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oo

We investigate spaces of Laplace — Stieltjes integrals (o) = / f(z)e®° dF(z), where o € R, the functi-

on F is nonnegative nondecreasing unbounded and right cogtinuous on [0,+occ) and the function f is
real-valued on [0, +o0). This integral is a generalization of the Dirichlet series D(o) = Z:Ll dne
with nonnegative exponents )\, increasing to +oo if F(z) = n(z) = ZA - 1, and f(z) = d, for
x =\, and f(x) =0 for z # \,. "

For a positive continuous function h on [0,+oc0) that increases to +oco, by LS; we denote
a class of integrals I such that |f(x)|exp{zh(z)} — 0 as = — +oo and define |I||, =
= sup{|f(z)|exp{zh(x)}: x > 0}. We prove that if F € V and In F(z) = o(z) as © — +oo, then
(LSh, |- ||») is a nonuniformly convex Banach space. Other properties of the space LS}, and its dual space
are also studied. As a consequence, for Banach spaces of Laplace—Stieltjes integrals of a finite generalized
order, results are obtained. Some results are refined in the case where I(o) = D(0).

In addition, for fixed ¢ < +oo, let S, be a class of entire Dirichlet series D(c) such that their

. In M(o,D 00
generalized order o, g[D] := limsup, _, o(ln M(o, D)) < o, where M (o, D) = Z . |d,,|e?* and

p(o)
the functions « and § are positive continuous on [z, +00) and increasing to +oco. For ¢ € N, let
— ()‘n) )} — 1 ||D1 - DQ”Q'q
Dy = dp|ex n d(Dy, D3) = — L
[D1lg:q n;‘ | p{ B~ <Q+1/q (D1, D2) ;2q1+HD1_D2”g;q

The space with the metric d is denoted by S, 4. We prove that S, is a Fréchet space under certain
conditions on the functions « and 3 and the sequence (\,,).

Hocnimxkeno npoctopu iHTerpanis Jlannaca — Crinteeca I(o / f(@)e®dF(z), ne o € R, dyHKIis

F HeBin’eMHa, HeclianHa, HeoOMeXeHa i HerepepBHa mpaBopyd Ha [0, +00), a QyHKUis f milicHO3HaYHA
oo

Ha [0, +00). Lleit inTerpan € y3arampHeHHIM psany Hipixime D(o) = d e 3 HeBin €eMHMMH 3pO-

n=
CTAIOYMMU 10 +00 TOKa3HUKaMU A, SKIIo Bubepemo F'(z) = n(z) = ZA - 1, a f(x) = d,, akmo
T =Ap, 1 f(x) =0, IKIWO & # \,. o
s nomaTHOT HemepepBHOi Ha [0, +00) 3pocTardoi 10 +oo GyHKIIT i yepe3 L.S), MO3HAUEHO KTac Ta-
kux inTerpaiis I, mo | f(z)| exp{zh(x)} — 0 mpu & — ~+oo, i 03HaveHo ||I||;, = sup {|f(z)| exp{zh(z)} :
z > 0}. Hosenero, wo ko F € V i In F(z) = o(z) npu « — +oo, toni (LS, || - ||») € HepiBHOMipHO
OITyKJINM TIpocTopoM baHaxa. BusueHo iHIII BIacTUBOCTI MpocTopy LS}, Ta 1oro AyajabHOTO MpocTopy. SK
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186 A. 0. KURYLIAK, M. M. SHEREMETA

HACJIIIOK, OTPMMAaHO TBepIKeHHs Ipo mpocTopy banaxa iHTerpanis Jlammaca — CTinTheca CKiHUEHHOTO
y3araJibHeHOTO TIOPSIIKY. Y TOUHEHO NesiKi pe3yIbTaTH y BUNanKy, Konu (o) = D(o).
OxkpiM 1poro, mist pikcoBaHOTo ¢ < +oo Hexaill S, — Kkiac uinux psanis Hipixne D(o), s IKUX
a(ln M (o, D)) A\
—_— < e M(o,D) = d,le’™, a
ﬁ(o’) —= Q? H ( 9 ) anl ‘ ’I’L| b

dyHKTIT @, 5 € mOmaTHUMMU, HeTIEPePBHUMU 1 3pOCTAIOUNMHI IO +00 Ha [2g, +00). s ¢ € N Hexait

00 _ OZ(>\n) — 1 ”Dl 7D2|| ;
Dllg;q = dp|exp { A , d(D, Do) =) oo N
1Pl e:q Zn:1| | Xp{ ’ <Q+ 1/(1)} (D1, D2) 22q1+\\D1_D2||9;q

q=1

y3arajbHeHU NOpANOK 0q g D] := limsup, _, ,

IIpocTip i3 METPUKOIO d TIO3HAYEHO YeEPE3 ?Ml. JoBemneHo, 1110 Egyd € mpoctopoM Ppellle 3a IEBHUX YMOB
Ha QYHKLIT v, [ 1 MOCTINOBHICTD ().

