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1. Introduction

Singular boundary-value problem of the form

v +qt)y = h(t), 0<t<l, (11)
y(0) =a,  y(1) = b, (12)
y(0) =a, (1) =c (1.3)
y(0) =a, ay(1)+py(1) =1, (14)

where ¢ > 0, ¢,h € C(0,1)and g > Oon (0,1),a > 0,b > 0, ¢ > 0Oand o, 3,7 € R,
appears in the study of many physical models. Problems (1.1), (1.2) (respectively (1.1) - (1.3) or
(1.1)- (1.4)) may be singular because ¢ and h are allowed to have a suitable singularity at ¢ = 0
or t = 1 and moreover a, b and c can be equal to zero.

Equation (1.1) with ¢ > 0 is known as the generalized Emden— Fowler equation with
negative exponent and arises frequently in applied mathematics (see [1] and the references
cited therein). Thomas [2] and Fermi [3] in order to determine the electrical potential in an
atom, derived the also singular equation
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associated to next boundary conditions:

= y(1) (neutral atom of Bohr radius 1),
0 (ionized atom), (1.6)
) =0 (isolated neutral atom).

y(0) =1, by'(1)
y(0) =1, y(1) =
y(0) =1, l1m y(t

In the book of O’Regan [4] the study has been extended to the more general Sturm - Liouville
boundary-value problem

1

O (@)Y (1) +a(t)f(ty(@),p(t)y' () =0, 0<t <1, (1.7)

-ay(0) +ﬁtgg1+p(t)y’(t) =0, a>0,82>0,

yy(1) +0 lim p(t)y'(t) =0, 7 >0, 6 > 0andy*+4% >0, (18)
% —

and the nonlinear function f may be singular at the pointy = O butnotat¢ = O or¢t = 1. (He
pointed out there, that there is no restriction in assuming homogeneous boundary data.)

His approach relied on the Leray - Schauder alternative for compact maps. More precise
existence results for (1.7), (1.8) were given (Theorem 5.1 and Corollary 5.1) for the case where
f € C([0,1] x (0,00) x R,R), under the assumptions:

1

1
p € C[0,1]NnC*0,1), with p > 0 on (0,1) and Hds < o0, (1.9)
0 p
1
g€ C(0,1) with ¢>0 on (0,1) and /p(:c)q(x)dx < o0. (1.10)

0
It holds f(t,u,v) = g(t,u,v) + h(t,u,v) where g and h satisfy

[t u,v)] < K{Jul" +]o]" +1}, 0 < 7,7 <1,
ug(t,u,v) > clul* +dluv|, d <0 and

) (1.11)
lg(t,u,v)| < A(t,u) [v]” + B(t, u),
where A and B are bounded on bounded sets
and finally
p(t)v/q(t) is bounded on [0, 1]. (1.12)

We must notice that (1.11) replaces in some sense the (necessary) growth rate condition of
Nagumo.
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In this paper, we examine the same existence problem (1.7), (1.8) but we use the method of
upper and lower solutions combined with properties of the consequent mapping. More preci-
sely, we assume here only that

A) there exist m, K > 0andn = 2k + 1, k = 1,2, ..., such that

Ip(t)q(t) f (£, y(t), p(t)y (1))| < p[((t) Oy )" i [p(t)y' (1) = m. (1.13)

We observed that this condition leads to the construction of an “upper” and “lower” solution
of (1.7). Moreover we introduce the new concept of strong pair of upper and lower soluti-
ons and so (1.13) returns some bounds for the derivative p(¢)y’(¢) of any solution which stays
between lower and upper solutions, ensuring in this way that the consequent map is well-
defined. The properties of the last map give occasion of existence results.

In this paper, further of an existence result we give an estimation for the derivative ¢/,
assuming a rather mild growth rate on f (see (1.13)) and so we don’t use the Nagumo type
condition (1.11) at all. Further our main purpose is to extend the validity of existence results
and/or for some cases when constants «, 3, v and 0 are negative (see Remark 4.1).

