJM . r , r t +
je Z r

+ £ G (0, ij(y j), уз)(A(<Tj)В (<Tj) - JB(CTj )A ( a j ) )G ( i j ( y 3 ) , r ,y 3 ) ^ ^ . (21)

je Z

The matrix (0A(<r(t, уз))/dcr) (eh? (s, p)/dpi) has the elements

у л ga fc;(a (s , уз)) g a j(s , уз)

■— doj dp і '

where А(уз) = {а*,;}, a — ( a j , ..., <rm).
The derivative dG {0, r , p )/dp ,· exists if the integral and series in (21) are convergent. Using

(14) and (18), we estimate

< J K | M e -“ lsl - alr - sld s< A '| M ^ + |r|^e- a|sl,

where ||А(уз)||s < M , ||В(уз)||а < M , and 11d a (s, уз)/5y3j|| ™ ||d(wi + уз)/дуз,|| = 1.

By (14), (17) and (18), we get

E  |G (0, t j M . „> r . y ) |<

The last sum in (21) is estimated similarly.
Therefore,

| | ^ ^ | < (^4 + /i5|r|)e-“ lTl < R 6e - a ilTl, (22)

where « і = а  - є, є is an arbitrarity small positive value, and K 4, K 5, K 6 = К 6(є) are positive

constants independent o f уз Є Tm.
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Now we consider the second derivative

+ E u _
j 6 Z ' / Yk \s=tj(<f>)+0

\dA(<7(s, уз )).,, Л^»'(уз)|

+ E 4  H 0· ^ p | ? W d . ™ > +

+ (B («7 j) A(o·,·) - A (crj)B (a j))G (tj(ip )9 ) ^ ^ ) ] · (23)

The integrand in (23) is estimated by the exponent exp(-ai|s| - a | r - s | ) , and the j-term s

in all series are estimated by exp(-CKi|ij| - а\т - t j|). Hence, repeating estimates for dG/dpk,

we get

lla i r ¥ — 1 1 ^ - “ i|t'· <w)I dpkdpi ||

where « і = a - є, є > 0, and K j = Кт(є). For r = 0, we get the second derivative o f the

projector P {p ).
To estimate higher-order derivatives o f G (0 ,r ,уз) and P {p ) (up to the s-th order), we

continue the above approach. By successive differentiation o f (23) and by the estimates for
the i-th derivative o f the integrand by exp (—ai|s| — a \r —s|), and for the j-th terms in all 

series by exp (—сих|ij |—а\т—tj|), we conclude that the integral and all series are convergent.
Thus, we prove the existence o f derivatives (up to the s-th order) o f the projector P {p ) and

the Green function G { t , r ,p ) . The theorem is proved.
2. Invarian t sets o f n on lin ear sys tem s. Let us consider a nonlinear impulsive system

* = " - (25)

(іт
- = A ( r ) x + f { v , x ),€ Tm \ Г, (26)

Да: = B(<p)x + g (p , x ), (27)
Iyer

where x Є Rn, p Є Тто, Тш is m-dimensional torus, and Г is a smooth compact submanifold
o f Tm o f codimension 1. The functions /(уз, ж), g (p ,x ) are supposed to be periodic in уз,· and

piecewise smooth in (уз,ж).
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We consider the problem o f existence o f a piecewise continuous (piecewise smooth) invariant 
set o f system (25) - (27), i.e., a function x = u (p ) continuous(smooth) in Tm \Г with
discontinuities o f the first kind on Г such that x (t, p ) = u (p · t) is a solution o fsystem(25) -
(27). Using the piecewise smoothness o f the projector P (p ) and the Green function G ( i ,r , p),
analogously to Theorem 2 [5], we can prove the following theorem:

T h eo rem 3. Assume that system (1) - (3) is exponentially dichotomous and the following

inequalities hold:

№ ,0 ) 1 i o < M o , ||if(^0)||o < Mo,

IIf{p , x) - f ( p , y )||0 + IIg{p , x) - g {p , y)||o < N\\x - y\\,

where Mq > 0 and the constant N > 0 satisfies the inequality

2NK̂ +t^ ) <1·

Then system (25) - (27) has an invariant set x = u (p ) ,p G Tm, where the function u(p )
is continuous fo r p G Tm \ Г and has discontinuities o f the first kind on the set p G Г. The

trajectories on the invariant set x — u(p ) are quasi-periodic with the first-order discontinuities.

Assume that the functions A (p ) ,B (p ) , f ( p , x ) , g (p ,y ) have continuous partial derivatives
with respect to p , x up to the s-th order inclusively and we have the inequality

IIf ( p ,  x ) - f ( p , y)||s + IIg (p , x) - g (p , y)||, < N\\x - y||, (28)

ll/(v>,0)|U < Afo, №(¥>,0)11. < Mo (29)

with a sufficiently small constant N. Then the function u (p ) has continuous partial derivatives

with respect to p up to the s-th order fo r p G Тта \ Г.
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