1. Introduction. Let V' be a class of nonnegative nondecreasing unbounded continuous on the
right functions F' on [0, 4+00). We assume that a real-valued function f on [0, +00) is such that

A
the Lebesque — Stieltjes integral / f(x)e*?dF (x) exists for every A € [0,+00) and o € R. The
0

integral
I(o) = /f(a:)ewdF(a:), o€cR, (1)
0

is called of Laplace — Stieltjes [1, p. 7]. Integral (1) is a direct generalization of the ordinary

Laplace integral I,(c) = / f(z)e™ dx and of Dirichlet series
0

D(o) = dne*® 2)
n=1

with nonnegative exponents A,, 0 < X\, T +oo0 as n — oo, if we choose F(z) = n(z) =
= ZA - 1, f(x) =d, if z =\, and f(z) =0 if = # \,, (see also [2—4]);

M(o, 1) ::/\f(x)]emdF(x), ocR, 3)
0

and p(o,I) := max {|f(z)|e”” : z > 0}, o € R, be the maximum of the integrand. It is clear,
that if f(x) > 0 for all z > 0, then M(o,I) = I(o), and asymptotic properties of integrals of
such a kind are studied in [1]. If o is the abscissa of convergence of the integral (3) and o, is
the abscissa of maximum of the integrand, then s > o, [1, p. 13] provided In F'(z) = o(x) as
x — 400, [1, p. 8],

o1 1
7n = N @l

From hence it follows that if In F'(z) = o(x) as * — +oo and
1 | 1
—1n
z o [f(2)]

then o = +00, i.e., integral (1) converges for all o € R.

— 400, T — +00, @)
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ON BANACH SPACES AND FRECHET SPACES OF LAPLACE-STIELTJES INTEGRALS 187

Let  be a positive continuous function on [0, +0c0) increasing to +oco. Here we will study
the properties of the integrals (1) for which

|f(z)|exp{zh(x)} — 0, =z — +o0. &)

2. Banach spaces of Laplace — Stieltjes integrals. At first we remark that if In F'(z) = o(z)
as x — +oo, then the integral

Jn(o) = / e~ 2M@) e P (1) (6)
0
converges for all o € (—o0, +00).

By LS} we denote a class of integrals (1) with real-valued functions f such that (5) holds.
On LS}, we define operations

(h+ B)(z) = [(h(e) + falw)erdF (o)
0
and -
(Do) = [ M@ (@)
0
where I;( / fj(x)e*?dF (x) for j =1,2, and let

[11[n = sup {[f(z)[ exp{zh(z)}: © = O} .

Under these operations LS;, becomes a normed linear space.
Theorem 2.1. If F € V and In F(z) = o(x) as x — +o0, then (LS}, ||-||n) is nonuniformly
convex Banach space.

Proof. Let (I,) be a Cauchy sequence in LSy, Iy(c) = / fp(z)e®®dF(x). Then in view
0

of (5) |fp(x)|exp{zh(z)} — 0 as x — oo for each p, and for a given ¢ > 0 there exists
no = no(e) € N such that ||I, — I,||;, < € forall p > ng and ¢ > ny, i.e.,

sup {| (@) — foa)|exp{ah(a)}: @ = 0} < c.