Furthermore motivated by the Thomas Fermi equation (1.5), we establish an existence result
to generalized Bohr boundary-value problem (1.7), (1.8), where

1

y0) =a and (p() [

0

ds ,
el FAORSTOR (114)
under rather general assumptions (see Theorem 5.1). A similar problem has been studied by
O’Regan (see [4], Theorem 5.3) for the case when f is independent of its last argument.

The paper is organized as follows. In Section 2 we introduce notations, definitions and preli-
minary facts, which are used throughout this paper. The basic existence result in given in Secti-
on 3. Finally, two applications are given, the first for a singular second order Sturm - Liouville
boundary-value problem in Section 4 and the second for a generalized Bohr boundary-value
problem in Section 5.

2. Preliminaries

Consider the initial value problem (IVP for short)

p(lﬂ(p(t)x'(t))' +q(t)f(t,z(t),p(t)2'(t) =0, 0 < t < 1, (2.1)
(1, 2(7),p(T)2' (1)) = (1,6,m) = P € [0,1] x R? = Q, (2.2)

and let X'(P) be the set of all (noncontinuable) solutions of IVP (2.1), (2.2), that is z(7) = ¢
and }gn p(t)x'(t) = n.

Definition 2.1. Consider two functions o and 3 € C[0,1] N C?(0,1) with pa/ and pB' €
C1[0,1] and such that o(t) < B(t), t € [0,1].
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Then « is called lower solution to (2.1) if

;bwwd@W+q@ﬂumommd@»>q 0<t<l,
and (3 is called upper solution to (2.1) if
p(lw ()3 (1)) +q(t) f(t, B(), p(t)B'(1) < 0, 0 <t < 1.

Further (a, 3) is a strong pair of lower and upper solutions, iff
B(t) <a'(t), 0 <t <1,

where if lim p(¢t) = 0 and/or lim p(t) = 0, it may be
t—0+ t—1—

Jim (1) = (0) = —coandlor lim §(t) = /(1) = —oc

and similarly

lim o/(t) = &/(0) = 400 and/or lim &'(t) = /(1) = +oo,
t—0+ t—1—

respectively.

Lemma 2.1. Let («, 3) be a strong pair of lower and upper solutions p and q satisfying (1.9),
(1.10) and further the function f(t, ., pz') be nonincreasing for any (t,px’) € [0,1] x R.
Then for any solution x = x(t) of (2.1) with

B(0) < 2/(0) < d/(0) and a(t) < x(t) < B(t), t € [0,1]N Dom (z),
the following inequality folds true:
B(t) < a'(t) < (t), t € 0,1 N Dom (x).
Moreover any such solution © = x(t) can be defined on |0, 1] and

()2’ (t)] < M = max {[p(t)e/(1)], [p(t)8'(t)]}-

te€(0,1]

Proof. Let’s suppose that there are s,7 € (0,1) such that
at) < x(t) < B(t), t € 0,7], B'(t) < a'(t) < o/(t), t €0, 5],

and p'(t) > 2/(t), t € (s,7]. Then since 3 is an upper solution to (2.1), by the monotonicity
of f,

p(lsa (p()8'(5))'(s) < —q(s)f (s, B(s), p(5)B'(5))
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Consequently we get

B"(s) < a”(s) and §(s) = a/(s)
and thus inequality §'(t) > 2/(t), t € (s, 7] cannot be true.

By a similar argument we can easily prove that 2/(¢) < o/(¢), ¢t € [0,1] N Dom (x). The last
conclusion follows by the well-known theorem of extensibility of solutions of (2.1), since these
and their derivatives px’ are bounded.

The lemma is proved.

Consider now a subset @ of €2 such that
@°#0 and Q- # 0,
and let
w(r) ={t,z,y) e w:t =1}

be its cross-section at t = 7.

