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With the use of the numerical-analytic method of A.M. Samoilenko and a modification of
Newton’s method, we construct an approximation to the periodical solution of a difference
equation in pertially ordered Banach spaces with an arbitrary given precision.
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There where a large number of works published for the last several years that deal with the
research of problems of the reduction, existence of oscillating solutions, and construction of
invariant manifolds of equations of different kinds in infinite dimension Banach spaces. Let’s
mention here some of them, namely [1—11]. In this article we use the numerical analytic method
of A.M.Samoilenko and the modified method of Newton to construct an approximation of the
periodical solution of the equation in partially ordered Banach spaces, which enables us to
solve the problem with a given precision. It should be noticed that a similar problem for scalar
equation of the second order is partly solved in [12] and, for the linear equation in Banach
spaces, in [11].

Consider the equation

A2z, = fo(Tn, Toil), n €z, (1)
where Ax,, = z,41—x,, the mapping f,(x,y): WxW — W,x, € W, W is areal Banach space
with the norm || - ||, Z the set of the integers. Let’s set Z; = {0,1,2,...},Z~ = Z\Z*, Z+ =
Z\{0}.

It is easy to see that for any {z§, 27} C W, equation (1) has, on the set Z;, the only solution
Ty = xn(x§, x7) such that xg(xf, 27) = =z, z1(2§, 2]) = «]. Forn € {2,3,4,...}, it is given by
the relation

n—1

T = —(n—1)af + na] + Z(n — i) fic1 (i1, x5). ()

i=1

Further we shall consider the function f,,(z,y), N-periodic in n on the set Z.
Using the last equality, it’s easy to see that the solution z,(z{, ) of equations (1) is N-
periodic on Z; if and only if its initial conditions, zj, and z7, satisfy the system of equations

N-1
> frlar (@, 27), wrpr (w5, 27)) = 0,
k=0
3)
1 N-1
21 =00~ SN =) fica(wiog, mi).
=1
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If such a solution exists, it is easy to continue it to the set Z with the help of periodicity.

Define a linear operator L that acts on the sequence of points {ag, a1,a2,...,an,...} C W
by
n—1 1 N—-1
Lag=0¢e€ W, Lan:Z(ai—ch,), CTV:NZG”’ nezr.
=0 v=0
Then
| N-1it
L%aqy=0€e W, L?%q = N (as —ap),
=1 s=0
n—11i—1 N—-1v-1

(ap — @), n € ZT\{1}.

R
S
|
7
=
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zl=
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=
N
I
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e
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=

Set L2 f,,(z,y) = qn(z,y) and write the equations

Aan = fn(l'mwn—o—l)a nc 28_7 (4)
In = 20 +gn(xn7$n+l)a n e Z+, (5)
Aan = fn(xn>$n+1) — W, nE Z(_)‘—a (6)

where y € W.

Using the relation (2), (3), it is easy to prove the following statements:

1) any N-periodic on Z; solution x,(z¢,z1) of equation (4) is an N-periodic solution of
equation (5) on Z;;

2) if z,,(z0, z1) is an N-periodic on Z; solution of equation (5), then it is an N-periodic
solution on ZJ of equation (6), where u = f,(z,, xp41);

3) any N-periodic solution (o, 1) of equation (6) on Z; is an N-periodic solution of
equation (5) on this set.

The next conditions are referred to as conditions (A):

i) fn(z,y) is a function, N-periodic in n € Z, continuous in x,y and defined in the region
Do=ZxDxD, D=I{ze W(||a:|y < R}, where

[z, 9)| < M,

1 y) = fula’s )| < K flz = 2’| + K ly = o/

)

and M, R, K1, Ky are positive constants;
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N?M N?
ii) the set D/ = {:E € D‘HJ:H < R——; } C Disnonempty, and v = T(K1+K2) < 1.

o
Define a sequence {x%m) (.7}0)} o by the recurence relations,
m=

ajglo) = x0, x(()m) (x0) = o,
1 7)
2™ (20) = 20 + gn (@™ D (w0), 27V (o)), m € Z+.