Thus, |f,(x) exp{zh(z)} — fo(x)exp{zh(z)}| < e forall x > 0, p > ng and ¢ > ng. This shows
that (f,(z)exp{zh(x)}) is Cauchy sequence in R, so it converges to fo(z) exp{zh(z)} (say) as
p — oo. Since

| fo(@)exp{zh(z)} < |fo(z) exp{zh(z)} — fp(z)|exp{zh(z)}|+
+ | fp(z)|exp{zh(x)} = 0, x — +oo,

the integral Iy(o / fo(x)e™ dF(x) belongs to LS. Also we have

1p = Tolln = sup {[fp(2) — fo(z)|exp{zh(z)}: © > 0} =0, p— o0,

i.e., the (LSh,| - ||n) is complete and, thus, a Banach space.
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188 A. 0. KURYLIAK, M. M. SHEREMETA

Now we choose numbers 0 < a,, < b, < ¢, < +oo such that

/ =) 20 I (1) > 0, / @) TG (2) > 0

0 bn
and put

Jn(o) = /exh(x)ewdF(w)
0

and

JZ(O’) :/6_$h($)€$adF($)+/€_$h(z)€zadF(CL').

0 bn

Then J,, € LSy, J;; € LSy, |Julln =1, | T3lln = 1, | T3 4+Tnlln = 2, and [|J;—Julln = 1 # 0,
i.e., the space (LSh, || - ||») is nonuniformly convex (see, for example, [5, p. 183].

The following statement concerns for (/,,) uniform convergence.

Proposition 2.1. Let F € V and In F(z) = o(x) as x — +oo. If (I,,) C LSy converges to
I € LSy by | |, then I,,(c) converges uniformly to 1(c) over compact subset of R.

Proof. If || I, — I||, < € for every € > 0 and all m > my(e), then

sup {|fm(z) = fo(z)[exp{zh(z)}: & > 0} <e

and, thus, |fn,(z) — fo(x)|exp{zh(z)} < € for every € > 0, all m > mg(e), and all z > 0.
Therefore, if m > mg(e) and o € [071,09], then, in view of the condition In F(z) = o(x) as
T — 400, we have

[Im(0) = I(0)| < / [fin(@) = f ()™Mt dR () <
0

< a/e‘”h("”)emdF(a:) < e/em(h(x)‘”)dF(x) <
0 0

< a/F(x)dem(h(x)”) < E/eKl‘”de’”(h(‘r)”Q) < Koe,
0 0

where K; = const > 0. Hence it follows that I,,(c) converges uniformly to I(c) on |01, 02).

Remark 2.1. The converse statement to Proposition 2.1 is false. Indeed, let for every m € Z .
and n € N

0, 1<xx<?2, mp >0, x=2n-—1,

F(r) = fm(@) =
n, 2n<z<2(n+1), 0, x #2n—1.
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ON BANACH SPACES AND FRECHET SPACES OF LAPLACE-STIELTJES INTEGRALS 189

Then for all m € Z
In(o) = / fn(@)e™dF(z) =Y fm(2n)e*" =0,
0 n
i.e., I,(0) — Ip(c) as m — oo forall o € [o1,02]. On the other hand, if o, 1 — @1 >n >0
for all m > 1, then
1 = Tolln = sup {1 f (@) — fo(a)| exp{eh(a)} : z > 0} >
2 |fm(1) = fo(1)|exp{n(1)} =

= |lam,1 — ao 1] exp{h(1)} > nexp{h(1) > 0.

Let us turn to the study of dual spaces. For (LS}, || - |n) by LS; we denote the dual space,
i.e., LS} is the family of all continuous linear functionals on (LSp, || - ||n)-

Let A(Z) = / f(z)g(z)dF(x), where g is a real-valued function on (1,+oc) such that
1

/ |f(z)g(x)|dF(x) < +o0. Then A is a linear functional and the following statement is true.
1
Proposition 2.2. In order that A € LS;, it is sufficient that

/ 19(2)] exp{—zh(x)}dF (z) < +o0. %
1

Proof. By definition we have

IACD|n = sup{]AD)] = ]l <1} <

x>0

< sup { / |/ (@)|e™"@g(x)e P dF (x) : sup |f(x)]e”"*) < 1} <
0

§/]g(a:)\exh(‘”)dF(x) < +o0,
1

ie., A e LS.
Conjecture. Every bounded linear functional A defined for I € (LS, || - ||1) is of the form

A(T) = / f@)g(@)dF(z), (o) = / f(2)e™ dF ().
1 0

Below we prove this conjecture for Dirichlet series (2), but first we present some corollaries.