A point P = (1,£,7n) € Ow is a point of egress of & (with respect to the system (2.1)), iff for
any solution x € X(P) there exists ¢ > 0 such that the graph of the restriction z|[r — ¢, 7] is in
w°, i.e.,

G(z|[r —e,7); P) == {(t,z(t),2'(t)) : T—e <t <7} C&°.
If moreover for all solutions x € X'(P) there ise > 0 such that

G(z|(r,7+¢;P) C Q -,

then P is called a strict egress point (see [5] or [6]). As usual the set of egress (strict egress)
points of & will be denoted by @° (respectively w*°).

Remark 2.1. Let now consider the set
w:={(t,z,2): 0<t <1, at) <z < B({), 2/ € R},
and let
Q. =Q,0,1] :={(t,r,2') € 0w : 0 <t <1, z = at) and 2’ < /(t)} and
Qs = Q3[0,1] == {(t,z,2") € dw : 0 <t <1, x = B(t) and 2’ > F'(¢)}.

Then we can easily see [7] that every egress point of w is a strict egress one and to be more
specific we have

w® = w* = Q,UQzUw(l). (2.3)
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A point P = (1,£,n) € w®is a consequent of another one Py = (tg,xo,z,) € w°, to < 7,
iff there exists a solution z € X (P, P) := X (FPy) NX (P) such that

G(z|(to, 7); Po, P) C w°.

The set of consequent points of Py € w® will denoted by IC(F) and the so defined (set-valued)
mapping

K:Sw) Cw® —w Sw) ={Q cw’:K(Q) # 0}

will be referred as the consequent mapping.

Consider a set-valued mapping F, which maps the points of a topological space X into
compact subsets of another one Y. F is upper semi-continuous (u.s.c.) at xro € X iff for any
open subset V in Y with F(z) C Y, there exists a neighbourhood U of x( such that F(z) C V,
for every z € U.

The next lemmas (see [8]) give sufficient conditions for the upper semicontinuity of the
consequent mapping and some useful properties for a class of u.s.c. mappings. We notice that
the consequent mapping is included in this class [9].

Lemma 2.2. If P € S(w) and every solution x € X(P) egresses strictly from w, then the
consequent mapping K is w.s.c. at the point P and furthermore the image K(P) is a continuum in

ow.

Lemma 2.3. Let X and Y be metric spaces and let F : X — 2Y be an w.s.c. mapping. If A
is a continuum subset of X, such that for every x € A the image F(x) is a continuum, then the
image F(A) = U{F(x) : x € A} is also a continuum subset of Y.

Notice that, if an IVP has a unique solution, then the consequent map is simply continuous.
We shall need another Lemma (see [9] or [10], Chapter V, Theorem 2).

Lemma 2.4. If A is an arbitrary proper subset of a continuum C and if S is a connected
component of A, then

cdSNcl(C\A) # 0, ie S NOA# .

3. Existence Results

Theorem 3.1. Suppose that assumptions (1.9), (1.10) are fulfilled and further that there is a
constant M > 0 such that

|f(t,u,v)| < M, 0<t<1, (u,v) € R% (3.1)
Then for any yo € [«(0), 3(0)], the equation (2.1) has a global solutiony = y(t), 0 <t < 1 (i.e

[0,1] = Dom (x)) with y(0) = yo. (Here a(0), 3(0) are the values at t = 0 of an upper solution
a(t) and a lower solution [5(t) of (2.1) respectively.)
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Proof. Consider the Banach space
K'0,1] = {u € C[0,1] : pu’ € C[0,1] with norm ||ul|,},

where

lull, = max{ful/, |[pu'[[}

and ||u|| is the usual sup-norm of « on [0, 1]. Let also
T = K'0,1] — K'[0,1]

be an operator defined by
(Ty)(t) == y(0) —/1)/p(l‘)fJ(fﬂ)f(x,y(:ﬂ),p(l‘)y’(m))dxd&
0

p(s
0

We claim that 7" has a fixed point in
Kp[0,1] = {u € K'(0,1] : u(0) € [a(0), B(0)]}-

To prove the compactness of 7', we notice that there exist Ky and K such that

t s

1
(Ty)(1)] < [y(O)] + M { 5 { p(x)g(x)dads < Ko
and
p(H)(Ty) ()] < M / p(2)g(z)dz < K,
0
i.e.,

I(Ty)ll, < K = max{Ko, K1}, y € K;[0,1].