Under the conditions (A) the following statements take place:
4) equation (5) can’t have more than one N-periodic solution x,, with the inital value =y €
D/;
5) the function z,,(zp) = lim 2™ (z0) is an N-periodic solution of equation (5) in Z; and
m—0o0

also of equation (6), where u = p* = f,(Z,,%,41), and

N2 m-+1 m
’%(xo)_x%m)(mo)H < o*(m) = (T] - M (K1 + K3) o
1- T(Kl + K>)

asm — oo;

6) for a function ,, (o) to be the only N-periodic on Z; solution of equation (4) with the
initial value xy € D/, it is necessary and sufficient that * = 0;

7) if z,, = z,(x0, z1) is an N-periodic solution of equation (6) and
Yn = Yn(T0,y1) is an N-periodic solution of the equation A%y, = f,,(Yn,Yn+1) — p1 ON Zg
then those solutions coincide on this set and py = us.

The proof of the statements 1) —7) doesn’t essentially depend on the dimension of the space
W and is partly stated in [10].

Thus to find an N-periodic solution of equation (1), it is necessary to find zo € D/ that
satisfies the equation p* = 0. Having continued the function z(z() by periodicity to Z—, we get
an N-periodic solution of equation (1).

dyZ B .
Let’s denote by i y (z) the Frecher of the function Z(z) : W — W, by Z (x)u the di-
X
fference Z(x9) — Z(x1),set ® = {0,1,2,..., N — 1} and prove first some auxiliary statements.

Lemma 1. Let conditions (A) be satisfied and, moreover, the function f,,(x,y) be defined for
alln € ®inthearea Z x D1 x Dy, where D1 = {a: € W’HwH < R+ p} , p IS a constant positive,

dfbfn(l‘a Yy

Frechet differentiable in the area Q0 € D1 x Dy with ‘ d(z,3) ) H < P, P a positive constant
L,y

independentonn € Z, (z,y) € Q.
2
If n=

N2M
able in the region D} = {x € Df‘HxH < R- 1 }and

< 1, then the functions 2™ (x) defined by relations (7) are Frechet differenti-




408 Yu. V. TEPLINSKY, L. V. SEMENISHINA

d@x%m)(l') 1
dx < 1—n ®)
foralln € ®, m € Z§.
Proof. Write relation (7) as
20 (z) = 2, l'(()m)($) =z, ned meZ, 9)
1 N—-1i—1
m m— m—1
7"(@) = - & (fo(al™ (), 2y (@)
i=1 s=0
~ fala" V@), V@), me 27, (10)
n—1i—1
m m— m—1 m—1 m—1
(@) = o+ )0 Y (fulal" V(@) a1 @) — fulal" ) (@) 2V (@)
i=1 s=0
n N—-1i—-1
m— m—1 m—1 m—1
-5 (el @) alfT V@) = Jalel™ @) 2l V), A
i=1 s=0
n € ®\{0,1},m € Z*.
By the norm ||(z,y)|, (x,y) € ©, we understand max{||z||, ||y| }, where ||z, ||y|| is the norm

in the region D;. It is obvious that the set (2 is openin W x W.
For m = 0 it follows from (9) that for alln € @,

dqm,(lo) (z) _ 5 dcp.'quO) (z) 1< 1
dx - dx N 1—n’
where F is the identy operator.

For m € Z*, we prove inequality (8) by induction.

Letm = 1.

Using (10) we write the equalities

doz{V (z) o 1N1§ dofs(z,z)  dofn(z,)
dx N —~ = dx dx

1 = [dofs(z,2) dog(z) dofs(w,2) dag(a)
ZZ[ d(x,x) de  d(z, ) dx ]7
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where g(x) is a mapping of the open set D(J; to the set 2 with the components, g'(z) and ¢?(z),
being identity operators, because they map D(’; in Dj.

Then
d d degt
’ o9() ’ _ @g(m)hH — s max{’ @ (x), |
dx la=1 1l dz IAlI=1 dx
2 1 2
dq;.g (x)h < sup max dq;g (I’) , d@g ($) ||h||
dx -1 dx d
(IRl
1 2
= max dog () , dog”(z) =1, heW.
dx dx

Using proposition 1 from [11], where the space W is replaced by the space of linear conti-
nuous operators, £ (W, W), with an appropriate norm, we come to the inequalities

dq>a;(1)(m) N—-1N dq;fs x,T) d<pg
< - -
dz =1+ N 2 sco
P(N —1) PN? 1
<l4+4—<1 P
e R SR e
N2
since N -1 < TforallN € Z.
dq>x7(11)(:c)
Now let’s estimate the norm of the derivative 0 for n € ®\{0,1}. Using (11) we
X
have
dq):cﬁ})(x) N? do fs(x, x) N2P 1
—| <1+ — _— <1 —
dx _—1—41?2%( dx _+4 <1—77