Let 2 be a class of positive unbounded functions ® on (—oo, +00) such that the derivative
@’ is positive continuously differentiable and increasing to +oo on (—oo, +00). For ® € Q let ¢
be the inverse function to ®' and
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190 A. 0. KURYLIAK, M. M. SHEREMETA

be the function associated with & in the sense of Newton. It is known [1, p. 30] that if ® € Q,
then Inu(o,I) < ®(o) for all o > o if and only if In |f(z)| < —2V(p(z)) for all x > x.

In view of this statement in [6] it is introduced a class LS of integrals (1) with real-valued
functions f such that |f(x)|exp{z¥(¢(z))} — 0 as © — +oo and on LSy it is defined

[]le = sup{|f(z)|exp{a¥(p(z))}: = O}.

If we choose h(z) = ¥(e(x)) then LS, = LSg, and from above we get the following
statement [6].

Corollary 2.1. Let € Q, F € V and nF(z) = o(x) as © — +o0o. Then (LSs,| - ||o) is a
nonuniformly convex Banach space. If (1,,) C LSy converges to I € LSy by || - ||¢ then I,,(o)
converges uniformly to I(c) over compact subset of R. If

/ [9(2)] exp{—2(p(x)) }dF(z) < +oc,
1

then the functional A(I) = / f(x)g(x)dF(x) belongs to the dual space LS.
1

Now we consider Banach spaces of Laplace — Stieltjes integrals of finite generalized order.
For this purpose, by L we denote a class of continuous nonnegative on (—oo, +00) functions «
such that a(z) = a(xg) > 0 for x < 2y and a(z) T +o00 as xg < x — +oo. We say that a € LY,
if « € L and a((1+ o(1))z) = (1 4+ o(1))a(z) as * — +oo. Finally, a € Ly, if & € L and
alcr) = (14 0o(1))a(x) as x — +oo for each fixed ¢ € (0,+0), i.e., « is a slowly increasing
function. Clearly, L,; c L°.

If « € L and 8 € L, then the value

L a(ln M(o,1))
gasll] = limsup ==5723

is called the generalized (o, 3)-order of I. In order to have a formula for the finding o, g[I] we

say [1, p. 21] that |f| has regular variation in regard to F' if there exist a > 0, b > 0, and h > 0
x+b

such that / |f(t)|dE(t) > h|f(z)| for all z > a. We put
Ka,glf] := limsup a(x) .
T—>+00 ,8 <11n 1 >
x| f(2)]

Then the following statement is true [1] [p. 77 —81].
Lemma 2.1. Let the functions o € Ly and 3 € L° are continuously differentiable and

d —1
B(go;(:z:)) = 0(1) as © — +oo for every c € (0, +00). Suppose that F € V and In F(z) =
=0 (287 (ca(z))) as x — +oo forevery c € (0,+00). Then pq 1] < ko g[f]. If, moreover, |f|
has regular variation in regard to F, then o, g[I] = kq g[f].

We need also the following lemma [7].
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ON BANACH SPACES AND FRECHET SPACES OF LAPLACE-STIELTJES INTEGRALS 191

Lemma 2.2. If 8 € L and

B(9) = limsup 76((1 +9)z)

, 0>0,
T—400 ,8(37)

then in order that 3 € LY, it is necessary and sufficient that B(5) — 1 as § — +0.
From Lemma 2.2 it follows that if 3 € L°, then for every fixed ¢ > 0 there exists 7 = 7(t) > 0
such that

YA +t)z) > 1 +71)7 z), x> zo, ®)

because if there exists a (x) T +oc such that 371((1 + t)xy) < (1 + 0(1))3 1 (zx) as k — oo,
then for y;, = B~ (z) we have (1 +t)B(yx) < B((1 + o(1))yx) as k — oo, that is impossible.
If Ko plf] < 400, then

In|f(x)] < —2p~" <M§]@O(1)

Therefore, for every k € (kq [f], +00) in view (8) we get

s o (52} <o (5 () - (5)) 0 o

as z — +oo. By LS, g.x) We denote a class of integrals (1) with real-valued functions f such
that ko g[f] < k. In view of (9) on LS, g..) We can define

1]l (0,6 = sup {| f (z)| exp {z87 (a(z)/k))} : & > 0}

and by using the results from Section 2, it is easy to prove the following statement.

Corollary 2.2. Let o € L, 3 € L°, F € V and In F(z) = o(x) as x — +oo. Then
(LS(a,5k)5 | - l(a,8:k)) is a nonuniformly convex Banach space for each r € (kqg[l], +00). If
(Im) C LS(a,p.) converges to I € LS, gy by || - l(a,8:k), then L, (c) converges uniformly to
I(o) over compact subset of R. If

> as x — —+oc.