Furthermore TK¢[0, 1] is an equicontinuous family, since

t s

/p(ls)/p(fE)Q(ﬂf)f(x,y(a:),p(x)y'(x))dxds
t 0

[(Ty)(t) — (Ty)(t")| <

< M|¢(t) — ¢(t)]
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and

t

p(t)(Ty) () — p(E)(Ty) ()] < / p(x)q(@) f(z,y(z), p(e)y (z))dz
< M ¢ (t) = ¢*(t')], y € Kq[0,1],

because the functions

t t

— /1/p x)dzds and ¢*(t) = /p(a;)q(x)dm

p(s)
0 0

are absolutely continuous. Finally by an application of the standard Schauder fixed point theorem,
we get a solutiony € X(P), P = (0,y0,0), ie., X(P) # 0 and any y € X (P) is defined over
the entire interval [0, 1].

The theorem is proved.

Let now V be any subset of 2 and J a subset of the interval [0, 1]. Consider the cross-section
of V,

V(J)={(t,y,y) eV :telJ}
over the interval J (J may be a single-point set). Next assume that
0<a(t) <B(), telo1l] (32)

and consider a line Fy = {(0,y,9') € w(0) : y = yo € [a(0),3(0)]}, where we recall that
w=A{tyy):0<t <1 alt) <y <p), y € R}

Theorem 3.2. Assume that hypotheses of Theorem 3.1 are still holding. Then there exist
points P1 = (0,y0,yy) € Eo and P, = (0,y0,v5) € Eo such that any solution y € X(Pp)
egresses from w through the surface

Sa =A{(t,y.y) €Wy = a(t)}
and similarly any solution y € X (Ps) egresses from w through the surface
Sg = {(t,y,y) €@y = B(t)}.
Proof. For any z € X(P,) we have
i) = s [ Lot / — / P(2)a(x) (2, y(), p(e)y () dods.

p(x) p(s)
0 0
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Consequently by the conditions (3.1) and (3.2) we get

Thus, if we choose y) large enough we get y(¢t) > ((¢) for some 0 < ¢ < 1, given that (1.9),
(1.10) hold true.
The theorem is proved.

We are ready to state and prove a general existence result. Let £y C w(0) and F; C w(1) be
two continua.

Theorem 3.3. Suppose that there is a strong pair (o, B) of upper and lower solutions and
assumptions (1.9), (1.10) and (3.1) are fulfilled. Assume further that the function f(t,.,pz') is
nonincreasing for any (t,pz') € [0,1] x R. Moreover

K(Eo) N QuI0,11# 0 and  K(Eo) N Q[0,1]# 0, )

EiN Qfx(l): 0 and EiN Qlﬂ(l):
Then the boundary-value problem

o

o0 (P(®)y' (1) + () f (£ y(t), p(t)y'(£) =0, 0 <t <1,

y € X(Eo) NX(Ey)
has at least a solution y = y(t) such that
a(t) < y(t) < B(t) and B'(t) < y'(t) < (1), 0<t <L
Proof. By Lemma 2.1, Remark 2.1 and Theorem 3.1, any solution y € X (Ey) is defined on
entire the interval [0, 1]. Thus the consequent mapping K is well defined and in view of Lemma
2.2 its image KC(E)y) is a continuum subset of dw. Thus

Sa(1) NK(Eo) # 0 and S(1) N K(Eo) # 0.