So, estimation (8), for m = 1, takes place for alln € ®.
Assume that it holds for all 1 < m < k uniformly in n € & and show that it holds for
m = k+ 1. If n = 0, estimate (8) is obvious. For n = 1 we have

doa " (2)

do fo(@ (x), 2, (x) H }

N -1
STy
S

dzr dzx
N-1 dpz) (x) dq>ac(lj_)1( )
<1+ —0P 5
=1+ 2 I?gg { dx ’ dx
1
I
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1
<77

Lemma 2. Let, with conditions of Lemma 1, the following inequality hold for all {x1, z2,y1,y2} C
D, uniformly inn € @ :

Atn € ®\{0,1}

k
d¢xg£1( )

dx

gz (

x) dq)a:gk) (z)
dx

dx

Y

PN? {
<1+ max
4 seP

and this finishes the proof of Lemma 1.

(w1,91)

dCDfn(x> y)
d(z,y)

< Lomax{||z1 — 22|, ly1 — »2ll},

(w2,y2)

where Ly is a positive constant. Then, uniformly inn € ®,m € Z;, we have

(z1)

dqm,(lm)(:c) Lon
2

Proof. Form = 0, the statement of Lemma 2 is obvious. For m € Z*, we’ll prove inequali-
ty (12) by induction. Let m = 1. If m = 1,n = 0, inequality (12) is obvious.

doxi ()|

Let’s estimate in the norm. We have

daa (@) | LS fdofe(wa)|”_doe(o.)|”
dx - N - : dz dz
D) 1= §= T2 T2
— 1
S N 1max d¢f5($,l‘)
2 sed dzx o
N -1 o1
< - do fs(z,z) || || dog(z) d<1>fs z, ) d<1>g x2)
2 scd d(z, ) dr |,

N -1
TmaX{P 0+ Loljz1 — x2||} =

IN

N -1 L
= ——Lofla1 — 2l < T2y — as

that is, inequality (12) takes place.
Now we shall prove this inequality for m = 1,n € ®\{0, 1},

doz ()|]| _ N2 do f,(z, ) [ L
dx 4 scd dx .
x2

Thus, estimate (12) holds form = 1,n € ®.
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Suppose that the inequality hold forall1 < m < kandn € &,

dozy™ ()" Lyp &R
_— < ey — 2], 13
7 I Ty ;n” 1 — 2 (13)

from which, certainly, estimate (12) follows. Note that inequality (13) as it was shown above,
for m = 1, takes place for n € ®. Let’s prove it form = k + 1.

For x(()kﬂ) (x), inequality (13) is obvious. Taking into account that the set D(’; is convex and
denoting by ggk) (x) the mapping Dg — Q with components ggk)l(;p) = 2P (x), gék)Q(x) =
xg_?l(x), we write the following inequations:

doat V(@) || N-1 { dq>fs(x£’“>(x1>,:c£’21<x1>>H dog (@) [
> k) (k
dz . 2 sed d(xg)=x2421 dzx .
1
do fo(@" (2), 2, @) ||| || dogt” (2)
* ® _® d
d($5 7$s+1) o
_ (k) o1
SL 1max P 7d¢gs (2)
2 sed dx
)
+L0max{ () () xl , :Ugi)l o) }
T2 T2
k
S dq>x(sk) (z2) 7 d@xgﬁl (x2)
dx dx
B (k) o[22 dez®) “
< N 1max Pmax dozs () (z) , 7@%5“(%)
2 sed dx dx
T2 T2

Lo
e )

< )p__ Lon ki (R
- P 13(1—77)(1—fy)2.:077 A= — 7

Lon Uiy
= n'l|z1 — z2|.
By e

It remains to estimate in the norm for n € ®\{0,1}.

2
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Using (11) we get similarly to the above that

1

dq>x,(1k+1)(3:)
dx

IA
%
=
5
—

do fo(2$ (2), 21, (2))
dx

€2

k
Lon ;
< n'llz1 — 22|
P(1—n)(1-7) ;

Lemma 2 is proved.

Lemma 3. With the conditions of Lemma 2, the sequence {@x;(x) converges, as
x
m=0

m — oo, uniformly in x € D(J; forn € ®.