/]g(a:)|exp{—x,81(a(x)/k))}dF(:c) < 400,
1

then the functional A(I) = / f(z)g(z)dF(x) belongs to the dual space LS{, pory-

To be completed, we consider the case when (o) = D(o) is Dirichlet series (2) with real-
valued coefficients d,,. Suppose that this series absolutely converges for all o € (—o0, +c0) and
say that D € Sy, if |d,| exp{ A\ h(An)} — 0 as n — oco. If we put

HDHh = Sup{|dn| eXp{Anh()‘n)} n 2z 1}7

then from Theorem 2.1 we obtain the following statement.
Corollary 2.3. If In n(z) = o(x) as © — +oo, then (Sy, || - ||n) is a nonuniformly Banach
space.
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192 A. 0. KURYLIAK, M. M. SHEREMETA

The following statement completes Proposition 2.1.

Proposition 2.3. If In n(z) = o(z) as © — +oo, then in order that (D,,) C S}, converges
to D € Sy, by || - ||, it is necessary and sufficient that D,,(c) converges uniformly to D(c) over
each compact subset of R.

Proof. The necessity follows from Proposition 2.1. Conversely, let D,,(c) converges uni-

formly to D(o) over each B = [0, 03], where D,,(0) = ZOO . dmnexp{Ano}. Then |d, ,, —

—dp|exp{\,01} < e forall n > 1 and all m > my = myg(e,o1), whence

|din — dp| exp{Anh(An)} < cexp{—An(o1 — h(An))}.

Choosing o1 = h(\,) from hence we get |d,, , — dy| exp{ A\ h(\,)} < € for every ¢, all n > 1
and all m > mg§ = m(e,n), i.e., ||Dp, — D||, = 0 as m — oo.

For D € (Sy, | - ||») by S;; we denote the dual space and put A(D) = ZZOZI dngn, Where g,
is real-valued sequence such that

> lgnl exp{=Anh(An)} < +o0. (10)
n=1

Then A is a linear functional and we will prove our conjecture for (o) = D(o).
Proposition 2.4. Every bounded linear functional A defined for (Sp,| - ||n) is of the form

A(D) =" dngn, D(0) =) dnexp{nc}, (11)
n=1 n=1

where g, is real-valued sequence satisfying (10).
Proof. We use a method from [8]. As in the proof of Proposition 2.2 in view of (10) now we
have

e o0
D ldngnl < sup |d|e*" V)Y | gale ) =
n>1

n=1 = n=1
o0
= 1Dl 3 lgale") < +oc,
n=1
i.e., A is a well defined functional on (Sp, || - ||n). Moreover,
o0
IAD)] < |[D[n Y lgnle™ A,
n=1
whence

AL < lgn| expf{=Anh(An)}. (12)

n=1

Conversely, at first we remark that if D € (Sy, || - ||n) and D,,(0) = Zmﬂ dne*?, then
|Dm — D||n = sup,s., |dn| exp{—A,h(A,)} — 0 as m — oo and by Proposition 2.1 D,, (o)
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ON BANACH SPACES AND FRECHET SPACES OF LAPLACE-STIELTJES INTEGRALS 193

converges uniformly to D(o) over each compact subset of R. Therefore, if A € S} and we define
A (e7*) = g, for each n, then

A(D) = A ( lim )~ dy exp{a)\n}> = lim » doA(exp{oAn}) =) dugn.
n=1 n=1 n=1

Now we show that Z |dngn| < ||A||n so that Z |dngn| < +oco. For this goal take p € N
and let d,, = exp{—X\, h( n)Ysgn(gn) for 1 < n < | p and d, = 0 for n > p. If we define
D(o) = Zoo_l d,, exp{A\no}, then obviously D € S, and ||D||, = 1. Hence,

(An)} Sgn(gn)/\(exp{m\n})‘ =D lgalexp{=Auh(An)}
n=1

and [A(D)| < [[Al[al Dlln = [[Alln, so that

P
> " lgnlexp{=Anh(An)} < |Alln
n=1

and

> lgalexp{=Auh(A\n)} = Supz |gnl exp{=Anh(An)} < SI;P”AHh = [[Alln- (13)

n=1

Inequalities (12) and (13) together show that Zoo_l lgn| exp{—=Anh(An)} = ||A]|1-

3. Fréchet spaces of entire Dirichlet series ng finite generalized order. In the spaces of
entire Dirichlet series of finite generalized order it is possible to introduce other metric. Recall
thatif & € L, 8 € L and Dirichlet series (2) is entire, then

L a(ln M (o, D))
gl D] = limsp =50y

where M(o,D) = Z |d,|e“?, is called [9, 10] the generalized (o, 8)-order of D. From
Lemma 2.1 the next well known [9, 10] lemma follows (see also [1, p. 21]).