Since now both the sets S, (1) N K(Ey) and Sg(1) NK(E)y) are clearly compact by Lemma 2.4,
we conclude that there is a connected component Ej of w(1) N K(Ep) such that

EfNSy(1) # 0 and E} N Ss(1) # 0,
ie.,

Ef nQ4(1) # 0 and Ef N Q5(1) # 0.
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Consequently in view of (2.3), by assumptions (3.3) we get
EfNE; #0,
that is, there exists a solution y € X (Ep) N X' (E7) such that
a(t) < y(t) < B(t) and G'(t) <y'(t) <a'(t), 0<t<1,

where the last estimates follow by the definition of the consequent mapping K and Lemma 2.1.

4. Sturm - Liouville Boundary-Value Problems
In this section an existence result for the singular Sturm — Liouville boundary-value problem

1

0 (@)Y (1) +a(t)f(ty@),p()y' () =0, 0<t <1, (4.1)

—ay(0) +Bt£%1+p(t)y’(t) =c¢, a#0, >0,

(1) 4+ lim p(/(1) =d. 7 #0, 5> 0 (42)

will be given, where we do not assume that o and/or ~y are necessarily positive. The singularity of
the nonlinear function f may occurs at y = 0 and the functions 1/p, ¢ and 1/¢ may be singular
att = Oor/and t = 1.

Assume the next conditions:

(A1) ¢ € C(0,1) withg > Oon (0,1);

(A2) p e C[0,1]NnC*0,1) with p > 0on (0,1),

1 1
dt

{p(t) < oo and /p(t)q(t)dt < o0;

(As) f :]0,1] x (0,00) x R — R is continuous and further the function f(¢,.,pz’) is
nonincreasing for any (¢, pz’) € [0,1] x R.

Theorem 4.1. Suppose that conditions (A1) — (As) are satisfied. Moreover assume:

(Ay) There exist constants K > 0,0 < ag < by, a natural numbern = 2k +1, k = 1,2, ..,
and further

0<m<
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such that

K
‘p(t)Q(t)f(ta U,U)| < —= |,U’TL+1’ 0<t< 1a ap S U S bﬂaand |U| Z m, (43)

p(t)

and finally
(As) The constants of the Sturm — Liouville boundary conditions satisfy

—abo—ﬁmf c < ﬁm_aa07 lfpo > 07
YAy + 6o < d < by + 6, if pr > 0, and (4.4)

c ) - d -~ .
a < —— < bo,if po = 0and oy < 5 < bo, if p1 = 0.

Then the boundary-value problem (4.1), (4.2) has a solution y € C[0,1] N C*(0,1) (with
pr’ € AC([0,1]) such that

Furthermore its derivative satisfies also the estimate
Blt) <y(t) <d(t), 0<t<1,

where the constants oy, 30, mo, M1, po, p1 and the functions a(t) and B(t), 0 < t < 1, will be
defined below.

Remark 4.1. For « = 0 = cand 6 = 0 = d, the boundary-value problem (4.1), (4.2) has
also a solution y € C[0,1] N C*(0, 1) as above and this has been proved in a recent paper of the
authors (see [7]).

By (4.4) we can see that the slope a///3 of the line

Eo = {(t,y,9') € w(0) : —ay(0) + Bpoy'(0) = ¢}

must satisfy a/8 € [—(Bm + ¢)/(Bby), (Bm — ¢)/(Bap)] and so it may accept negative values
and this extends the usual case of o, 5 > 0. At the same time, since

v (dn—d dn—d
) 5a0 ’ 5b0 ’

the slope —+/0 of the line
Ey = {(t,y,y) € w(1) : yy(1) + op1y/ (1) = d}

may accept positive values and this also extends the usual case of v, > 0.
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Proof. Returning to the proof of the theorem, we shall construct a strong pair («, 3) of
upper and lower solutions of (4.1). Consider the scalar differential equation

(pt)y' (1) = —=(p(t)y' ()", t € [0,1]. (4.5)

Then a solution of (4.5) is

1 n—1

a(t) = a +—{1— 1 — KnmlP(t T} 0<t<l,

(0 =+ oo {1 3P()]

t

ds 1
where P(t) = > 0, >mg>m >0, 0<t<1,andso
s p(s) Y/KnP(1)
o(t) = o > 705 oS, (4.6)