Proof. This sequence belongs to the space £(W, W) which is complete. Therefore, it is
enough to prove that it is fundamental. For n = 0, the claim of the lemma is obvious. We'll
prove that for allm € ZT\{1} and n € ®\{0}, the following inequality holds:

d<1>$$zm)($) dqﬁgzm_l)(ﬁf) 7 mZ_Q B —92—i 1
_ < L o am 2.0 Pn™ 14
dx dx - P 2,201—777 T ’ (14)
LoN?M

where 8 = i

Let’s prove estimate (14) for m = 2. Using equalities (4), (5) we have

doeV(@) dea”(@)|| _ N1 |ldefi(z,x)|| _ N-1
— _— < P <
dzx dx - Iggg dz - 2 =
ozl (x) dpz (x) N? do fs(x, ) N2
_ < < p=
dz dx - 4 ng dzx ! P=m,

n € ®\{0,1}.
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Now we have the chain of inequalities

< max
2 sed

(1) (1) 1
. N;lma%{ da fs(5” (), 2301 (2)) dag (z)
se

dor(z)  dezi"(2)

do fo(oi) (2), 20}, (@) da fy(@, )
dx dzx

dzx dx

}

dal 2 ) de
B ot (2D () oD
. dqpfs(.fﬂ,l') dq)g(CC) < N 1max d)fg( ( )7x5+1($))
d(z,z) dx -2 sco d(a;gl), 37221)
dofs(x,2)|| || deg @) | | ||defs(z,2) ||| dogiV (@) dag(x)
d(z, ) dz d(x, ) dz dz
N -1
< M) () _ .(0) (1) _ (0)
< X gy o (a1 =00 o= 0}
dqwgl)(:n)

)

X max{

+ Pmax {

dx

déxi?l(l’)
dx

dpztV (z) dpz’) (x)
dx dx ’

0
doz'ly(z)  dex’)(x)

/)

Taking into account the last inequalities for n € ®\{0,1} we have

doz'?) (x) dpz)) (z)

N et @), 2l @)
dx dx - sED dz
d@fs('r7$) n [ /8 ]
_ = < | =
dx “~Pll-p )

that is, estimate (14) holds for m = 2, n € ®\{0}.
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Let’s assume that it holds for all 2 < m < k and prove its validity for m = k + 1.
For alln € ®\{0}, we have

do oz (z), 2, (z)
dx

n B ka1
f< o

dozi V(@) deal (2)
dx dx

7
<7
—PTé%({

dafu(al V(@) 2l (@)

dzx
+ P [ [2027 @) doal V@) | e (@)
X _
dx dx ’ dx
k—1
B dq>$£+1 )(93) < n B k—1
dx - P|1- 777

k—2

. [Z B ,yk—Q—ini+Pnk—1

1—n
=0

which finishes the proof of estimate (14).
If n # ~ right-hand side of estimate (14) is equal to the expression

np
Pl —=mn)(n—")

Since n < 1 and v < 1, the statement of Lemma 3 is proved.
If n = ~, then the right-hand side of estimate (14) is equal to the expression

(™t =" g™

B m—1 m [ ﬁ ] m—1
—_— m—1)4+~y" < | =———+11] 7~ m—1), m > 2,
Pa— Y P—7) o=
dq)x,(lm)(ac) oo
and it also shows that the sequence {T} o’ is fundamental since the series

oo
3 ym~1(m — 1) converges. Lemma 3 is proved.
m=2

Corollary 1. With the conditions of Lemma 2, the function T, (x) determined in claim 5), is
Frechet differentiable on Dg foralln € ®.

The proof of this statement follows at once from Theorem 111 [13, p.780].

Lemma 4. With the conditions of Lemma 2, the mapping A(z) = fn(Zn(x),Tpi1(x)) is

Frechet differentiable on the set D(’; and, moveover, for all {x1,z2} C D(J; the following inequality
holds:

doA(z) [

<L —
=5 < Loy — ol

z2

where L = const > 0.
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Proof. Taking into account Lemmas 1-3, it is not difficult to see that for all n € & and
{z1,22} C Dg , the following relations take place:

deTy () < 1
dx “1—n
de |~ PA=n?(1-7) ’

deA(z) _ 1 NZ do fs(Ts(), T () dgs ()
dz N —~ d(Ts,Tsi1) dr ’
where g,(x) is a mapping of the set Dg to the set © with components gl (z) = 74(z), §2(z) =
?L:erl (IL‘) .
Taking into account the estimate for ||wy||o from Theorem 2 of [10], we have
Lo < X3
dz N =

d@fs s )*%S-l-l(x)) o
x87x5+1)

dags(x1)
dx

)

o T2

d<I>gs

.