Lemma 3.1. Let the functions o and [ satisfy the conditions of Lemma 2.2. If Inn =
=0 (MB7Hca(M))) as n — oo for each ¢ € (0,+00), then

0o, F) = limsup .
’ n—00 B i In i
An o |dn]

For fixed o < +o0 by S, we denote a class of entire Dirichlet series (2), for what 0a,8lD] < 0.

Then by Lemma 3.1
An
\dn|§exp{ B~ <g—£o()1)>}’ n — oo. (14)
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Using an idea of the paper [11] (see also [12, 13]), for ¢ € N we define

1Dl = fj e {05 (257 ) |

In view of (14) and (8) as above we have

o] exp {Anﬁl (;ﬂ(f;/)q)} :

con{on o (20 - (22
< exp {—%5_1 <91(Aoﬁ>> } B

for some & = ¢(g) > 0. Thus, since Inn = o (A, (ca(A))) as n — oo for each ¢ € (0, +00),
| D||:q exists for each ¢ € N and it easily to check that ||D||,,, is a norm on S,,.

Clearly, || D||gq < ||D|| giq+1- Therefore [14], the family || D, : ¢ € N induces on S, a unique
topology such that S, becomes a local convex vector space and this topology is given by the
metric d, where

. 1 HDI_D2HQ;Q

d(D1, Do) = qz:; 241 + |D1 — Dallpiq w

The space with the metric d we denote by S, 4.

Theorem 3.1. Ifthe functions «, 3 andthe sequence (\,,) satisfy the conditions of Lemma 3.1,
then S, 4 is a Fréchet space.

Proof. 1t is sufficient to show that S, 4 is complete. Let therefore (D;) is d-Cauchy sequence
in S, 4 and so far for a given £ > 0 there corresponds a m; = m;(e) such that ||D; — Di||pq < €
for all j, £ > jo and ¢ € N; consequently for these j, k, and ¢ we have

o 1 a(\n)
Z d%]) — d%k) exp {/\nﬁ ! <g+1/q>} <§g, (16)

n=1

< ¢ and ( S’) o is a Cauchy sequence. Therefore, d? - dy as j — oo.
J>

Letting £ — oo in (16) one has for j > jo

S [ g0) 1 ()
;‘dn] dn‘exp{)\nﬂl<g+1/q>}<s, (17)

and consequently taking j = jo in (17) we get for a fixed ¢
[e.e]
) A )
dﬁgo)—dn ex {)\n _1<oe(n >}<5,
T; ) P p o+1/q
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ie., |dy n
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whence in view of (14) with dSLjO)

1 Oé()\n) (0)
’d"‘eXp{A”B <Q+ 1/q)} = ’d"J

instead d,, we obtain

o (253

= e {—Anﬁ_l <QO;(AOT€)1)>} eXp{Anﬁ_l (QaJ(rAln/)q)} tes

1.e.,

1 1 =
n— oo
—ln —
(3, )
< lim sup a(An) =0+ 1
n—00 38 iln i+,8_1 a()\n) q
)\n 2e o+ 1/q
By Lemma 3.1 in view of the arbitrariness of ¢ from hence we get o, g[D] < o. Thus, by using
(17), again we see that ||D; — D||,,q < € for j > jo.
For S, 4 by ?Zyd we denote the dual space. The following analogue of Proposition 2.4 is true.
Proposition 3.1. Let the functions «, [ and the sequence ()\,) satisfy the conditions of

Lemma 3.1. Then every continuous linear functional A on S, 4 is of form (11) if and only if for
alln eNand g e N

’gn‘ < Kexp {)\n,B_l <Qa_‘(_)\1n/)q> } , K = const > 0. (18)