(b Y/1— KnmgP(t) — p(t)
We choose now 0 < ag < by so that
0<alt) <b, 0<t<1,

and so by (4.3), foreach 0 < ¢ < 1 we get

K

"0 (p(t)a’ ()" > —p(t)a(t) f(t, a(t), p(t)e (1)),

(p(t)c (1))’

i.e., the function z = «(t) is a lower solution of (4.1).
Similarly the map

1

B(t) = by — W{l— [l—l—Knm{LP(t)]%}, 0<t <1,

is a solution of

such that forall0 < ¢t <1,

Tip\ mi my _m
O = i R o = aw - *.7

Thus by (4.3), foreach 0 < t < 1 we get (we recall that n = 2k + 1)

K

(p(H)B'(1))" = —@(p(t)ff’(t))”+1 < —p(t)a®)f(t, B(),p(t)B' (1)),
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i.e., the function z = S(t) is an upper solution of (4.1).
Now by (4.7) and since we may choose 0 < «(t) < by, 0 < ¢t < 1, we get

0<at)<p(t), 0<t<1,
and moreover by (4.6) and (4.7),
B(t) <0<dl(t), 0<t<1,

that is the pair of upper and lower solution («, ) is a strong one.
Consider the cross-section

w(0) = {(t,z,2") : t =0, at) <z < B(t), 2/ € R},
and recall that the egress points of w(7), 0 < 7 < 1, consist of the union @/, (7) UQ}(7), where
Q.(1) == {(r,a(r),2') : 2’ < o/()} and
Qp(7) = {(7,B(r),2) : 2" = B'(7)},

and notice that (set pp := lim p(¢t) and p; := lim p(t))
t—0+ t—1—

o0) =20 >0, B(0) =" <0 and
bo bo

(1 _@ 0, p'(1 _@ 0

(1) . B(1) o

We examine now two cases.

Both limits py and p; exist and, of course, are positive.

Then the condition —ay(0) + 3 tlhglJr p(t)y’'(0) = ¢ reduces to
_)

¢+ ay(0)

v = Bpo

and thus, if y(0) = «(0) = ap, we get by assumption (4.4) and (4.6)

, c+ aag m mo ,
y'(0) = < —< =o' (0
© Bro Po ~ Po ©
and similarly, if y(0) = 8(0) = by, we have
+ abg m mi
/ 0 = ¢ > —_ > = B/ 0
v Bro — po po ©

Consequently we obtain

Qa(0)NEy # 0 and Q3(0) N Ey # 0 (4.8)
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where recall that

By = {(t,y,9) € w(0) : —ay(0) + Bpoy'(0) = c}.
Now the condition vy(1) + ¢ tlirln p(t)y'(t) = d, which turns up to the cross-section w(1) of w
rq

reduces to

and thus, if y(1) = a(1) := ap > 0, we get by assumption (4.4),

d — va, m
_ d—nao _ 7o

‘(1 =d(1
R (¢
and similarly, if y(1) = B(1) := by, we have
d— ’7/50 my
/ 1) = g 1
v =5 < I = g
Consequently by (2.3), we now obtain
Qu)NE; =0 and Q3(1)NE =0 (4.9)

where
Er = {(t,y,y) € w(1) : yy(1) + op1y/'(1) = d}.

To show that (4.1), (4.2) has a solution, we will now examine the modified problem

@M@MWW4WWM@WMWZQOG<L
—ay(0) + Btgrgl+p(t)y’(t) =c,
(©) |
(1) +6 lim p(t)y'(t) = d,
where
) ifa(t) < u < A1), pOB(L) < v < pH)'(2)
F(t,at),v), ifu < a(t), p(HB'() < v < plH)a'(t),
1t B(1),v), ifu > B(1), p(H)F () < v < p(H)a(2),
fbup®BE),  ifalt) <u < A1), v < pH)F(E
Fltuw) = fltup®a'(®),  ifal) < u < A1), pHa'(t) < v
F(ta(),p0F (1), ifu < alt), v < pHF )
F(ta(),p()a' (1), ifu < alt), pH)a'(t) < v
F(t 8, p08 (1), ifu > B(t), v < pH)F(t
St B, (D', ifu > B(E), pt)a'(t) < v
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Since 0 < a(t) < B(t), 0 <t < 1, we notice that the modification F is a bounded function
and let M be one of its bounds.