d@fs(gs(x2 :CS+1 x2 H
d($57$5+1

€2

N-1

= ~> {Lomax{‘

s=0

xmax{’

+ Pmax {

Tsi1(x )|i;

|

doTsr1(x)
dx

j

Zs(2) g ||

|

x1

deTsy1(21)
dx

dq;fs (xl)
dx

1

deTs(z)

dx

)

/)

o )

Ly n
< m [1+1_77] Hllil _372H'

n
I—n

L
Denoting the constant term 0 [1 +

by L, we finish the proof of
T=mI—7) ) by P

Lemma 4.

Lemma 5. Let the conditions of Lemma 2 be satisfied, and there exist a point 2° € Dg and a
sequence of indexes py < py < p3 < ... < pp < ...suchthat, fors € ZT,

dpAp, (2°)
da

—EH <lp < 1.
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deA(z
Then the mapping <I>d(0$) is circulating invertible and, moreover,
x
doA(z°)] 7" 1
—_— < Nj = .
‘ [ dz0 I T

Proof. 1t is obvious that the statement of Lemma 5 follows at once if we pass to the limit,

doTn dga")
First, let’s estimate the difference I))'(z) = @Zx(w) _ e T (x)7

dcpA(.fC) _ dcpAm (:IZ)
dx dx

‘—>Oasm—>oo. (15)

doxn P () dpa'™ (z)

dzx dr

15" () || = lim

p—o0

p
lim Z
p——+00

=1

IN

d@l’,(lm—H) () B d@l’%m_'_i_l) (@)
dx dx '

Using Lemma 3 with m > 2, n € ®\{0}, and  # ~ (for example, n > ), we come to the
inequalities

-4

2
&
IA

g [P(l - Z)ﬂ(n " 1] (i

m

: 177—77 [P(l—nb))(n—'y)Jrl] ’

from which it follows that || I)*(x)|| — 0 as m — oo, since < 1.
If v = n, then

HI'(Lm)(x)H < i [P(lﬁ—v)+1] AT m 4 - 1)

= Ml [1€7+1] [im“r(m—l)'y] — 0

i=1 L—x

as m — oo, since the series > 52, iy’ converges to a number [*.
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Now we have

dolA(@)  doAm(@)]| _ 1\~ [ || dafs@s(@), Fora (@)
dz iz | SN & A(Fer Ta11)
g () () o) -
da (@l (@), 207 (@) e
d({™,2) d

| ||da @ @), 2l @) | || dogita) g™ @)
(m) _(m) dx dx
d($s 7$s+1)
| Nl
il — gm)
< P {Lomax{’ Ts(x) —xz™ (z)|, ||Tss1(x S+1 H}
dq;fs(x) d@fs_;,_l( )
X max{‘ i ) .
+Pmax{ N (e H} < Lyo* m)L + Po.(m) = 0
L=n
MN?ym .
as m — oo, because o*(m) = M=) defined in the statement 5) and o..(m) given for m > 2
by the relation
n" B ] ,
+1 ifn > v
1—n[P(1—77)(77—7) !
_ —1)y )
o.(m) = ml[ﬂ +1] [l*—i-(m ] iftn =n;
(m) =47 B —7) - n="
g B ] :
+1 ifn <7,
kl—v[P(l—n)(’y—n) =7

approach zero as m — oo. This ends the proof of estimate (15) and Lemma 5.
Let’s introduce the notations

Sl

0 , h = NokL,

[d‘I’A(gEO)} - . A(xo)

da

-]

NOZ‘

to is the smallest root of the equation ht? —t +1 = 0.
The lemmas proved above allow us to formulate the following statement which gives suffi-

cient conditions for existence of an N-periodic solution of equation (1).