Proof. Let A € ?;d, clearly means if D,, — D in S, 4, then A(D,,) — A(D).
Now let d,, satisfy (14) and Dy (s) = Y dye®". Then we claim that Dy, — D in S,
J— n=
(observe that D,,, € S, 4). To ascertain this, it is sufficient to prove that D,, — D under the norm

| - |loq forevery q € N.
So let ¢ be fixed integer. Choose ¢ € (0, 1/¢). Then by using (8) we can determine an integer

m = m(e) such that
|dn| < exp {—/\nﬂ_l <O;(i"€)> } , n>m+1,

and it follows as above that

| Do — DHM = Z dn‘es}\n <
n=m+1 0.q
S 1 (a(n) -1 a(An)
< exp < —Ap, ﬁ1<>—ﬁ ( — 0, m — oo,
n:%:H Y { ( ote 0o+1/q
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and this ascertains our claim. From hence and the continuity of A we have lim,, oo A(D,,) =
= A(D) in the topology given by d.

Note that A(D,,,) = Zm:1 dngn, Where g, = A(eo')\n)'

Since A is continuous on (S,4, || - [lo,¢) , for each ¢ € N there exists a K > 0 (independent
of ¢) such that |g,| = |A (e”*)] < K ||(e?*)||  and so, by using the definition of the norm
H(e"A")HM, we get (18).

To prove the other part, let now g,, satisfies (18). Then

A(D)] < Kff gl {2 (2O ) gen

o+1/q

o

and so |A(D)| < K[|A(D)| o4 forall ¢ € N. Therefore, A € (Sy4,]| - |log)" forall ¢ € N. Since
1Dl giq < 1Dl gig+1, from (15) it follows that S, 3 = U1 (Sed, || - [log)*- Thus, A € S, .

References

1. M. M. Sheremeta, Asymptotical behaviour of Laplace — Stieltjes integrals, Mathematical Studies Monograph
Series, 15, VNTL Publishers, Lviv (2010).

2. 0. B. Skaskiv, On some relations between the maximum modulus and the maximal term of an entire Dirichlet
series (in Russian), Math. Notes., 66, Ne 1-2, 223 -232 (1999).

3. L Ye. Ovchar, O. B. Skaskiv, Some analogue of the Wiman inequality for the Laplace integrals on a small
parameter (in Ukrainian), Carpathian Math. Publ., 5, Ne 2, 305 -309 (2013).

4. A. O.Kuryliak, I. E. Ovchar, O. B. Skaskiv, Wiman'’s inequality for Laplace integrals, Int. J. Math. Anal. (Ruse),
8, Ne 5-8, 381385 (2014).

5. V. A. Trenogin, Functional analysis (in Russian), Nauka, Moscow (1980).

M. M. Sheremeta, V. S. Dobushowskyy, A. O.Kuryliak, On a Banach space of Laplace — Stieltjes integrals, Mat.
Stud., 48, Ne 2, 143 -149 (2017).

7. M. M. Sheremeta, On two classes of positive functions and the belonging to them of main characteristics of
entire functions, Mat. Stud., 19, Ne 1, 75 —-82 (2003).

8. O.P. Juneja, B. L. Srivastava, On a Banach space of a class of Dirichlet series, Indian J. Pure Appl. Math., 12,
Ne 4,521-529 (1981).

9. Ja.D. Pyanylo, M. M. Sheremeta, On the growth of entire functions given by Dirichlet series, 1zv. Vyss. Ucebn.
Zaved. Matematika, Ne10 (161), 91 -93 (1975) (in Russian).

10. M. M. Sheremeta, Entire Dirichlet series, ISDO, Kiev (1993) (in Ukrainian).

11. T. Husain, P. K. Kamthan, Spaces of entire functions represented by Dirichlet series, Collect. Math, 9, Ne 3,
203 -216 (1968).

12. A.Kumar, G. S. Srivastava, Spaces of entire functions of slow growth represented by Dirichlet series, Portugal.
Math., 51, Ne 1, 3—11 (1994).

13. S.I.Fedynyak, A space of entire Dirichlet series, Carpathian Math. Publ., 5, Ne 2, 336 —340 (2013) (in Ukrainian).

14. T. Husain, The open mapping and closed graph theorems in topological vector spaces, Clarendon Press, Oxford
(1965).

Received 12.05.21,
after revision — 29.06.21

ISSN 1562-3076. Heniniiini konueanns, 2021, m. 24, No 2