Finally by an application of our general principle (Theorem 3.3), we get a (positive) solution
y = y(t) of the Sturm - Liouville boundary-value problem (E), (C), i.e.,

0<a(t) <ylt) <B), 0<t <1,
which satisfies moreover the estimate
B(t) <y(t) <), 0<t<1.

Hence in view of definition of the modification F', y = y(t) is a solution of the original equa-

tion (4.1).
Assume now that

B pl0) =0 = 0 = p1 =l ).

Then, obviously, by (4.6) and (4.7), we get
d(0) = (1) = 400, B'(0) = B(1) = —cc.
Moreover by (4.4) and since for a # 0

By = {(t,5,9)) € w(0) : —ay(0) + 5 lim p(t)y'(0) = c}

2 {(O7y>y,) Yy = _2 S (a0>b0) and y, S R}a
in view of Theorem 3.2, we may set
c
EO = {(anvy/) Yy = _E € (a07b0) and yll S y, S y/Q}a

since we may choose a suitable interval (ag, bg) for the case when ac < 0 (for ac > 0, the
problem remains open (if ¢ = 0, then tlir(l)nJr y'(t) = 00)).
—

Remark 4.2. Now if « = 0 = ¢, then 3/(0) is undefined and therefore we may restrict our
consideration to the set

Eo = {(0,y,9') € w(0) : ¥/(0) = 0}

and in this case, clearly, (4.8) still holds. However for a = 0 and ¢ # 0, our existence problem
remains open.
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A similar situation holds also at the other end point ¢ = 1. Precisely

Er = A{(t,y,9) € w(1) - (1) +6 lim p(t)y'(1) = d}
D) {(O,y,y') Ty = ;1 € [ao,i)o] and y’ € R},

and (4.9) clearly is true (for d/v € {do, by} we do not need to use (4.9) at all).
Then, if we use once again the boundary-value problem (E), (C), existence results follows
via Theorem 3.3 and this ends the proof.

Remark 4.3. Let us notice (see Remark 4.2) that for the case

a=c=0, tgrgl+p(t) =po =0,

the BVP (4.1), (4.2) has a 1-parametric family of solutions satisfying the properties given in the
above theorem.

Since for py = 0, we have

By = {(t,5,9') € w(0) : ay(0) + B lim p(t)y'(0) = c} = {0} x [a(0), 5(0)] x R

and further

a(0) = {(0,(0),%) : ¥ < &/(0) = 400}
and similarly

Qp(0) = {(0,8(0), %) : ¢ = B'(0) = —o0},
we can choose, in place of Ey, any set
Ex={(0,9,9) € Eo 1y = A}

Then obviously

Q,(0)NE\ # 0 and Q3(0) N Ey # 0.

Thus, by applying the previous Theorem we get the desired family {y,(¢)}, A € R, of solutions.
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S. Thomas — Fermi Boundary-Value Problems

In this Section, motivated by the Thomas - Fermi equation (1.5), we consider the generali-
zed Bohr’s type boundary-value problem, namely,

LSOO O) = a0 p0.p00 @), 0 <1< 1
(5.1)
1
ds , B
y(0) =a and (p(l)lp(s)) y' (1) +y(1) = 0.