Theorem 1. Let the conditions of Lemmas 4 and 5 hold. Suppose that the constants defined
there, L and N, are such that h* = LN()“ZM < 0,25 and the closed ball B*(2°, k*t*) C Dg,
where k* = NgM,t* is the smallest root of the equation h*t* —t + 1 = 0.
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Then there is only one point x* in the closed ball B(z°, kty) C B*(z%, k*t*) generating an
N-periodic solution T, (z*),Zo(x*) = z* of equation (1).In such a case we have

M (Nig* N24P
[~ 2P| < 7= |75+ 1 (16)
1—+1—4h*
where ¢* = 1zvizdaw < 0,5, there function 2P (xp) are defined by relations (7), and {x,}

is a sequence defined by the recurrence relation

deA(20)

-1
70 ] “A(zn), nezt.

0
rg = T, xn+1:xn—[

Proof. Since k < k*,h < h*, we have ty < t* and the ball B(z2°, kt) is embedded into the
ball B*(zo, k*t*) and, hence, in the set D(J; . This allows to use Theorem 1 from [14, p. 430] and
to write the estimate

g’
2% — ap|| < WNSMa

which leads to the inequalities

|En@) = 2P ()| < |

Fu@") = Falay)|| + |[Fnley) — 2P (ay)|

2" — 2| 7 1
78l 4 o) < NiM——
1—~ +U(p)_1_q* 0TS

N2 p+1

+ (17)

I—x

The last estimate gives inequality (16), and this completes the demonstration of Theorem 1.
Now let’s consider the equation

Ap.(@) = fu (2 (@), 27 (@) = 0. (18)

In the same way as in the proof of Lemma 4, it is not difficult to see that for all {z1,z2} C
Dg , the following inequality holds:
deAp, (z) [

. < Lljzy —x2f, seZ".

T2

Besides, it is obvious that < N;. Therefore, if the conditions of Theorem 1

daV

holds, equation (18), for aech s € Z* in the closed ball B*(x¢, k*t*), has a solution z;,,, which

[d@Aps <w0>] -
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is a limit, as & — oo, of the sequence {95,(c ‘“)},x(()ps)

formula

= 12V, constructed using the recurrence

S S déA S xo 71 S
o) =) - ||, )

Forall s € Z*,k € Z;, the points :z[:,(c S), together with the point z*, belong to the closed ball
B* (29, t*k*).

Let’s introduce the notations

[e.e]
4 Ny (K + K
L=l G:1+°(11_J; 2)
1=1

)

c(pr) = L0 { Lo (p) 1+ Po(pe) | + N3 061+ K)o” (),

5(pe) = N5(E + K)o () + 01 { Loo* () + P}

Since o*(ps) and o4 (ps) approach zero as s — oo, both £(p;) and J(ps) have the same property.
Let’s formulate a statement which allows to approximate the function z,,(z*) by the functi-

on z\™ (x,(f S)) with an arbitrary precision.

Theorem 2. In the conditions of Theorem 1, the following relations hold:

lim lim z
k—005—00

P =, (19)

moreover, if ps and m are greater than two, we have

‘ ¥ — .’E(pS)
~ * m (ps) k *
[#na) = 2@ | < g o) (20)
- k=2
o =] < 7£ SNGM o e(p)GH o 3(p) 3G (21)
=0

Proof. Estimate (20) is obtained in the same way as estimate (17). We’ll show that, for
ke Z7,

lim 2P = Tk, (22)

§—00

where {z;} is a sequence of point obtained by using the modified method of Newton which
consists in applying the recurrence formula from Theorem 1 with zg = 2°.
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The inequality

leads to the estimate

doA?)  dsA,,(2")

Ly
da0 dx0

[d@mx%]‘l - [dq)Aps(:cO)]‘l

dax0 dx0

g

1A _ day, (o)
da da

(ps)

Hxl gt LM + NE (K + K)o (ps) < e(ps).

S ‘

Now write the following recurrence relation:

‘ + {Loa"‘(zos)li7 + Po*(ps)} M

‘ < ka—1 —JU;E;p_Si

ot

it are)

N (K, + K
‘{1+ 0( 1+ K9)

R N + K)o ()

< Hz‘k_1 — 2P

Y {Loa*(ps)lin + Pa*(ps)}

o e )

from which we get:

:L,I(fps)

e - \gdmxﬁ*+w@g§f@
1=0

obtained by induction and from which relation (22) follows, where passing to the limit is not
uniformin k € Z; .

From the last inequality it is easy to obtain inequality (21) which guarantees the validity of
relation (19).

We must remark that nothing can be said about the validity of interchanging the limits (19).
Theorem 2 is proved.
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