A similar problem has been studied by O’Regan in [4] (Theorem 5.3) for the case when f is
t

d
independent of its last argument. We set P*(t) = p(t) / —S, t € [0,1].

p(s)
Theorem 5.1. Let f : [0,1] x (0,00) x R =R be continuous. We assume:

p € C[0,1]nCY0,1], p > 00n (0,1], p'(t) >0, t € (0,1),

(5.2)
1
1
and /ds < 00,
p(s)
0
1
qg € C(0,1) with q > 0on (0,1) and /p(x)q(m)dm < 00, (5.3)
0
there exists a constant M >0 suchthat yf(t,y,0) >0
(5.4)
for |yl > M andall te][0,1],
) M
thereis v € (0, P*(l)) suchthat — M —~vy <a< M+~
and both functions f(t,.,v) and f(t,u,.) aremnonincreasing for each (5.5)

tel0,1], ue[-M —~, M+~land v € [—7,7].

Then (5.1) has at least a solution in C[0,1] N C2(0, 1].
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Proof. Consider the functions
a(t) = =M —~(1—t) and B(t) = M +~(1—t), t €[0,1].

Then «(t) and 5(t), t € [0, 1], are lower and upper solutions of (5.1). Indeed, in view of (5.2) -
(5.4) and since f(t,u,.) is nonincreasing, we get

(p(t)e (1)) = p(t)g(t) f (t, a(t), p(t)e (t))
=0 (t) = p(t)g(t) f(t, a(t), yp(t))
> 9P (t) — p(t)a(®) f(t,a(t),0) 2 0, 0 <t <1,
because «at) < —M, 0 < ¢ < 1. Similarly we can prove that / is an upper solution.
Furthermore («, 3) is a strong pair of lower and upper solutions. By using an adaptation F’
of f similar to the one given in Theorem 4.1, clearly it is not a restriction to assume that the

function f is bounded on [0, 1] x R2.
If

Eo ={(0,3,9) : 9(0) = a, ¥ € R} and Ey = {(0,y,¢) : P*(1)y' +y = 0}

by (5.5) the result of Theorem 3.2 holds and so we get

K(Eo) N Q,# 0 and K(Eo) N Q57 0.
Further by (5.5) we can easily verify that

E1NQ,(1)=0 and E; NQ5(1)= 0.

Existence now follows by an argument similar to the one given in the proof of the previous
theorem.

Corollary 5.1. Under the assumptions (5.2), (5.3) and (5.5) of the previous theorem and
f(t,0,0) =0 and yf(t,y,0) >0, t € [0,1], y # 0,

the BVP (5.1) accepts a positive (negative) solution if o« > 0 (o < 0 respectively).

Proof. All that we need to notice is that for @« > 0 (o« < 0 ) we can choose a(t) =
0 (B(t) =0), 0 <t <1,because f(£,0,0) =0, 0 <t < 1.

We finally consider the Thomas — Fermi type singular equation

Y = —t73y> = q(t)f(t,y) (5.6)
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associated to one of the boundary conditions:

y(0) =1, y(b) =0 (b>0), (5.7)
y(0) =1, lim y(t) = 0. (5.8)

We notice at once that

alt) =0, B(t) =2,t>0

is a strong pair of lower and upper solutions to (5.6). Considering a modification F' of f, similar
to the one given in the proof of Theorem 4.1, we may assume that f is bounded and f(t,.) is
nonincreasing. By Theorem 3.1, any solution y = y(¢) with y(0) = 1is defined over the interval
[0, 00). Assume that there is no solution y € X (Ey) of (5.6) such that its graph

G(y|[0,00); Ep) = {(t,y(t)) : t > 0} C w.

Then any solution y € X (Ey) egresses strictly from w and further the set K(Ep) is a continuum.
Now the sets

]C(Eo) NS, and ]C(Eo) N Sg

clearly consist of a closed partition of /C(Ey), and this is a contradiction. Let A := K(Ep) N
S, and let S be a connected component of A. By Lemma 2.4, S must be an unbounded set
(otherwise we easily get a similar contradiction) and this means that there exists a solution
y € X(Ep) such that tliglo y(t) = 0.

Similarly we may get a solution of (5.6), satisfying the boundary condition (5.7).
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